CAC PAC TRUNG CAP HAI CUA TINH LOI CHO CAC
HAM KHONG TRON VOI PAO HAM SCHWARZ TREN

Tran Vin Sy, V6 Vin Minh?

Tém tit: Ham 16i ¢é vai tro quan trong trong gidi tich 16i va ¢6 nhiéu tmg dung
trong cdc bai todn t6i wu 16i. Trong bai bdo nay, ching téi sit dung khdi niém ciia dao
ham Schwarz trén cdp hai cho viéc cung cdp diéu kién dii vé tinh 16i ciia ham gid tri thue
fxdc dinh trén khodng K tiy y trong R. Sir dung khdi niém nay, ching téi thiét lp diéu
kién di vé tinh 16 ciia ham thuc f xdc dinh trén mét tdp 16i ||-| tiy ¥ trong khéng gian
dinh chudn thiee X duwdi cdc gia thiét phiv hop vé cdc dao ham theo hwéng duwdi cap hai
va dao ham theo huong dudi Hadamard.

Tir khéa: Ham 16i, T. ap 16i, Pao ham Schwarz trén cdp hai, Pgo ham theo hwong
duoi cap hai, Pao ham theo huong dwdi Hadamard.

gian dinh chudn thuc, K 12 mot khoang tiy ¥ v6i phan trong intK khac rdng trong khong
gian cac sb thuc R va cho mot tap con 16i C cua X, nghia la voi moi x,y€ C, doan
thang ndi 2 diém x, y duoc ky hiéu béi /x, ¥/ luén ndm trong C. Gia sir rang intC 1a
tap con khong rdng trong X. C6 hai cau hoi dit ra ¢ day can dugce giai quyét nhu sau:

Cau hoi 1: Tim diéu kién du cap hai dé ham gi tri thue — K — R 13101, nghia la

véimoi X,y € K, 1€ [0, 1], bat dang thirc sau nghiém diing:
Sx+(1A=0)y)<tf (x)+A=1) f(y).

Cau héi 2: Tim diéu kién du cap hai dé ham gia tri thuc f: C — R1a16i.

Puoc biét, néu / kha vi lién tuc 2 1an thi, néu £ "(x) =0 v&i moi x ndm trong mién
xac dinh ctia ham gia trj thuc £ thi £ 12 16i. Van dé chung t6i dang quan tAm & day 1 trong
trudng hop /12 ham khong tron, nhung lién tyuc, khi d6 van dé trén duoc giai quyét thé
nao? Chiing c6 con dung nhu trong trudng hop dao ham cép hai c¢d dién khong?

Theo thong tin trong cac bai béo da xuét ban céch déy rat 1au (xem [1], [2], [3]
[6] chang han), cac dic trung (cht yéu cac dic trung cap 1) vé diéu kién du cua tinh 16i
tong quat cua cac ham gié tri thuc mo rong da duoc nghién ctru kha day du, chi tiét. Tuy
nhién, d6i v6i cac dic trung cap hai, diéu kién du cho tinh tya 16i ctia ham f duoc nghién
clru trong tai liéu tham khdo [4] bdi J.-P. Crouzeix (1980).

Muc dich chinh ctia chung t6i 1a di trd 161 hai cau hoi trén trong trudong hop cua dao
ham Schwarz trén cap hai khong am thi két qua van con dung nhu trong truong hop cb
dién, va trong truong hop ciia dao ham theo huéng dudi cap hai khong am, dudi cac gia
thiét phu hop vé dao ham Hadamard duéi theo hudng, két qua trén ciing dung nhu trong
treong hop 6 dién.

1. TS, Khoa Toén - Tin, Truong Pai hoc Quang Nam
2. ThS, Khoa Toan - Tin, Truong Pai hoc Quang Nam
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Vi muc dich trén, trong phan két qua chinh ciia bai bao chung toi ¢6 gidi thiéu
mot sd khai niém lién quan dén dao ham Schwarz trén cép hai va dao ham Hadamard
dudi theo hudng cho 16p cac ham vo hudng lién tuc. Stir dung dinh nghia nay, ching t6i
deé xuat khai ni¢ém dao ham theo hudng dudi cap hai lam co s¢ xay dung cac dac trung
cap hai cho tinh 161 véi1 16p ctuia cac ham khong tron.

2. Pic trung cip hai cho tinh 10i ciia ham khéng tron véi dao ham Schwarz
trén va dao ham theo hwéng dwéi cap hai

Phan nay cung cip cac khai niém co ban vé dao ham theo hudng cip mot va cap
hai cho ham v6 hudng va dé xuat mot ménh dé vé su ton tai ctia dao ham theo hudng
dudi cap hai.

2.1. Cac khdai niém co so

Dinh nghia 2.1.1 (Pao ham Schwarz trén cdp hai)

Cho ham v6 huéng f: R — R. Nhic lai tir [6, 9] gi6i han sau

f5(v)=limsup f(v+t)+f(‘;_t)_2f(v)

t—0 t

duogc goi 1a dao ham Schwarz trén cap hai cua f tai diem v.

R rang /5 1uon tdn tai va co thé nhan céc gid tri £°° That vay, xét ham vo
hudng f cho bdi cong thurc sau:
(1
xsin| — |, khi x#0
S(x)= X :
0, khi x=0

Chondidmv=0,tac6  £:(v):=limsupL DFSCN=27O)

t—0 t

oo,

Xét ham vo huéng g: R = R cho béi cong thic &€ () =xf(x) VXE T . ThE hi
gs(v)=limsup s+ g(—zt) —2¢(0) =0.

t—0 t

Dao ham Fréchet c?ip mot va hai ciia ham gia tri thuc f tai y dugc ky hiéu twong
g boi Vf(x), V> f(x). Dé yrang v6i f: X vr: ¥, cac anh xa tuyén tinh lién tuc Vf
X2 Y va V2f:XxX [: ¥ (xem [8], chang han).

Dinh nghia 2.1.2 (Dao ham Hadamard dwoi theo huwong)

Cho ham v6 huéng f: X = R. Nhic lai tir [5] gi¢i han sau

- . fxet+) - f(x)
I ¥) = Jimigt = i
duoc goi la dao ham Hadamard dudi theo hudng cua f tai x theo hudng v.
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Van dung Dinh nghia 2.1.2, bang cach mé rong sang khai niém dao ham theo
huéng cép hai, chiing t6i gi6i thiéu khai niém méi sau:

Dinh nghia 2.1.3 (Dao ham theo huong dudoi cdp hai)

Cho ham v6 hudng fix _R Dao ham theo hudng dudi cip hai ciia f tai x

theo hudng v 1a gii han sau:

G2 liming LD L )= tf (6 v).

(t.1)—>(0+,0) £

Tiép theo chung t6i cung cip két qua vé su ton tai cho dao ham theo hudng dudi
cap hai:

M¢nh d@é 2.1.4 (Sw ton tai ciia dao ham theo hwéng dwdi cap hai)

Cho ham vo huéng f: X — R c6 dao ham Fréchet V/f(x) tai mdi diém xe U
v6i U 1a mot 1an can nao d6 cua diém xe X, Vé ton tai dao ham Fréchet cap hai
V2 £( x) Khi d6 t6n tai dao ham theo huong dudi cip hai ciia ham vo hudng f tai y
theo moi huéng ve X . Ngoai ra ta c6 ding thirc dung

L )=V f(x)v,).
Chitrng minh: Gia st rang cac diéu kién cua gia thiét duoc théa man. Ap dung
Dinh nghia 2.1.2 ta duoc

£, (x, v)= liminf St~ f(x)

(t,u)—(0+,v) t

i SOV @) o)~ /()

(t,u)—(0+,v) t

= hm Vf (x)(u)+11m ( )

=V (x)(v).

Ap dung Dinh nghia 2.1.3 két hop v6i khai trién Taylor dén cap hai cho biéu thirc
f(x +v+12u) = f(x+t(v+tu)), ta thu duoc két qua sau

f (x vy =2 liminf f(x+tv+t u)—f(x)—tfH(x, V)

2

(1) —(0+,0) p
=2 hgn(lnf ) f(x+t(v+tu)) f(x) —lVf(x)(v)
(t,u)—(0+,0 t
F )+ VF)(e(v+ ) + 1 V2 £ (xX)(t(v+tu), t(v+ 1)
-2 Jimnt, 2

t2

S+ ()0~ o(ﬂ)]
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=2 liminf |:Vf(x)(v+tu)—Vf(x)(v) + ! sz(;)(v+tu, v+tu)+ ° 12):|

(t,u)—(0+,0) t E tz
x — ¥ 2
=2 limint QO ZVOO) | 5y, o)
(t,u)—(0+,0) t =0

(t,u)—(0+,0)

+2 liminf sz FO)v+u, v+zu)].

He qua, /'(x, v) = V2 £ (x)(v, ).
Diéu phai ching minh.

Trong céc chimg minh trong Ménh dé 2.1.4, cha y rang o(z') 1a vo cung bé bac

cao hon ¢ (i=1,2), nghia la i
im28 —o, i=1,2.

t—0 l‘i

2.2. Dic trung cip hai cho tinh 16i ciia ham khéng tron véi dgo ham Schwarz
trén va voi dao ham theo hwong dwdi cap hai

Muc dich chinh ciia phan nay 14 cung cép céc dic trung cip hai cho tinh 16i cia
ham gia tri thuc lién tuc st dung cong cu dao ham theo hudng cap hai.

Dinh Iy 2.2.1 Cho ham gia tri thue — K — R lién tuc v6i phan trong intK khac
rong. Diéu kién du dé 1 16i la

t—0 t

tai moi phuong v e intK.

Chiing minh: Khong mat tinh tong quat, c6 thé gia sir raing K2[a, b] nao day, ¢
day a, b 1a hai s6 thuc thoa man —ee < g < b < +eo, LAy mot s6 thuc £ >0 tiy y. Xét ham
vOo huéng &: K — R cho boi

v—a

g0 = ) +ev=av=b)+ 22 f(@ =12 f(b) Wve
Ta c6 g lién tuc va do do lién tuc trén doan [a, b], va thoa man
{g(a) = 0.
g)=0 (*)

Tur tinh lién tuc cua g trén doan [a, b], theo Pinh 1y Weierstrass [7], tdn tai diém
c€[a, b] sao cho

g(c)=max{g(v): a<v<b}. 0

Ta chirng minh

gs(V) = fs () +2e. 2)

92



TRAN VAN SU, VO VAN MINH

That vay, theo dinh nghia 2.1.1 ta c6
gv+)+g(v—1)—2g(v)

2

gs(v) =limsup

t—0 t
= limsup f(V+t)+f(V—Q—2f(v)+t2.9M
= fs(V)+eM,

(v+t—a)(v+t-b)+(v—t—a)(v—t—b)-2(v—a)(v->b)
t2
+(a—v—t+a+t—v+2(v—a))f(b)+(v+t—b+v—t—b+2(b—v))f(a)
e(b—a)
(v+t—a)(v+t—b)+(v—t—a)(v—t—b)—2(v—a)(v—b)+ 0
7 e(b—a)

oday M=

=2.

Vay dang thire (2) dugc chirng minh.

Véi mdi phuong ve (a, b) CintK, ta thu duoc tir gia thiét £, (v) >0 ring
gs(»)>0. 3)

Do (¥), néu g(c) > 0 thi € (a, b). Didu nay cing véi (3) suy ra
gs(c)>0. 4)

Chon ¢ >0 dabésaocho c+t, c—te|[a, b], taco

glett)+g(c-1)-2g(c) 0,

2

gs(c)= limsup t
mau thuan voi bt ding thic (4).
Dé ¥ rang néu c6 d € [a, b] sao cho g(d) >0, thi tir (1) ciing dan dén két qua
g(c) > 0 (sy mau thuan di dugc chi ra bén trén).

Do d6, g(v) <0 Vve[a, b]. Theo cach xay dung bén trén ta cd

v—a

T f ()= g(v)

F)+e-a)v—b)+ 2= fa)-
b—a

v—a

= f)+em—a)v—b)+ =2 fla)-
b—a b

F(b)<0

b—vf(a)+v—a

:>f(v)+€(v—a)(v—b)sb_a P

1 (®).

Lay gi¢i han trong bat déng thirc thu dugc trén khi £ — 0+, ta dugc
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f(v):f(b_va+v_ab)
b—a —-a

b—v —a
b—af(a)+b—a

Ta chon s€ [0, 1] d¢ v =sa+(1-s)b, lic nay ta lai thu duoc két qua sau:

f(sa+(1—s)b)<sf(a)+(1-5)f(b) Vse[0,1],

<

S (D).

nghia 13 £ 14 ham 16i.

H¢ qud 2.2.2 Cho ham gia tri thue — K — R lién tuc véi phﬁn trong intK khac
rong. Piéu kién du dé f 16i 1a

liminf f(V+t)+f(\2/'—t)—2f(V) >0

t—0 t

tai mdi diém ve intK.

Chirng minh: 1a mot hé qua truc tiép tir Pinh 1y 2.2.1.

Dinh Iy 2.2.3. Cho ham gia trithyc /: C C R lién tuc v6i phan trong int C khac
r6ng. Diéu kién du dé f 16i 14 ca hai diéu kién sau dugc thoa man:

@ fn(n v+ f(x,—v)20 VxeintC, ve X.

() [ (6, )+ f;(x,~v)=0 suyra f'(x,v)>0 VxeintC, ve X.
3 Chirng minh: Vi fnhén gia tri htru han, f, H (;, v)va f (;, v) ludén ton tai voi moi
xeintC, ve X. Theo gia thiét (ii) ta cling thu duoc

F(x, =v)20.
Laytly ¥ xeintC, ve X \{0}. Theo dinh nghia phan trong, ton tai s thuc / dé
x+hveintC.
Tur (1) suy ra
Fo(x+hv, V) + fo (x+hv,—v) 20.
Xét hai truong hop sau:
L fy (x+hv, v)+ fo (x+hv,—v) > 0.

Ta co - _ ~
lim inf f(x+(h+t)")+f(x‘|;(h—t)V)—2f(x+hv)
t—0+
> fiming LRV S Gt Ay (v v) =2/ G+ hy)
(£, v)—(0+,0) ;
> £ (x+hv, V) + £ (x+ hv, —v)
>0.
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Vay véi moi ) duong t du bé ta dugc
FOe+h+0w)+ f(x+(h—)v)=2F(x+hv) >0

va = = _ Yy
limgnff(x+(h+t)v)+f(x;(h t)v) 2f(x+hv)=+oo
H¢ qua . -
fs(x+hv)>0.

2: f,;(;+hv, v)+f;,(;+hv,—v)=0.
Theo dinh nghia ta c6
fs"(;+hv) Zlim(i)nf f(x+(h+t)v)+f(x;|—2(h—t)v)—2f(x+hv)

- . _ 2
22(lir)n%£1f0) fx+(h+t)yv+t W);f(x+(h HV+E"W)

2/ (et h)+f (B, v)+tf1;,(;+hv,—v):|
t2
> £ (x+hv, V) + [ (x+hv, —v)
> 0.

Theo Pinh 1y 2.2.1, anh xa #: K — R cho béi biéu thirc
h(s)= f(x+sv) (Vse K)
lién tuc v&1 moi xeintC , ve X. Do do, ham gia tri thuc f cling 16i.

Diéu phai chimg minh.

H¢ qud 2.2.4 Cho phan trong int f : khac rdng va ham gia tri thyc f: C — R
lién tuc va kha vi Fréchet cdp 1 va 2 tai moi diémxe C . Diéu kién du dé £ 16i 1a ca hai
diéu kién sau duoc thoa man:

V(X)) +Vf(x)(=v) 20 VxeintC, ve X.
VF(x)()+V (x)(=v)=0 suyra V>f£(x)(v,v)>0 VxeintC, ve X.

Chirng minh: Lap ludn tuong tu cac budc nhu trong chirng minh Ménh dé2.1.4,
chung ta dé dang thy rang (i) twong dwong véi

fr (6, V)+ fi(x,—v)20 VxeintC, ve X,

va (i1) tuong duong voi

f,;(x, v)+f,;,(x,—v) =0

suy ra

f(x,v)=0VxeintC, ve X.

Chtrng minh két qua con lai la mdt h¢ qua truc tiép tu Pinh 1y 2.2.3.

Diéu phai ching minh.
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3. Két luan

Bai bao di cung cap mot sb diéu kién du theo ngdn ngit ciia dao ham Schwarz trén
cap hai va dao ham theo hudng dudi cap hai ¢é mot ham sb thuc cho trude ma 1a lién tuc
thi tro thanh 10i. Bén canh, bai bao cling da dua ra khai ni¢m dao ham theo hudéng duoi
cap hai va diéu kién ton tai ciia chung dé 1am co sé cho nghién ctru cac dic trung cap hai
v& tinh 16i v&i cac ham lién tuc.
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TITLE: SECOND-ORDER CHARACTERISTICS OF CONVEXITY FOR
NONSMOOTH FUNCTIONS WITH UPPER SCHWARZ DERIVATIVES

TRAN VAN SU, VO VAN MINH
Department of mathematics, Quang Nam University

Abstract: Convex function has an important role in Convex Analysis because of
its applications in convex optimization problems. In this paper, we use the concept of
second-order upper Schwarz derivative for providing sufficient conditions for convexity
of the real-valued function f defined on the arbitrary interval K in R. Using these concept,
we establish sufficient conditions for convexity of the real-valued funtion f defined on
the arbitrary convex C in the real normed space X under some suitable assumptions
on the second-order lower directional derivatives and the lower directional Hadamard
derivative.

Key words: Convex function, Convex set, Second-order upper Schwarz derivative,
Second-order lower directional derivative, Lower directional Hadamard derivative.
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