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TOM TAT

Ly thuyét vé phwong trinh tich phan c6 méi lién hé mat thiét véi nhidu linh vuec khac
nhau cla toan hoc. Quan trong nhét trong sé dé 1a phwong trinh vi phan va ly thuyét toan to.
Nhiéu van dé& clGa phwong trinh vi phan thuwéng va phuong trinh dao ham riéng cé thé duwoc
viét lai nhw 13 phwong trinh tich phan. Sw ton tai va duy nhat nghiém cé thé thu dwoc tir két qua
twong tng t& phwong trinh tich phan. Theo mét cach nao do ta cé thé xem nhw [a mét mé rong
cla dai sb tuyén tinh va tién than cta gidi tich ham hién dai. Dac biét trong viéc gidi cac
phwong trinh tich phan tuyén tinh thi cac khai niém co ban ctia khéng gian vector, tri riéng va
vector riéng s& dong mét vai trd quan trong.

Trong bai bao nay, chung t6i da st dung phwong trinh tich phan Volterra dé giai
phwong trinh vi phan tuyén tinh cip 1, cAp 2 mét cach tdng quat. Tl do, chi ra cong thirc
nghiém twéng minh cho trwdng hop hé sb hang.

ABSTRACT

The theory of integral equations has close relationships with many different areas of
mathematics. Of these, differential equations and the operator theory are the most important.
Many problems of ordinary and partial differential equations can be recasted as integral
equations. The existence and uniqueness results can then be derived from the corresponding
results of the integral equation. In many ways, one can view the subject of integral equations as
an extension of linear algebra and a precursor of modern functional analysis. Especially, in
dealing with linear integral equations, the fundamental concepts of linear vector spaces,
eigenvalues and eigenfunctions will play a significant role.

In this paper, we use the Volterra integral equation to solve linear differential equations
level 1, level 2 in a general way. Thus, only an explicit formula solution for the constant
coefficient case will be presented.

1. Phwong trinh tich phan Volterra

Xét phuong trinh tich phan dang
Y@ = f@)+A[ K(x0)p(0)dt,  (a<x<b), (1)

trong d6, y(x) 1a ham chua biét, 4 1a tham s6, K(x,f) thudc L, .., va
£(x) 13 ham d3 biét.
Dinh nghia 1. Gia tri A duwoc goi 1a gia tri thwong cia hach K(x,t) thudc

L2

a sao cho

A A : A 2
siiap) DU ON tai hach H(x,t) thude L, ;0,0
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H(x0) - K0 = A Ha)K@.0du = 2| K H@.0de. )

Khi do, H(x,t) duoc goi la hach giai ciia hach K(x,t) Gng voi gia tri A.
Dinh Iy 1. (xem [1]) Néu A 1a gia trj thuong cta hach K(x,7)va H(x,)1a hach

giai tuong ung thi phuong trinh

y(x)=f(x)+ ﬂfK (x, ) y(t)dt, 3)
c6 nghiém duy nhit xac dinh boi
() = £(0)+ A Hxen) f (@)t 0

B6 dé 1. Néu hach K(x,¢) thude L, .., triét tiéu khi a <x < <b thi chudi

K(x,0)+ AK*(x,t) + K> (x,0) + ..., (5)
voi K" (x.0)= [ K (x,u)K" " (u,0)du, (n>1) hoi tu déu tuyét di voi moi gid tri 4 va
tong H ,(x,1) 1a hach giai cia hach K(x,¢) ing véi gid tri A.
Chitng minh. Bang quy nap ta chimg minh duoc rang 3M >0 sao cho

K" (x,1) sM”M, (t<x,n=12,..)

(n—-1)!
= | =\/IbIbK"(x,t)\2dxdst, (n=1,2,..).
“e n!
Véimdi A, tacd |ﬂ,”71 ‘K”HSM(b_a)(M(b_a'ﬂﬂ“|)n_l.
n.

Nhu vay, chudi (5) dugc lam trdi boi mot chudi sé hoi tu nén s& hoi tu déu tuyét dbi.

Pat H,(x,t)=Y. " A"'K"(x,1), tacé
A H (e (ut)du = A b(ZZZ“K” (x,u))K(u,t)du
=" 2K (x,0) = H, (x,1) - K (x,1)

Tuong tw, tacé A K(eu)H, (u.)du = H,(x,0)~K(x.1).

Vay, H,(x,t) thoa man (2) nén H,(x,t) la hach giai cua hach K(x,¢) g véi gid tri A.
Dinh Iy 2. Phuong trinh tich phan (1) luén c6 nghiém duy nhét

YX) = f)+ A H, (0 f (0, (6)
trong 6, H,(x,t)= Z:: AK"(x,0).

209



TAP CHi KHOA HOC VA CONG NGHE, BAI HOC BA NANG - SO 5(40).2010

Chitng minh. Mé rong K(x,1)=0 khi a<x<t<b thi phuong trinh (1) dugc viét lai
thanh phuong trinh (3). Hach K(x,f) théoa man diéu kién cia B6 d& 1 nén
H,(x,t)= Z::/IHK "(x,t) 1a hach giai cia hach K(x,t) Ung véi gia tri A. Theo Dinh
1y 1, phuwong trinh (1) c6 nghiém duy nhét xac dinh boi (4).

Hon nita, ta c6 K(x,¢)=0 khi a<x<t<b nén H,(x,t)=0 khi a<x<¢<b. Do do

[ B e fode= [ H,(x.0 (0 -

Nhu vy, nghiém xéac dinh boi (4) duoc viét lai dudi dang (6).

2. Giai phwong trinh vi phan cép 1
Xét phuong trinh vi phan cép 1 dang chinh tic
y'=f(xy), ®)
v6i diéu kién ban ddu y(a) = y,, va f(x,y) 1a ham lién tuc theo (x, y).
Bing céach ldy tich phan hai vé phuong trinh (8) véi cén tir ¢ dén x, ta nhan
duoc ménh dé sau.

M¢nh dé 1. Phuong trinh vi phén (8) twong dwong v6i phuong trinh tich phan

Y =y, + | f(LyO)dt, (a<x<b). ©)
Chiurng minh. Danh cho ban doc.
Gidi phirong trinh vi phéan tuyén tinh cdp 1
Y+ p(x)y =q(x), (10)
v6i diéu kién ban ddu y(a) = y, va p(x), g(x) 1a cac ham lién tuc trén [a,b].

Theo Ménh dé 1, ta c6 phuong trinh vi phan (10) trong duong phuong trinh tich phan
Y =y, + [ q@di= [ p(O)y)di, (a<x<b). (11)

bat f(x)=y,+ J.xq(t)dt ; K(x,t)=—p(t), (a <t <x<b), khi d6 phuong trinh (11) c6
dang phuong trinh (1) v61 A =1. Theo DPinh 1y 2, thi phuong trinh vi phan (10) cé
nghiém duy nhit cho bi (6).

Noéi riéng, khi p(x) =m tacd

W (x=n"

K(x,t)=-m, K*(x,t)=(—-m)’(x—1), K" (x,t) = (—m)
(n=1)!

2

Hex=Y" K" =Y " (-m) % Iy

Viy, nghiém duy nhat ctia phuong trinh vi phan (10) 1a
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Y@= f(x)=me™ [ " f(0)a,

trong d6, f(x) =y, + j q(t)dt.

3. Giai phwong trinh vi phan cép 2
Xét phuong trinh vi phan cép 2 dang
y'=f(x,p), (12)
v6i didu kién ban dau y(a) = y,,y'(a) = y,, va f(x,y) 1a ham lién tuc theo (x, y).

Theo Ménh dé 1, ta c6 y'(x) = y, + r f (t, y(t))dt, tiép tuc lay tich phan hai vé, ta dugc
y(x) =y, +y1(x—a)+L L f(t,y(t))dtds

=+ n(x—a)+s| f(t,p(0)dt

' —Lxsf(s,y(s))ds

= yo+ y(x=a)+ [ (x=0)f (t,y(0))dr.

Nhu vy, ta c6 ménh deé sau.

Ménh @é 2. Phuong trinh vi phan (12) twong duong véi phuong trinh tich phan

V) =y + y(x=a)+ [ (x=0)f (6,y(0))dt, (a<x<b). (13)

Chirng minh. Danh cho ban doc.
Gidi phwong trinh vi phdn tuyén tinh cdp 2
Y p(x)y'+q(x)y = g(x), (14)
v6i diéu kién ban dau y(a)=y,, y'(a)=y,, va p(x),q(x), g(x) la cac ham
lién tuc trén [a,b].

Theo Ménh d¢ 2, thi phuong trinh (14) twong duong voi phuong trinh tich phan

y@) =y +[p@y, + 7, J(x-a)+ [ (x=Dg(t)dr
[ [x=-0(p©-9®)-p®O]y@)dr.  (15)

Dt J@) =y +[p@y, + 3] (x=a)+ | (x=Dg)dr,
K(x,t)= (x—t)(p'(t)—q(t))—p(t), (a<t<x<bh).

Khi d6, phuong trinh (15) ¢6 dang phuong trinh tich phan (1) véi A =1. Theo
Dinh 1y 2, thi phuong trinh vi phan (14) ¢6 nghiém duy nhét cho bai (6).
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Mot sb trudng hop riéng cua phuong trinh (14):
e Khi p(x)=0, g(x)=m>, (m>0) thi hach giai H(x,t)=msinm(t—x) nén
nghiém duy nhét ctia phuong trinh (14) 1a

y(x)=f(x)+m| sinm(t —x) f(t)dt,

trong d6, f(x) =y, + y,(x—a)+ j (x—1)g(t)dt.

e Khi p(x)=0,q(x)=-m>, (m>0) thi hach gidi H(x,t)=msinhm(x—t) nén
nghiém duy nhit ctia phuong trinh (14) 1a

Y(x)= f(x)+m j:sinh m(x—1) f(t)dt,

trong do, f(x)=y,+y(x—a)+ Jj (x—1t)g(t)dt.

e Khi p(x)=m, g(x)=0 thi hach giai H(x,t)=-me""™ nén nghiém duy nhét
cua phuong trinh (14) la

Y@) = f(x)=me™ [ e f (1),

trong do, f(x) =y, +(my, + y)(x—a)+ [ (x=)g(®)dt.

4. Két lujn

Bai bao da xay dung duogc cong thuc nghiém cho phuong trinh tich phan
Volterra va d chuyén mot phuong trinh vi phan véi cac diéu kién ban dau thanh mot
phuong trinh tich phan duy nhat. Tir két qua cta phuong trinh tich phan chung toi da
dua ra cong thirc nghiém cho phuong trinh vi phan. Tuy nhién, viéc xac dinh hach giai
trong truong hop tong quat 1a khong don gian. D6 1a van dé mo ma chung toi tiép tuc
phat trién sau nay. D6i véi mot sb trudng hop riéng chung toi di chi ra hach giai va do
do6 da dua ra cong thirc nghi€ém tuong minh cua phuong trinh vi phan.
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