PIEU KIEN CAN VA PU CHO BAI TOAN POI NGAU
DANG MOND-WEIR CUA BAI TOAN QUY HOACH
TOAN HQC VOI RANG BUOC CAN BANG

Tran Vin Sy’
V6 Vin Minh?

Tém tit: Bai todn quy hoach todn hoc ¢é vai tro quan trong trong Iy thuyét toi weu
va dige nghién ciru nhiéu trong todn hoc ting dung va mé hinh trong thoi gian gan day
béi nhiéu nha nghién ciru. Cho triede mét bai toan quy hoach todn hoc véi rang budc
cdn bang, dé nghién civu diéu kién t6i wu cdp mot va tinh doi ngdu cho bai todn chiing
16i thiét ldp bai todn doi ngau dang Mond-Weir doi véi bai todn nay. Dudi mét sé diéu
kién phit hop ban dau lién quan dén cdc rang budc tdp, dang thire va bat dang thirc,
cdc diéu kién can va di t6i wu cho bdi todn goc va bai todn doi ngau dwrge nghién ciru
st dung céng cu ciia gidi tich 16i va dai sé tuyén tinh. Mét s6 g dung ciia bdi todn
quy hoach toan hoc cung voi hai vi du cu thé d@é mé ta két qua dat duoc ciing duoc
cung cdp.

Tir khéa: Bai todn quy hoach todn hoc véi rang budc cdn bang, Bai todn doi
ngau dang Mond-Weir, Tinh doi ngdu yéu, tinh doi ngau manh, Piéu kién can va du
cho nghiém hitu hiéu yéu dia phuong.

1. Mé diu

Ly thuyét d6i ngiu trong 1y thuyét cta cac bai toan quy hoach toan hoc giit mot
vai trd quan trong trong 1y thuyét t6i wu. Bai toan quy hoach toan hoc véi rang budc
can bang xuét hién rat nhiéu trong mé hinh toan img dung, chang han nhu ly thuyét
tap mo, ly thuyét diéu khién, robot, thiét ké ky thuat, v.v., va co nhiéu ung dung ly
thuyét khac nhu tmg dung trong giai quyét cac bai toan quy hoach tuyén tinh tong quat,
chfmg han bai toan ban hang, bai toan van tai, bai toan tim bus, bai toan phan cong
lao dong, bai toan phan bo nguén tai nguyén, v.v. (xem [1,2,3,4,5,6,7, 10] trong danh
muc tai liéu tham khao). Dé nghién ctru diéu kién can va da cho bai toan quy hoach
toan hoc mot cach day d, sau sic hon va nhiéu khi c6 phan tién ich hon néu bai toan
duoc nghién ctru trong bai béo nay goi tén 1a (LOPEC) ¢6 thé biéu dién thong qua
mot mo hinh dbi ngau dang Mond-Weir ctia nd. V&i muc dich nay, chung t6i goi 1a
bai toan (LOPEC) 1a bai toan gbc va bai toan dbi ngiu dang Mond-Weir ctia bai toan
gbc (LOPEC) 1a bai toan (MWLOPEC). Cht ¥ bai toan quy hoach toan hoc véi rang
budc can bang dugc xem xét trong bai bao ndy 1a mot dang bai toan t6i wu tuyén tinh.
Chung t61 dung ky hiéu (LOPEC) thay cho ky hi¢u thong dung la (MPEC). Ky hi¢u
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m&i ndy chua dugc st dung bai bat ky tac gia ndo khac. Bén canh, bai toan (LOPEC)
la mot dang mo& rong truc tiép tir bai toan quy hoach tuyén tinh tong quat, baoi vi khi
ching ta chon G=0 v H =0, bai toan trén trd thanh mot bai toan quy hoach tuyén
tinh tong quat dang “min” ma ching ta biét nhiéu trong gido trinh quy hoach tuyén
tinh hay gido trinh t6i uu hoa. Do d6, bai todan mdi duge nghién ctru trong bai bao nay
c6 nhiéu tng dung trong cac bai toan ban hang, bai toan phan cong lao dong, bai toan
dén giao thong, bai toan tim bus, v.v. nhu dugc dé cap bén trén. Ngoai ra, ddi ngau kiéu
Mond-Weir lién két véi bai toan goc trén cling chua ting dugce nghién ctru cho truong
hop tuyén tinh.
2. N0oi dung
Trong tiéu muc nay chiing t6i gidi thiéu mot bai toan quy hoach toan hoc gbc c6
rang budc cin bang va dé xuat mot mo hinh ddi ngiu dang Mond-Weir lién két v6i bai
toan goc, bén canh chung tdi cung cap cac dinh 1y vé tinh doi ngau yéu va doi ngau
manh cho cdp bai toan nay.
2.1. Bai todn goc
Xét bai toan quy hoach toan hoc véi rang budc can bang cho ¢ dang sau:
(LOPEC): migl f(x)
g(x) <0, h(x) =0,
G(x)=0, H(x)=0,
(G(x), H(x))=0,
trong d6 (.,.) ky hiéu tich v6 huéng, C 1a mot tap con khac rong trong khong
gian R? véi chuan Euclidean,g: R — R", g: R = R", h:R' > R",G: R’ — R”,

H:R’ — R” lacac anh xa tuyén tinh cho truéc. Ky hiéu K thay cho tdp chip nhan
duogc cua bai toan (LOPEC), ¢ day

K={xeC: g(x)<0, h(x)=0, G(x)20, H(x)20, <G(x), H(x)>=0}
Mbdi vecto xe K duogc goi la mdt chép nhan duogc cua bai toan (LOPEC).

Vecto xe K la mot nghiém hiru hiu yéu (toan cuyc) cia bai toan (LOPEC) néu
f(x)= f(x) Vxe K. (*) Néutontai >0 sao cho bat dang thuc (*) ding v6i moi
xek m{xe R”:|v-3 < 5} thi ta n6i vecto xe K 12 mot nghiém hiru hidu yéu dia
phuong cua bai toan (LOPEC).

2.2. Bai todn déi ngdu: Bai toan d6i ngdu dang Mond-Weir lién két voi bai toan
goc (LOPEC) 1a bai toan “max’ sau:

(MWLOPEC): max [f(w)]
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f(v)+2/1gg(v)+2(/1h )by (v)

IEI

—[Z(&GGi(v)+/1iHHi(v)):|20 Vve C—u;
i=1

gw)=20Viel,; h(w)=0 Vj=1,..,n
Gu)<0 Vie AuB; H,(u)<0 Vie CUB,
1A =20 Viel; /1;', ,u;’ >0 Vj=1,2,..,n;

AC AT ul, u >0 Yi=1,2,..,p;

A=A =ul=p""=0,VieB, u’ =" =
ue C, A¢ =(A7) ., A =(4")

b
ac A

G G H

pe=(pul) oowl =) o=l u)e R
A=A, 27, 2°, A" )e R,

trong d6 g=(g,.-g,):R" > R",
h=(h,...h): R* > R",
G=(G,...G)): R* — R,
H=(H,,...H):R" - R’
I,=1,(x)={i=1..m: g(x)=0},
A=A ={i=1..p: G(x)=0, H(x)>0};
B=B(x)={i=1..p: G,(x)=0, H,(x)=0};
Ta dit C=C(x)= { =1..p: G(x)>0, H(x)= o}

Ay =fie 4: u®>0};
C;j:{ie C: u’ >0};
By ={ie B:y =0, yu° >0};
B ={ie B:u’ =0, u>0}.

Tt nay trd di néu khong c6 gia thiét gi thém, dé tién loi trong cong viée phat biéu
chung t6i ludn gia st rang:

G H + + _
Bﬂ uBﬂ uA#uC# =¢,

89



PIEU KIEN CAN VA DU CHO BAI TOAN POI NGAU...

cac ham rang budc g, &, G, H va ham muc tiéu f 14 cac 4nh xa tuyén tinh (xem gido
trinh Dai s6 tuyén tinh ctia GS. TSKH. Ngb Viét Trung [9]).

Dé 1am 13 rang hon trong cic phat biéu ¢ cac tiéu muc tiép theo, chiing t6i cung
cép mot vi du sé minh hoa cho cac mé hinh duoc xay dung bén trén nhu sau:

2.2.1. Vidu Cho g=2, C=(-1, l)><[—2, 3], m=n=p=1. Xét bai toan quy
hoach toan hoc véi rang budc can bang (LOPEC) trén khong gian R* nhu sau:

(MWLOPEC): min f(x)=2x,—3x,

(x1,%)e C

g(x) =x, —2x, <0,

h(x)=x,-x,=0,
G(x)=x,+x, 20,
H(x)=x,20,

(G(x), H(x))=xx,+x; =0,

Tinh toan truc tiép ta nhan dugc mét tap chép nhan duoc cua bai toan (LOPEC) 1a
K ={(0, 0)}.

Chon mdt vecto chap nhan duoc ; (0,0) va ta thu duogc
] ={1}, A=C=¢, B= {1} Khi d6 mo hinh ddi ngau dang Mond-Weir ciia bai todn
goc (LOPEC) 1a bai toan d6i ngdu (MWLOPEC) sau:

(MWLOPEC): max [ f(u)=2u,—3u,]
ul,uz,jf,th,ﬁ",%”

2V1_3V2+/11g("1_2"2)+()‘1h _ﬂf)(vl_"z)
—ﬂ,lc(vl+v2)—ﬂle220 Y (v,v,)e C—(u,u,);
gw)=u,—2u, 20,

) hw)=u,—u, =0,

Gu)=u,+u, <0,

H(u)=u, <0,

A£20, A'=0, ! >0, A°>0, 1" >0,

| —1<u, <1, =2<u, <3.

2.2.2. Nhén xét Ta thiy rang mé hinh cta bai toan gbc (LOPEC) va bai toan
d6i ngau (MWLOPEC) dugc dé xuit bén trén v6i cac ham rang budc va ham muyc tiéu
1a tuyén tinh c6 thé giai bang cong cu dai sé tuyén tinh, tuy nhién dé chung ta c6 co s¢
nén tang cho viéc xay dung cac thuat toan s6 tim nghiém hiru hiéu yéu (dia phuong)
cua chung trong tuong lai, muc dich chinh cua chiing t6i trong bai bao nay la xay dung
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cac dinh li tinh d6i ngiu yéu va tinh d6i ngiu manh cho cdp bai toan gdc-ddi ngiu
(LOPEC) va (MWLOPEC).

2.3. Két qud méi ciia bai bdo

2.3.1. Pinh Iy (tinh d6i ngau yéu) Cho x 1a vecto chap nhan duoc cta bai toan
gbc (LOPEC) va cip (u, /1) 1a vecto chip nhan dugc cua bai toan ddi ngiu dang
Mond-Weir (MWDOPEC). Khi d6, véi moi x 1a vecto chép nhan dugc cua bai toan géc
(LOPEC), ta ludn c6 bat dang thirc sau f(x) > f(u).

Chirng minh: Vi anh xa f duoc gia thiét 1a tuyén tinh nén

J(x=u)= f(x)=f (). 2.1)
Céc anh xa rang budc g h, G va H ciing duoc gia thiét 1a tuyén tinh, do d6
cac thanh phan bén trong cua chung 1 cdc ham vo hudng tuyén tinh. Vay, cac dang
thirc sau dang:

g(x-—u)=g,(x)-g,u) Viel,. (2.2)
(=H )(x 1) = (—H )(x)— (=H )(u), Vie CUB. (2.3)
(—H,)(x—u) = (-H,)(x)—(—H,)(u), Vie CUB. (2.4)
(—=H)(x—u) = (—H,)(x)—(=H,)(u), Yie CUB. (2.5)
(—H )(x—u) = (—=H,)(x)—(=H )u), Yie CUB. (2.6)

Theo g1a thiét ban dau ta c6 diéu kién rang budc BG v BH U A+ uC, =@, vivay
chung ta c6 thé nhan l1an lugt timg phuong trmh trong (2 2), (2 3), (2 4), (2 5)va (2.6)
boi A 20,Viel; A'>0Vi=12,.,n; u'>0Vi=12,.,n; A°>0Vie AUB;

A"'>0,Vie BU C sau d6 cong lan luot ching lai v6i nhau ta duogc:

f)=f@)+Y g ()~ Y Ag )+ Y Ah(x)— Y Ah(u)

iel, icl, Jj=l..n j=l..n

DI CR CIRIAC )(u)+2/16 ) (x) ZﬂG ) (W)

j=l..n Jj=l..n

+ z H,)(x) z AT (-H,)(u) (2.7)

i=1

=f(u- x)+z/1gg(x u)+2( .h)hi(x—u)

i€l,

+2/10 ) (x—u) +21H ) (x—u).

Ta lai c6 cdp (u, A) la vecto chép nhan duge cho bai toan dbi ngiu dang Mond-
Weir (MWLOPEC) va thém ntra mdt vecto hi¢u x —u € C —u , theo dinh nghia ta suy ra
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fu— x)+2/1gg(x u)+2( f’)hi(x—u)

zel

+ZﬂG ) (x— u)+2/1H ) (x—u)>0.
Két hop bat dang thirc nay véi diéu kién (2.7) cho ta két qua
)= f@)+ Y A g ()= A g+ Y, Ah ()= Y Ah(w)

i€l, iel, Jj=l..n Jj=l..n

+ Z 1} (=h,)(x) = 2 1y (=h, )(u)+2/16 ) (x) ZﬂG ) (W) 08

+ A (-H,)(x) ZAH ) (@) =0.

i=1

Lai c6 x 13 vecto chap nhan dugc ciia bai toan quy hoach toan hoc gbc (LOPEC),

suy ra
DI ACRDIANCEDWACNE)
+i (x)+2/1H ;) (x)<0. (2.9)

i=1
Tién hanh mot cach twong tu cadch budc nhu ¢ trén, ta nhan dugce

DA 0+ X Ak )+ Y (=h)w)
iel, j=l..n j=l..n (2'10)

+i/1f (u)+z/1H ) () =0.

Két hop céc diéu kién (2.9)-(2.10) ta thu dugc bat dang thic  f(x) = £ (u).

Diéu phai chimg minh.

2.3.2. Nhdn xét: Chung ta thdy rang tinh ddi ngau yéu cung cip mot chan duéi
d6i voi ham muyc tiéu cua bai toan gbe (LOPEC). D6 1a 1y do tai sao di ngiu cé vai tro
quan trong trong nghién ctru cac bai toan quy hoach toan hoc va nhd né c¢é thé nghién
ctru sau hon cau trac cua lop céc bai toan quy hoach nay.

Trong trudng hop ye ¥ mot phat biéu méi vé tinh ddi ngiu manh cua chung
t6i cho nghiém hiru hiéu yéu dia phuong 1a nhu sau.

2.3.3. Dinh ly (tinh dbi ngﬁu manh) Cho mdt vecto xeK la nghiém hiru hiéu
yéu dia phuong cua bai todn gbc (LOPEC). Gié sir rang #=0, va ton tai it nhat mot
phuong chap nhan dugc ve C —x sao cho
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g,(v)<0, Viel,,
(-G)(v)<0,Vie AUB,
(-H,)(v)<0, Vie BUC.

Khi d6 ton tai mot vecto 1=(A°, ZG, 72" )e R™* sao cho mot cap (;, Z) la
nghiém hiru hiéu yéu dia phuong ciia bai toan d6i ngau Mond-Weir (MWLOPEC) va
gia trj ham muc tiéu cta chung twong tng bang nhau.

Chitng minh: Theo gia thiét ban dau, mot vecto xeK la nghiém hitu hiéu yéu
dia phuong cia bai toan gdc (LOPEC) nén hé sau khong xay ra:

/(<0

g,(v)<0, Viel,,
(-G)(v)<0, Vie AUB,
(-H,)(v)<0, Vie BUC,

N

(ve C —x.

Ap dung Pinh 1i 21.2 trong Gido trinh ctia Rockafeller [8], ton tai mdt vecto
chép nhan dugce (7, 4, u)e R™™*, trong d6 7€ ,, A= (ﬂg, A9, lH)e R™?*F va
U= ( ue, u ) € R*” khong dong thoi bang khong thoa man bat dang thirc sau

Tf(v)+2/1ggl(v)+2/1c (v)+2/1H )20, Yve C—x. (2.11)

IEI

Mat khac, theo gia thiét ban dau ta chon ra mot phuong ve C —x sao cho

g,(v)<0,Viel,. (2.12)
(-G)(v)<0, Vie AUB, (2.13)
(-H,)(v)<0, Vie BUC. (2.14)

Két hop céc diéu kién (2.11), (2.12), (2.13) va (2.14) ta di dén két lugn A= A.
Khong mét tinh tong quat ta coi Z=4. va do d6 co thé coi A=A4. Ap dung Pinhli 2.1,
ta nhan duoc

f(x)>f(u)+z/1ggl(u)+22G (u)+z/1” D) =0 (2.15)

lel

vG1 moi cdp vecto (u, /1) la nghiém Chép nhéan duoc cta bai toan déi ngéu dang
Mond-Weir (MWLOPEC). Tiép theo ta théy rang

fx)=f(x)+> Ag,(x)+ Z A9 (=G,) (x)+ 2 A" (~H,)(x). (2.16)

lel

Thitvay.taluonco i€ I, =g (x)=0; ic AUB=G,(x)=0; ic BUC = H (x)=0.
Vi xe K = Z G, (x)H (x) 0. Diéu nay kéo theo két qua sau duoc thoa man

i=1
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— P _
Zﬂgg,<x>+2ﬂf GO+ XA (~H,) () =X 47 (=G,) () + X A" (=H,) (x).
iel, i=1 ieC i€A
Str dung khai niém bai toan d6i ngiu (MWLOPEC) ta ciing ¢
ieC=A°=0; ie A= A" =0.
Vay déng thirc (2.16) duogc thoa man. Mot 1an nira, két hop (2.15) va (2.16) ta duoc
F)+ Y Afg (x)+ z/if" ) () + z/’t” ) ()

l€[

>f(u)+2/1gg,(u)+216 (u)+2/1H ) ()

l€[
v&imoi cap vecto (u, /1) langhiém chalp nhén dugc cuabai toan ddi ngau (MWLOPEC).
Hé qua 1a mot cip vecto ban dau (x, /1) tro thanh mot nghiém hiru hiéu yéu dia
phuong ciia bai toan di ngau Mond-Weir (MWLOPEC), va thém nira gia tri ham muc
tiéu ctia chiing tuong tng bang nhau.

Diéu phai chiing minh.

2.3.4. Nhén xét Céac két qua thu duoc ciia chung t6i trong tiéu muc nay 13 méi
va chua dugc nghién curu trude day. Khi G =0 hoac H =0 , bai toan quy hoach toan
hoc (LOPEC) qui vé bai toan quy hoach tuyén tinh dang tong quat, do d6 két qua thu
duogc nay cling c6 thé ap dung truc tiép cho cic md hinh cia bai toan quy hoach tuyén
dang min, bai toan vén tai, bai toan san xuit dong b, bai toan cai tai, .v.v. (xem Gido
trinh quy hoach tuyén tinh ctia Phi Manh Ban [10] cho chi tiét).

Pé mo ta két qua nhan duoc, ching t6i cung cap mot vi du s6 nhu sau.

2.3.5. Vidu Cho ¢=2,C=[0,3]x[0,3], m=p=1. Xét bai toan quy hoach
toan hoc véi rang budc can bang (LOPEC) trén khong gian R’ nhu sau:

(LOPEC): min  f(x)=2x, +3x,

(x1,x,)e C
g(x)=2x,—-x,<0,
G(x)=5x,—x, 20,
H(x)=x,20,
(G(x), H(x))=(5x,—x,)x, =0.
Khi d6 tap chap nhan dugc cua bai toan (LOPEC) c6 dang

K:{(a, Sa)e *: OSaS%}.

D@ dang thiy rang vecto x= (0,0) 1a mot nghiém hiru hiéu yéu dia phuong cua
bai toan gbc (LOPEC). Kiém tra truc tiép cac tap chi so ta thu dugc Chon mot hudng
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v= [% 2 )e C—x, céac bat ding thie (2.12), (2.13) va (2.14) ludn duge thoa man.
Vay tat ca cac gia thiét trong Dinh 1i 2.3 dung. Khi d6, mot mo hinh d6i ngau
dang Mond-Weir cho bai toan gdc (LOPEC) 1 bai toan (MWLOPEC) c6 dang:

(MWLOPEC): max  f(u)=2u, +3u,
uy,uy, ﬂlg’/q'lc’ﬂ'lH

20, +3v, + A¢ (2v,—v,)

A7 (5v,=v,)=A"v, 20 Y(v,v,)e C—(u,u,);
§ 2u,—u, 20, Su—u,<0, u,<0,

A£20, 4720, A7 >0,

0<u <3, i=1,2.

W =0, g’ >0

Gia sir khong xay ra diéu kién sau:

nghiala B, UB, LA, UC, =9.
Mot lan nira chung ta 4p dung Dinh 1i 2.3, khi d6 ton tai mot vecto

A= gg, ZG, 21" |e R® sao cho mot cap (;, Z) 1 nghiém hiru hiéu yéu dia phuong
ctia bai toan d6i ngiu dang Mond-Weir (MWLOPEC) va gia tri ham muc tiéu cia
chung tuong tmg bang nhau. That vay, chung ta thir tryc tiép lai nhan dinh trén nhu
sau: Ta c6 x = (0,0) 1a nghiém hiru hiéu yéu dia phuong cta bai toan (LOPEC) véi
gia tri cua ham muc ti€u f (;) =0. Mit khac, giai truc tiép bai toan ddi ngau dang
Mond-Weir (MWLOPEC), tim dugc nghiém hitu hiéu yéu dia phuong 1a mét cip vecto

(;, Z) =(0, 0, 4,2,1) va gia trj ham muc tiéu cta chiing fw)=0.Vay, f(x)=f().

Dinh li duoc kiém tra day du.

3. Két luan

Bai bao da cung cap mot mo hinh ddi ngdu dang Mond-Weir cho bai toan gbc
(LOPEC) véi rang budc can bang; ching minh hai dinh li chinh vé tinh d6i ngau yéu
va tinh d6i ngiu manh cho bai toan quy hoach toan hoc gbc (LOPEC) va bai toan ddi
ngau dang Mond-Weir (MWLOPEC) lién két voi nod; va chi ra duge mot sb tng dung
cu thé cua bai toan quy hoach toan hoc véi rang budc can bang. Két qua dat duoc trong
bai bdo la méi va chua tirng dugc nghién ctru trude day bang cac cong cu cua dai s
tuyén tinh.
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Title: NECESSARY AND SUFFICIENT CONDITIONS FOR THE
MOND-WEIR TYPE DUAL PROBLEM OF MATHEMATICAL

PROGRAMMING PROBLEM WITH EQUILIBRIUM CONSTRAINTS
TRAN VAN SU
VO VAN MINH
Quang Nam University
Abstract: The mathematical programming problem plays an important role in the
theory of optimization and has been widly investigated in the field of applied mathematics
and modellings in recently times by many researchers. Given amathematical programming
problem with equilibrium constraints, in order to study the optimality condition of order
one and the duality of these problem, we formulate the Mond-Weir type dual problem
to such problem. Under suitable initial conditions on the set, inequality and equality
constraints, necessary and sufficient conditions between the original problem and the
dual problem with respect to these problem are studied by using the tools of convex
analysis and linear algebra. Some applications to the mathematical programming
problems are provided as well.
Key words: Mathematical programming problem with equilibrium constraints,
Mond-Weir type dual problem, Weak duality, S3trong duality, Necessary and sufficient
condition for locally weak efficient solutions.
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