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1 Mo dau k.Véi mdi i=1,..,s; ky hiéu p, laidéan nguyén

t0 thuan nhét trong R, xac dinh boi diém P. Cho
Cho P":=P' la mdt khong gian xa anh trén e . NN
“ j &8 ) m,...,m; la cac s6 nguyén dwong. Lwoc d6 chiéu
truong déng dai s6 k va R,..,P la cac diém . ) . .

) . khong x4c dinh boi idéan | =p* NN duge

phan biét trong P". Cho R:=K[X;X,...X,] la vanh ) . )
. o goilatap s diém béo trong P" va dwoc ky hiéu
da thic theo n+1 bién X;,X,...,%, voi hé sd trén N
bang Z=mpP+---+mpP.
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Vanh toa d6 thuan nhatcua Z 1la A=R/I.
Déy la mot vanh phan bac, A=®_ A, cb s6 bdi
e(A) = Zs:(mi +nn—1]. V6imdi teN, phan phan bac

=y
A la mét k -khodng gian véc to hitu han chiéu.
Ham s6 H, (t) = dimiA duoc goi la ham Hilbert cua
Z.Ham H,(t) tang chat cho dén khi dat duoc s6
boi e(A) tai d6 nd dirng. Chi s6 chinh quy ctia Z la
s0 nguyén duong t bé nhat sao cho H,(t)=e(A)
va né duoc ky hiéu 1a reg(z). Chi s6 chinh quy
reg(2) chinh 1la chi s6
Castelnuovo-Mumford reg(A) cua vanh toa do
A

cling chinh quy

Viéc tinh dwoc gid tri cua reg(z) la rat kho,
vl vay nguoi ta tim cach chan trén cho reg(Z). Tt
nam 1961 dén nay, da c6 nhiéu két qua vé chdn trén
cho reg(Z) duogc cdngbs [1-4, 6, 7] va hién nay bai
toan chan trén cho reg(Z) da dwoc Nagel va Trok
giai quyét thanh cong trong treong hop tong quat
[5] Tuy nhién, hién nay cac két qua vé viéc tinh
reg(Z) dang con rat khiém ton, chi c6 vai két qua

dwoc dang trén tap chi uy tin nhw sau.
Cho tdp diém béo Z=mPB+---+mpP, trong
P", Davis va Geramita [3] da tinh dwoc

reg(Z)=m +---+m -1

khi P,...,P, ndm trén cing mot duwong thiang. Tap
diém {B,...,R} trong P" goila & vi tri tong quat
néu khong c6 j+1 di€m nam trén cing mot
(j-1)-phing, j=1,...n.Cho a la mdt s hitu ty.
Ky hiéu [a] la phan nguyén ctia a . Catalisano va
cs. [2] da tinh dwgc reg(Z) trong hai treong hop:
- Néu s>2, 2<m=m,>---2m, va B,..,P,
nam trén mot duong cong hitu ty chuan trong P",

thi reg(Z) = max{m, +m, -1,[(3.°_m +n-2)/n]}.

- Néu nz32<s<n+22<m=m,>---2m, va

P,..P, nam o vi tri tong quat trong P", thi

reg(Z)=m +m,-1.
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bat

SUm o+j-2
= P

e

i R

T, = max{[

ndm trén mot j-phing).
Thién [8] da tinh dwoc
reg(Z) = max{T, | j =1,...,n}

cho Z=mPB+---+m,P, véi B,..,P,

S+2° s+2 khéng
ndm trén cing mdt (s—-1) -phang trong P", s<n;
va vao nam 2017, Thién va Sinh [10] da tinh duwoc

reg(Z) =max{T; | j =1,..,n}

cho Z=mB+---+mP,, véi m=2 va B,.,P,
khong nam trén (r-1)-phang trong P", s<r+3.
Thién va Trinh [11] da dwa ra nhitng wdc luong
(chan trén va chdn dudi) cho reg(Z) trong mot s
truong hop cua tdp di€ém béo. Tap cac diém béo
Z=mpP,+---+mP, goi la khong suy bién trong P"
néu P,.,P khong cung nam trong mot siéu
phang. Ballico va cs. [1] da chi ra chan trén cho chi
s6 chinh quy cta tip n+3 diém béo
P

n+3

Z=mP +--+m

n+3

reg(Z) <max{T;| j =1,...,n}.

khong suy bién trong P":

Trong bai bao nay, bang cach stt dung chan
trén ctia Ballico va cs. [1], cac két qua vé chan dudi
cho chi s6 chinh quy cua tap cac diém béo [9] va
mot s6 két qua khac, chung t6i tinh reg(Z) cho
hau hét cac truong hop cta tdp n+3 diém béo
khong suy bién trong P" (Pinh ly 2.5). Cac két

qua ctia ching to6i la moi.

2 Cackét qua

Déu tién chting toi tinh chi s& chinh quy cta
tap n+3 diém béo khong suy bién trong P";
n=12.

Ménh dé 2.1. Cho X ={R,..,P,.;} la mot tdp
n+3 diém phdn bigt khong suy bién trong P"; n=1,2
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. Cho m=z=m,>---2m,,, la cdc s0" nguyén dwong va

n+3

Z=mP+--+m ,P. .. Khi do,

n+3
reg(Z) =max{T; | j =1,..,n},

trong do

dm +i-2

T, = max{[ J wree P
nam trén mot j-phang).

Chitng minh: Dat T =max{T,|j=1,...n}.

Ta sé chting minh reg(Z)=T . V6i n=1:
theo [3, Corollary 3], ta c6
reg(Z)=m+---+m,-1=T.

V6i n=2: Néu tap diém X & vi tri tong
quat thi theo [10, Theorem 3.1], ta c6
reg(Z)=T.

Néu tap X khong ¢ vi tri tong quat thi X
nam trén hai dwong thang, goila |, va 1,.Co thé
gia st rang T,=m +--+m -1 véi P,..P nam
trén |.Dat 1=p" . Khidd
reg(Z) =reg(R/1)

va

T1+12[7ml+"2'+m5] =T,

Co hai treong hgpsaucho T, va T,.
. T,>T,: Khi d6 T=T. Dit
U=mP+---+mP. St dung [3, Corollary 3] va [9,
Proposition 6], ta c6
reg(Z)>regU)=T,.

Hon ntra, theo [1, Theorem 2.1], ta c6
reg(Z)<T =T.

Tt d6 ta nhan dwoc reg(Z) =T, =T.

e T,>T: Khi d6 T-=T,
Theo [1, Theorem 2.1], ta co

va T,=T+1

reg(Z)<T,.
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Vi vay, ta con phai chitng minh reg(Z)>T,.
Ta ¢ PB,..Relul, véi P,.,P. nim trén I, va

P

r+11°

.PB, nam trén 1,. Do

m

+-e4+m
[1f5]:T2 =T +12m+---+m,

nén m +...+mszml+~-+mr. ViVéy,

T+l

m1+~--+m5]

T, =1 5

2(mr+l +et ms)]

<[ ;

=M e M

Hon ntta, T,=T,+12m_,+---+m, nén

T2:mr+1+'“+mS'

Ta chon 25 = (X, %), 62 = (%, %), 2, = (%, %) va

;= (xo,ajx2 —bjxl), j=2,..,r=1

T,-mg mz-1 m.
%2 X5 & (X, %)™ O (Xgr 8, X, —byX) ™2 A

(X1 8,1 =B _x) " A (X, %)™ + (%, %,)"™

Boi  wvi

suy ra X2 5% gJ+ o5 nén theo [2, Lemma 3],

tacd reg(R/(J +g.5)) =T,
Stt dung [2, Lemma 1], ta c6
reg(Z) =reg(R/(J + %)) >T,.

Ménh dé 2.1 da duoc ching minh xong.

Két qua sau day gitup chung t6i tinh chi s
chinh quy cta tdp diém béo khong suy bién trong
P", n>3.

Ménh dé 2.2. Cho n>3 la s’ nguyén va
X ={B,...P..} la mgt tdp n+3 diém phdn biét khong
suy bién trong P" sao cho khong c6 s+3 diém nao
cia X ndm trén mét s -phang, s<n. Cho
2<m2---2m,, la cic s0 nguyén dwong va

Z=mPB+--+m P . Ddt T=max{T,|]j=1,..,n}

n+3

q .
Z.=1mi. +j-2
i

voi T; = max{[ 11P,....P

by iq

ndm trén mot j-phiang).
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Khi do, néu
T =T, hoacT =T, thi reg(Z)=T.

Chitng minh: Xét hai truong hgp saucho T .

e T=T,: Goi ¢ la duong thang di qua cac
diém P,..P,r<3 sao cho T =m +--+m . Xét
tap diém béo Z=mPB+---+m

haPha va tap diém

béo Y =mP +--+m R . St dung [3, Corollary 3]

h
va [9, Proposition 6], ta c6
reg(Z)=reg(Y)=T,=T.

Theo [1,
reg(Z)<T =T.

Theorem 2.1], ta ¢

T d6 reg(2)=T.

e T>T: Khi d6 T=T,, khong c6 3 diém
ctia X nam trén mot duong thang va khong cé 5
diém cia X nam trén mot 2-phang. Goi y la2-

phang di qua cac diém Ry P, a4, sao cho

m,

T,=[E

Xét tap diém béo U=mPR +-+ m R, theo
[8, Theorem 3.4], ta ¢c6 regU)=T, St dung [9,
Proposition 6], ta cd reg(Z) >reg(U) =T,.

Mit khac, theo [1, Theorem 2.1], ta cé
reg(Z)<T =T,.

Ttr d6 ta nhan dwoc reg(z2) =T.

Ménh dé 22 da dwgc ching minh.

Trong ménh dé tiép theo sau day chiang toi
sé tinh chi s6 chinh quy cua tap 6 diém béo khong
suy bién trong P°.

Ménh dé 2.3. Cho X ={P,...R} la mit tdp 6
diéin phin bigt khong suy bién trong P° sao cho khong
c6 s+3 dién nao ctia X nam trén mt s -phing,
s<3. Cho 2<m >--->m, la cdc s6 nguyén dwong va

Z=mP +---+mP,. Dgt

18

q .
Z|=1mi| +j-2 o

T, = ma(E= IR,

nam trén mot j-phing}. Ta cd,

reg(Z) = max{T; | j =1,2,3}

ngogi triy trwong hop bao gom cdic dieu kién:
m=m,=my=m,=my=m,+1=m, khong cé 3 diém
nam trén mt dwong thing, c6 mét 2 -phiang di qua P,
va 3 diém ciia {B,...,R}. Trong truong hop nay, ta cé
T, =T,=2m-1, T,=2m ova

reg(Z) =2m-1 hay reg(Z) =2m.
Chitng minh: Dét

T=max{T;|j=1,2,3}
Xét hai treong hop sau day cua tap diém X .
Trwong hop 1:

m=m,=m,=m,=m, =m;+1=m. Ta chia thanh hai

treong hop con sau:
Truwong hop 1.a: X 0O vi tri tong quat. Khi d6,

T, =2m-1, T2=[37m] va

m+-+mg+1

T, =1 3

]=2m . St dung [10, Theorem

3.1],tacé  reg(Z)=2m=T.

Truwong hop 1.b: X khong & vi tri tdng quat.

Khi d6, c6 mot trong hai kha nang sau:

e X c6badiém ndm trén mot duong thang.
Do khong ¢4 s+3 diém nao ctia X nam trén s -
phang, s<3, nén khong c6 4 diém ctia X nim
trén mot duong thang. Goi ¢ la duong thang di
qua ba diém cta X. Ta ¢6 T,=3m-1 (néu ¢
khong di qua RB) hodc T,=3m-2 (néu ¢ di qua
R) T,<2mT,=2m. Do dé

T=max{T, T, T.}=T,.

St dung [3, Corollary 3] va [9, Proposition
6], ta cé reg(Z) =T,
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Hon ntta, theo [1, Theorem 2.1], ta cb
reg(Z)<T.

Tt d6 ta nhan dugc reg(2) =T, =T.

¢ X khong cé ba diém nam trén mot duwong
thang. Khi d6 T,=2m-1, T,=2m va c6 bon diém
ctia X nam trén 2-phing va khong c6 ndm diém
cia X nam trén 2—phéng. Goi g la 2—ph§mg di

qua bdn di€ém ctia X , goila P,P PP, saocho

iy gt iy

m +m_ +m_ +m
4 2 3 4
2

T, =l

Néu g khong di qua P, thi T,=2m. Suy
ra T =T, TheoMénh dé 2.2, tacod

reg(Z) =T =2m.

4m-1

2
Hon nita T,=2m-1. Do d6 T=T,=2m bDadt
Y =mB+mP,, khi d6 theo [3, Corollary 3] va [9,

Néu g diqua PR, thi T,=[ ]<2m=T,.

Proposition 6], ta cd reg(Z)=reg(Y)=T, =2m-1.

Mat khéac, theo [1, Theorem 2.1], ta 6
reg(Z) <T = max{T,,T,,T,} = 2m.

Suyra 2m-1<reg(Z)<2m. Vay,
reg(Z) =2m —1hoac reg(Z) = 2m.

Truong hop 2: Cac m

i khong thoa
m=m=m=m,=m =m+1=m. Néu X nim 0o vi
tri tong quat, thi theo [10, Theorem 3.1], ta co
reg(Z)=T.

Néu X khong 0 vi tri tong quat thi sé co hai
treong hop sau.

Truwong hop 2.a: m=m,=---=mg=m. Ta co
T,=2m.Do X khong nam o vi tri tdng quat nén
s&co 3 diém nam trén mot duong thang hay c6 4
diém nam trén mot 2- phang. Khi do, T,=3m-1
hay T,=2m,nén T =T, hay T=T,.Theo Ménh dé

2.2, taco reg(Z)=T.

Truong hop 2.b: Cac m; khong nam trong

Trueong hop 2.a. Khi d6 ta cé cac treong hop sau:

DOI: 10.26459/hueunijns.v130i1C.6334

i) m=m+lm,=---=m,=m.

6m+ 2

Khido, T,=[ 1=2m,

T,2m+m,-1=2m Vivay, T=max{T,T,}. (3.1)
ii) Hodc m>m,+1,m,>m;+1 hoac
m, >m, +2.
eNéu m>m, +1,m,>m +1:
Ta cé

m+m,+---+mg+1
3

m +m, —

_2m +2m,—-m,—m,
3

-m;—my—1
3

+

> (ml — m3) + (mz - m4)
3

L [my+ (g +1)]
3

+[m2 —(m, +1)+1>
3

0.

Vi vay,

m+m,+--+mg+1
3

m, +m, >

>[ml+m2+---+m6+1

Suyra m +m, 3

1

[rr11+m2+~--+m6+1

Dod6, m+m,-1> 3

I
hay T, 2T, (32

eNéu m>m,+2:,tacéd

m+m,+---4+mg+1
3

m, +m, —

_2m +2m,-m,—m,
3

_-mg-mg -1
3

> (ml - m3) + (mz - m4) + (mz - ms)
B 3
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+[ml—(m6+2)]+l
3

> 0.

m+m,+---+mg+1

3

Vivay, m +m,>

m, +m, +---
3

+mg +1

Suyra m +m,>[ 1

m+m,+--+mg+1
3

Do d6, m+m,-1>[ 1,

hay T,2T,, (33)
T (3.2) va (3.3), ta co
T =max{T,,T,}. (3.9
T (3.1), (3.4) vastrdung Ménh dé2.2, taco
reg(Z)=T.

Ménh dé 2.3 da duoc ching minh xong.

Két qua chinh ctia bai bao nay nam trong
Dinh ly 2.5. B6 dé sau day sé giup ching minh
DPinh ly 2.5.

B6 dé 2.4. Cho X ={R,..,P..} lamdttdp n+3
diéim phdn biét khong suy bién trong P" sao cho khong
c6 s+3 diéin nao cia X ndm trén mét s -phing,
s<n. Cho 2<m >--->m,,, lacdcsdnguyén dwongva

Z:I‘T’llpl_:,_....g_mm3 43 Voi k=1,. n;d@t

k+3

dm;+k-2

tk:[j:1 K 1.

Khi do, t >t,,.
Suyra T, 2T,Vn>4,
Chirng minh: Ta c6

k+3 k+4
le  +k=2 Z m; +k -1
k k+1

(Zk” +k=2)(k +1)
k(k +1)

X m; +k=1)k
k(k+1)

20

néntacé m+m,>t,

QN m, k- 2)k

k(k +1)

L& rk-2)
k(k +1)

[ 7m, +k—2) + (M k +K)]

j=1 ")

k(k +1)

Z“s +k-2—km,, -k
k(k +1)

(ZJ =1 ] kmk+4)
k(k +1)

k+3
+ZJ k+1 | 2>
k(k +1)

Do do,
t >t

Suy ravéimeoi n>4, tacod t, 2t >

>t . Mt khéc,

ZJ 1m,+2

m, +m, —

4(rnl+m2) Zjl j
4

(m1 - ms) + ZG:(mz - ml)
= 4;_:4

+ (ml _2) +4(m1 - m7) >0.

T do, m+
m,-1 >t. Vi T,2m+m,-1 nén T, >t A vk>4

Khi k=n,tacd t =T, vivay,

T2T

L Vn=4.
Dinh ly sau la két qua chinh cua bai bao.

Pinh ly 2.5. Cho X ={R,...P,;} la mot tdp
n+3 diém phin biét khong suy bién trong P" sao cho
khong c6 s+3 dién nao cia X niam trén mot s -
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phing, s<n. Cho 2<m>--->m_, la cdc sd nguyén

n+3

dwongva Z=mP+---+m, ;P .. Khi do,

n+3
reg(Z) =max{T; | j =1,..,n},

trong do

dm +i-2

j R

T, = max{[

ndm trén mot j-phang) ngoai trir trweong hop bao gom
cdc diéu kién: n=3, m=m,=m;=m,=m, =my+1=m
, khong c6 3 diém nam trén mot duong thang, c6 mot
2-phing di qua P, va 3 diéin cia {R,....R}. Trong
trieong hop nay tacé T,=T,=2m-1, T,=2m ova

reg(Z) = 2m—1hay reg(Z) = 2m.

Chitng minh: S&t dung Ménh dé 2.1, ta thdy
dinh ly dung cho truong hop n=1,2. St dung
Ménh dé 2.3, ta thdy dinh ly dung cho truong hop
n=3 (bao
m=m,=m,=m,=m;=m;+1=m va ¢ mot 2 -

gom truong hop n=3 ,

phang di qua P, va 3 diém caa {R,...,R}). Bay
gio ta sé chitng minh dinh ly dung khi n>4.

Dat T=max{T;|j=1,..n}.

Véi j=4,...n tt B6 dé 24 taco T,2T,. Vi
vay,
T=max{T;|j=1,23}

Theo gia thiét, khong c6 s+3 diém cta X
nam trén s -phang, nén c6 nhidu nhat s+2 diém
nam trén s -phang. Gia st 7 la 3-phang di qua

cac diém PP .r<5 sao cho
T

m +m_+---+m +1
1 2 r

T=[ 3
Do ml+m2_ml+m2+m3+m4+m5+1
3
_ 2ml+2m2—m3—m4—m5—1>O
3
nén m+m,-1>
[m1+m2+m3+m4+m5+1]2T3.

3

DOI: 10.26459/hueunijns.v130i1C.6334

Tk d6, T =max{T,,T,}.

St dung Ménh dé 2.2, ta nhan duoc

reg(Z2)=T.

10.

11.

Dinh ly 2.5 da duwogc ching minh xong.
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