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AND SHAPE OF THE SCATTERERS IN THE INHOMOGENEOUS
SPACE R%(d =2,3)
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TOM TAT

Muc tiéu cua bai bao nay la trinh bay phwong phap nhan t& héa xac dinh vj tri, hinh
dang cta dj vat tan tan xa trong méi truong khong thuan nhat RY(d =2,3). Twr d6 ap
dung phwong phap vao giai s6 mot s6 bai toan véi di liéu gia dinh.

ABSTRACT

The aim of this paper is to present the factorization method to determine the position
and shape of the scatterers in the inhomogeneous space R (d =2,3) . This method is
used in the numerical implementation for some numerical examples with synthetic data.

1. Pitvande 7 ‘
Trude hét ching ta phat biéu lai bai toan tdn xa trong moi truong khong thuan
nhat: Cho méi truong khong thuan nhat Q R 1a mot tdp md, bi chin sao cho phan bu
ctia nd 1a tap lién thong. Chung ta gia sir chi s6 tan xa cia méi truong ne C?(R?) la
ham gia tri phttc voi Ren>0,Imn>0 va n=1 ngoai Q. Cho k>0 va @ tuong ting 1a
s song va nghiém co ban cta phuong trinh Helmholtz. Cho song ti u™ =e ™ véi
0 e St ¢b dinh, tiy y. Bai toan tan xa thudn 1a xac dinh ham u® =u®(x,6) € C%(R?)
" thoa man
Au +k?nu =0 trong R?, (1)

saocho u:=u*+u

va u® thoa man diéu kién Sommerfeld
ou®
or
Trong [1], nguoi ta da chi ra ring bai todn tin xa trén tuong duong voi phuong
trinh tich phan Lippmann-Schwinger

U0 —K2 [ A(u(y)D(x, y)dy =u™ (x), x < Q (g =n-1), 3)

—iku® =O(r ) r =| x |- o. 2

hodc u—Lu=u™ véi
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Lu() = K* [ a(y)u(y)®(x, y)dy, x e Q. @)
Q
Song tan xa U°, dang truong xa U_ va toan tur truong xa F duogc xac dinh boi cac
phuong trinh sau
U (%, 8) =k* [ a(y)u(y)@(x, y)dy, x e R, (5)
Q
" A k2 A\ A —ikR. o d-1
u,(%0) =——[a(y)u(y,0)e " dy, ke 7, (6)
4r )
Fy(X)= [ u(%60)y@)ds(d). x5 (7)
sd—l

Bai toadn tan xa nguoc 1a bai toan xac dinh giad ctia ham q (tc la Q: vi tri va
hinh dang cta di vat) tir dit liéu u_(&,0), X, 6 € S

Phuong phap nhan tir hoa, 1a sy mé rong ciia phuong phap MUSIC duoc Kirsch
trinh bay trong [2, 3]. Trong 2, chiing tdi trinh bay lai phuong phap nhan tir hoa ddi véi
bai toan tan xa nguoc trong mdi truong khong thuan nhat. Trong 3, ching tdi trinh bay
cac vi du giai s6 v6i dit lidu gia dinh trong khong gian R®.
2. Phuwong phap nhéan tir hoa

Trude hét, chiing ta dinh nghia toan tir S : L2(Q) — L?(S°™?) véi toan tir lién hop
S*:L2(S"Y) = L*(Q) boi

SP(R):= [ p(y)e "y, ReS™, 8)
Q

Sy(¥)= [ w(Re"ds(r). yeQ. ()

Sd—l
Khi d6, ddi voi toan tir F, chung ta ciing c¢6 két qua sau
Pinh ly 1. Cho toan tir truong xa F : L*(S™) — L2(S*™) xé4c dinh bai (7). Khi d6

F =STS" (10)
véi S va S” twong tng x4c dinh boi (8) va (9) va T : L*(Q) — L*(Q) duoc xac dinh boi
To:=k*q(l -L) "¢, ¢ € L*(Q). (11)

Chitng minh. Thé (5) vao (6) va thay d6i tht ty 1dy tich phan ta nhan duoc
Fy (%) =k [ a(y)e ™ dy [ u(y,O)y (6)ds(6)
Q Sdfl

u(y)

k* [ a(y)u(y)e™**dy =k*s (qu)(%).

Mat khac, ta co A
W) - LU = [ u"(x.0)p(9)ds(d) = | """y (9)ds(d) =Sy (x).

Sdfl Sd—l

nghia la U=(1-L)"S"y vavithé
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Fy =k?S(q(l —L)*S"w) =STS"y.
Tiép theo, chiing ta ciing dua ratiéu chuan dé kiém tra mot diém z € R® ¢6 thudce
Q hay khong. Vi mdi z € R? ta dinh nghia ham ¢, € L*(S°™") nhu sau
@, (R) =™, Re S
Pinh Iy 2. V¢ibatky zeR" taco
1eQ < @, eR(S). (12)
Chimg minh. TruGe hét, ta gia sit z € Q. Chon mot ham tiy y ve C*(Q) véi
v=®D(.,z)trén 0 va ov/on=0dD(.,z)/0on trén 0Q.
Dit ¢:=—Av—k?v. Khi d6, tir dinh 1y biéu dién Green, voi x e Q ta co
v(x) = [ {@(x y)av(y)an(y) —v(y)eD(x, y)an(y)} ds(y)

oQ

— [€Av(y) +Kk*v(y)3@(x, y)dy

= [{@(x, y)od(y, z)an(y) - @(y, 2)o@(x, y)an(y)} ds(y) + [ #(y)D(x, y)dy.

Tich phan dau tién bang khong vi cac ham ®(.,x) va ®(.,z) déu théa man didu
kién Sommerfeld. Piéu nay suy ra

v(x) = [ 4(y)D(x, y)dy, x e Q.

Hon nita, cong thirc ndy ciing ching t6 rang v c6 thé thac ttrién duoc thanh mot
ham v e C'(R") thoa mén diéu kién Sommerfeld va tring voi ®(.,z) trén Q. Tir tinh
duy nhéat ctia bai toan Dirichlet ngoai suy ra v=®(,z) trong R\Q va vi thé
S¢=®d"(.,z) = p,. Diéu ndy ching t6 rang ¢, € R(S).

Biy gid, cho z¢Q va gia s nguoc lai, ton tai ¢el?(Q) sao cho
Sp=¢p, =D(,z) trén S**. Khi d6

I P(Y)D(x,y)dy = DP(x,z), v6i moi x nam trong phin ngoai cia QU {z}.
Q

Diéu ndy mau thuin vi vé trai ctia phuong trinh 13 mot ham thudéc C*(R?) va la
nghiém cua phuong trinh Helmholtz, trong khi vé phai 1a mot ham c6 diém ky di tai
z¢ Q.

Vay dinh ly duoc ching minh.

Chung ta thay rang, dinh 1y trén cho phép xac dinh Q théng qua mién gia tri
R(S) cta S. Budc tiép theo chiing ta phai biéu dién mién gia tri cia S qua toan tir
truong xa F. P& 1am diéu d6, ching ta nhic lai mot vai dinh nghia. Cho X 1a mot
khong gian Hilbert véi tich v huéng (.,.) va A: X —X 1a mot toan tir tuyén tinh bi
chan. Khi do, ph?m thue va phén ao cua toan tr A dugc xac dinh tuong ing boi

ReA:%(A+A*), ImA:%(A—A*).
|
Khi d6, Re A va Im A 1a cic toan tir tuyén tinh ty lién hop va
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((Re Aw,y) =Re(Ap,y),(Im A,y ) =Im(Ay,y).
Hon nira, chung ta dinh nghia toan tur tu lién hop, khong &m |Re A| théng qua
biéu dién pho cua A. Gia sir

ReA= [ AdE, chingtadat|ReA|= [ |A|dE,.

Twong tu, néu A: X — X 1a toan tir tu lién hop, khong am, nguoi ta dinh nghia
"can bac hai" AY? cua A 14

A = [JAdE, néu A= [ AdE,.
0 0

Vi cac ky hiéu va dinh nghia trén, ching ta c6 cac dinh 1y sau
Pinh ly 3. Cho X va Y Ila hai khéng gian Hilbert, F:Y > VY,S:X—>Y va
D: X — X la cac toan tur tuyén tinh bi chan sao cho

F =SDS". (13)
Gia thiét rang
1. S 1a toan tir compact v&i mién gia tri tri mat trong Y .
2. Tén tai 5 €C,|S|=1 sao cho toan tir Re(SD) 1a coercive, tic 13 ton tai

¢ >0 sao cho Re[5(Dg,#)]> c||g|” voi moi ¢ e X.
Khi do, toan tir F, :=Re(oF) la toan tir duong va mién gia tri cia S VA Fﬂw
trung nhau.
Chirng minh. Xem chung minh trong [3], Dinh 1y 4.1.
Pinh ly 4. Cho X va Y la hai khong gian Hilbert, F:Y > Y,S: X—>Y va
D: X — X 1a c4c toan tir tuyén tinh bi chin sao cho
o F =SDS". (14)
Gia thiét rang ‘
1. S Ia toan tr compact v4i mién gia tri tru mat trong Y.
2. ReD c6 dang ReD=C+K, voi K 1a toan tr compact va C hoac —C la toan
tu tu lién hop va coercive.

3. ImD 1la toan t&r duong trén khong gian con ddéng X =S"(Y), tic la

Im(Dg, $) >0 véi moi ¢ X,p0.

Khi do, toan tir F, :=[ReF [+ImF Ia toan t&r duong va mién gia tri cia S va
F"? tring nhau.
Chirng minh. Xem ching minh trong [3], Bo d¢ 4.5.

Chiing ta quay lai bai toan tan xa ngugc: xac dinh gia cua ham g khi biét toan tu
truong xa F(%,0),%,0e5%" Tacd F=STS" voi To=k2q(l —L) g, L2(Q) va S
Ia ham song Herglotz.
Viét (1-L)" duéi dang (1-L)'=1+K véi K=(1-L)"=1=(1-L)"L. Khi d6
nhan tir hoa ciia F =STS" ¢6 dang Fy =k?S(q+qK)S". Ta thdy F c6 dang nhu trong
Dinh 1y 4 v6i Cp=k?*(Req)¢ va Kg=k*(ReqK)¢. Dé ap dung dugc bd dé ta can chi
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ra C hoac —C Ia todn tr tuy lién hop va coercive va ImD 14 todn tr duong voi
D=k2(q+qK)=k?q(l —L)™ trén S*(L*(S"?)). D& thay, toan tir C ty lién hop va
coercive néu ton tai g, >0 sao cho Req(x)q,, VX € Q. bé chung minh ImD 1a toan tir
duong, ta st dung bo dé sau.
B6 dé 1. Cho qeC?(Q) sao cho ton tai g, >0 véi Req(x)g,, Imq(x)0,vxeQ va k
khong la gid tri riéng. Khi d6
Im(Dv,Vv) >0,vv e S*(L2(S*™),v=0,
trong d6 D=k*(q+09K)=k*q(l -L)™.
Chitng minh. Cho veS'(L2(S°™"). Khi d6 v tron va Av+k®>=0 trong Q. Pit
w=(-L)"v va
u(x) :=k*[_a(y)m(y)®(x, y)dy, xeR",
chiingta cd v=w—Lo=w—Uu trén Q. Vi thé
(Dv,v) = kZJ.Q qeovdx = kZIQ qlel dx—kz_[Q qeoudx.
Chung ta nhéan thiy rang Au +k’u = —k?qe, vi thé tir dinh 1y Green ta c6
(Dv,v) = kZIQ qlof dx+J'Q u(Au + k2u)dx
:kZJ‘Qq|a)|2 dX+J.Q[k2 lu|—|Vu |2}dx+.|‘mﬁg—[r:ds.
Vi ueC'(R?) nén
- ou
Im(Dv, V) = kZIQ(Im q) | e dx+ |mjx=Rua—ds.

on
Tich phan cudi hoi tu vé ik L lu_ [ ds khi R —>o0. Vi thé

Im(Dv, V) = kZIQ (Imq) |@[? dx+ kLH lu_ [ dsO.

Ttr tinh chét tr mat, ta co
IM(Dv,v) =K*[_(Ima)| @ dx+k]_,|u, F ds,vveS (L}(s*H) (15)

vi toan tir (1 —L)™" bi chan trong L*(Q) va @ U, bichin tir L*(Q) vao C(S*™). Pic
biét ta co ImD Ia toan tur khong am.
Bay gio cho veS*(L*(S*™)) sao cho Im(Dv,v) =0. Khi d6 u_ =0. Tir B4 dé Rellich
tacé u=0 trong RY\Q. Vi ueC}R?) nén w—veC*(Q). T dinh nghia cia ham w
ta co
AV+kv=0 vu Ae+k*(l+qo=(Aw+k’e)+k’ge=0 trong Q

theo nghia c6 dién, con voi veS*(L*(S*™)) phuong trinh dung theo nghia suy rong.
Diéu nay suy ra tir tinh chét tri mat. Do d6, (v,®) 1a nghiém ctia bai toan gié tri riéng.
Theo gia thiét ciia bo dé, k khong 1a gi tri riéngnéntacé v=0,0=0.
Viy bd dé duoc chirng minh. o

Tur cac Dinh ly 4 va B6 dé 1, ta c6 dinh 1y sau
Pinh Iy 5. Cho qeC?(Q) sao cho ton tai g, >0 véi Req(x)>q, Imqg(x)=>0,
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VxeQ va k khong 1a gi tri riéng. Khi d6, voi bat ky diém z € R? ta co
z1eQ e @, eR(F), (16)

—ikz.%

trong d6 ¢, (%) =e "%, 8 S, va F =|ReF [+ImF Ila todn tir duong.

Ttr phuong trinh (15), ta thly Im D 1a toan tir coercive néu ton tai g, >0 sao
cho Imq(x)=q,, Vx € Q). Do d9, trong truong hop nay, ap dung Pinh 1y 3 véi & =—i
ching ta c¢6 dinh ly sau
Pinh Iy 6. Cho qeC?(Q) sao cho ton tai ¢, >0 véi Imq(x)q,, vx € Q. Khi do, véi
bat ky diém z e R" ta co

1eQ e @, eR(F), (17)
trong d6 ¢,(X) =e"“*,2eS", va F, =ImF.
3. Cc vi du gii sd
Trong phan nay, ching ta xét cac vi du 4p dung phuong phép nhan tir hdéa vao

cac bai todn gid dinh cu thé. Céc vi du minh hoa déu thudc vao bai toan tan xa ngugc
trong R®. Goi {4,V,,U;) :ne N} 1a hé¢ ky di cua F,. Tir Dinh Iy Picard, ta ¢6

2eQe @, eR(F) <D [(@,,U)] 4 <.

i=1

Chung ta dinh nghia ham
-1
W(z) ={Z| (@,.U))f i.] ,2eR%.
i=1

Khi d6,tacé ze Q <>W(z) >0.

Trong cac vi du giai s6, chiing ta xét gia cua g 1a dudng tron tAm tai gdc toa do,
ban kinh r=1 va q c6 gia tri hang trén duong tron. Dé thoa méan gia thiét vé tinh lién
tuc ciia ham q ta c6 thé 1am tron héa ham . Tuy nhién diéu nay thi khong can thiét
trong giai sd clia ching ta. Dé giai bai toan thuan ta dung phuong phap phuong trinh
tich phan (xem [4]) v&i mién G :=[-2,2]x[-2,2]. Sau khi giai so bai toan thuan chung
ta tinh dang truong xa U, (X,X;) v6i X € s%4i,j=1.16 ung véi M =16 diém chia
déu trén dudng tron don vi va sé song c¢b dinh k =1 (vé cong thirc tinh gan dung dang
truong xa xem [4]). Tur dit liéu hiru han nay, ta c6 F =[u,,(x;,X;)] va tinh dugc ma trén
twong tng véi F, =ImF hodc F, =[ReF [+ImF. Chung ta giai s6 thu duoc hé ky di
{(4,V;,U)):i=1.,M} ciia ma tran F, va dinh nghia ham

M -1
Wy (2) =D [(®,,U) [ i.] ,2eR?,
i=1

trong d6 @, =[e**,e™? e " eCM. Mic du tong nay la hiru han nhung

ching ta thay rang voi z € Q thi W,, () c6 gia tri 16n hon rat nhiéu so véi gia tri ctia nd
mg v6i z ¢ Q. Du6i day 1a cac vi du cu the. ‘ ‘

Vi du thir nhat: Chung ta lay q=0.8+0.5i trén duong tron don vi. D6 thi dong mirc
(contour plot) ciia ham W,, (z) tng v6i F, =ImF va F, =|ReF |+ImF duoc biéu dién
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& Hinh 1. Trong d6 do thj bén trai ing véi F,=ImF va do thi bén phai umg voi
F, =/ReF |+ImF . Tur Hinh I ta thiy c hai d6 thi déu cho ta hinh anh ctia mién Q gan

gidng voi hinh dang thuc cta né (dudng tron don vi). Didu nay phu hop véi ly thu)(ét
ma ta da chi ra. Vi trong truong hop nay cac gia thiét cua Dinh 1y 5 va Pinh ly 6 déu
duoc théa man.

Hinh 1. Bé thi dong mirc ciia ham Wy(2)
ung voi g=0.8 + 0.5i trong hinh tron don vi.

Vi du thit hai: Chung ta ldy q=0.8 trén duong tron don vi. DS thi dong mirc cia ham
W,, (2) tng véi F,=ImF va F, =|ReF|+ImF duoc biéu dién ¢ Hinh 2. Trong d6 do
thi bén trai ung voi F, =ImF va d0 thi bén phai tmg voi F =[ReF [+ImF . Tt Hinh 2
ta thiy do thi bén trai cho ta hinh anh cﬂa‘mién Q gan tron nhung ban kinh cta né nho
hon mdt rat nhiéu 50 v61 hinh anh cia mién Q cho ¢ do thi bén phai. N}}u vay phuong
phap nhén tir hoa doi véi F, =|ReF [+ImF khoi phuc hinh dang Q tot hon phuong
phap nhan tr hoa ap dung cho F, =ImF. Diéu nay mot 1an nita cling phu hop véi ly
thuyét ma ta da chi ra. Vi trong truong hop nay cac gia thiét cuia Pinh 1y 5 thoa man va
cac gia thiét cua Dinh 1y 6 khong dugc thda man.

Hinh 2. D6 thi dong mirc ciia ham Wi(z)
ung voi g=0.8 trong hinh tron don vi.
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Hinh 3. Do thi dong mirc ciia ham Wy(2)
ung voi g= -0.8 trong hinh tron don vi.

Vi du thir ba: Chiing ta ldy q=-0.8 trén dudng tron don vi. Him W,, (z) tng véi
F,=ImF va F, =|ReF[+ImF tuong ing c6 d6 thi bén trai va bén phai cta hinh 3.
Ta théy c4 hai d6 thi biéu dién hinh dang mién Q sai 1éch so véi hinh dang thuc ctia n6
rat nhiéu. Phuong phap nhén tir hoa ap dung trong truong hop nay cho ta mét két qua

khong that su tot. Didu nay cung phu hop véi ly thuyét ching ta da phat biéu. Vi trong
truong hop nay, cac gia thiét ciia Pinh 1y 5 va Pinh Iy 6 déu khong thoa man.

4. Két luan

Bai bao di trinh bay phuong phap nhéan tir hoa dé xac dinh vi tri, hinh dang di
vat tan xa trong bai toan tan xa ngugc. Tu do, ap dung phuong phap vao giai s6 cac vi
du cu thé. Pén nay, phuong phap nhén tir héa da dugc mét sé nha toan hoc nghién ciru
vao viéc giai cac bai toan ngugc trong phuong trinh dao ham riéng va bude dau da thu
dugc mot sd két qua nhét dinh.
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