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Bai viét nay nghién ctru tinh on dinh ma ctia mét Iép hé tuyén tinh khong dirng c6 cham. Viéc
s dung ham twa Lyapunov giup ta thiét 1ap dwoc cac diéu kién di méi ve tinh 5 -0n dinh ma.
Céc diéu kién nay dwoc phat biéu théng qua sw ton tai nghiém xac dinh dwong cia phwong
trinh ma tran Riccati. K&t qua cla bai viét dwoc minh hoa bang cac vi du cu thé.

ABSTRACT

This paper deals with the exponential stability problem of a class of linear time-varying
systems with delays. New sufficient g -exponential stable conditions are established by using

Lyapunov-like function. These conditions are formulated in terms of existence of positive
definite solutions to Riccati matrix equations. The results are illustrated with examples.

1. PAT VAN PE

De tai vé tinh 6n dinh Lyapunov 1a hudng nghién ctru rat s01 n6i trong sudt nhing thap
nién gan day. Hé phuong trinh vi phan c6 cham xuat hién trong rat nhiéu cac nghién ciru vé
vat 1y, sinh thai hoc, méi truong,... cling nhu trong mo hinh cua cac hé thong c6 tinh ké thira,
mo hinh diéu chinh sy ting truong kinh té toan cau v.v...Vi vy, dd c6 rat nhiéu cac nha
nghién clru trong va ngoai nudc quan tdm dén bai toan vé tinh 6n dinh ciia hé ¢6 cham nhu
Vii Ngoc Phat, Kharitonov, Kolmanovskii,...( ch’fmg han xem trong [1,2,3,4,5,6,7] ).

Trong ([6]) tac gia Vii Ngoc Phat di lam viéc voi khai niém p-6n dinh dugc dinh
nghia nhu sau:

H¢ phuong trinh vi phan ¢6 cham

x = f(t,x(t),x(t—h)), t=0,
x(®)=¢(), tel-h0],
dugc goi la g-on dinh, véi B >0, néu ton tai mot ham &(.) sao cho véi mdi ¢(.), nghiém
X(t, ) cua hé thoa
Ix®)[<&(gpe™, vt=0,

trong d6 | ¢ =max {|¢(t)|:t €[-h,0]}.
Truong hop cu thé khi &(|4]) =y |¢| véi =1 thi ta n6i hé 1a p-6n dinh mii. DE thay dugce
r?mg hé p -6n dinh mii 1a B -6n dinh con nguoc lai néu hé B -6n dinh thi khong thé suy ra h¢
la p-6n dinh mil. Vay ta c6 thé coi nhu tinh g-6n dinh mii 14 “manh hon” tinh - -on dinh.

C6 rat nhidu phuwong phap nghién ciru tinh 6n dinh cta hé ¢6 cham. Va mot phuong
phap dugc st dung kha rong réi do la phuong phap ham Lyapunov, trong d6 cac diéu kién on

dinh tiém can duoc chi ra bang sy ton tai nghiém cia bat dang thirc ma tran tuyén tinh (LMIs)
hoac phuong trinh Riccati ([5,6,7]). Theo huéng do céac tac gia Mondi¢ va Kharitonov da chi



ra dugc mot diéu kién du cho tinh g-6n dinh mii dudi dang LMIs ([7]) dbi véi hé tuyén tinh
dung c6 cham c6 dang

X:Abx+zm:Ax(t—hi), t>0, (1.1)

x(®)=¢(), tel-h0],
trong d6 A la cic ma tran hing sb. Trong ([6]) cac tac gia Vii Ngoc Phat va Phan Thanh Nam

cling da cai tién va sir dung ham tua Lyapunov va dua ra mot diéu du cho tinh B -6n dinh
dué6i dang phuong trinh Riccati dbi voi hé tuyén tinh khong dimg c¢6 chdm

X:Ab(t)x+iA(t)x(t—hi), £>0, (1.2)
X=9(), telhol,

Trong d6 A (t) 1a cac ma tran ham lién tuc cho trude trén [, h = max{hi >0:1=1+ m}. Bai
viét nay nghién ctru tinh g -6n dinh mii “manh hon” tinh B -6n dinh va cling chi ra mot diéu
kién da dang phuong trinh Riccati cho hé (1.2) ciling nhu h¢ (1.1).

2. GIAI QUYET VAN DE
2.1. Mot vai ki hiéu va khai niém chuin bj
Mot s6 ki hiéu va dinh nghia sau s& duoc dung trong bai.

[ * ki hiéu tap cac sb thuc duwong; [ "ki hiéu khong gian thuc n-chiéu véi tich v hudng
<BD> va chuin Euclide ||[]| ; 1™ ki hiéu khong gian cic ma tran thyc co s chiéu nxr; A’ la
chuyén vi ciia ma tran A. Néu A= A'thi A dugc goi 1a d6i xtmg. A(A) 1a tap tat ca cac gid tri
riéng ciia A. A, =max{Red: 1€ A(A)}. | 1a ki hiéu ma tran don vi. |A| 1a ki hiéu chuan
Euclide cua ma tran A xac dinh béi

1/2
=530
i=1 j=1

C([a,b],0 ") 1a ki hiéu khong gian cac ham 14y gia tri trén [ "1ién tuc trén [a,b].

Ma tran sb A duoc goi 1a xac dinh duong néu 3¢>0 sao ChO<AX, X> > C||X||2, Vxel". Ma

tran ham A(t) goi 12 x4c dinh dwong déu néu ton tai sé ¢>0khong phy thudc t sao cho
(At)X,X) = c||x||2, vxel", tel .

Xéthé (1.1) véi ¢(t)eC([-h,0],0").

Pinh nghia 1. Cho £>0, hé (1.2) dwoc goi la p-6n dinh mi néu véi méi

#p(t)eC(-h,01,1 "), 3 =1 sao cho nghiém X(t,9) ciia hé thoa: ||X(t)|| < }/||¢||efﬁt , Vt>0.
Sau day 1a b6 dé (lemma 2.1 trong [6]) quen thudc dung cho viéc ching minh két qua chinh.
B6 dé 1. Gid sir S € 0™ la mét ma trdn doi xitng xdc dinh dwong thi véi P,Q e ™ bdt ki
ta cd: (Px,X)+2(Qy, X)—(Sx,x) < <(P +QSQ)x, x>, v x,yel".

2.2. Cac két qua chinh
Xét hé (1.1) voig(t)eC([-h,0],]"). Trong d6 cac ma tran ham A(t) ,i=0+m, gia

thiét 12 lién tyc trén [ *. Ta c6 két qua sau.



Pinh li 1. Cho O la ma trdn hang sé doi xvmg xdc dinh dicong. Néu ton tai so6 [5>0va ma
tran ham P(t) kha vi doi xieng, xdc dinh dwong déu théa man: ||P(t)|| <k,Vt>0, véi k>01la

hing s6 va P+ml +PA + AP+> e?"PAA'P+2pP=-Q (1), thi hé (1.2) 1a p-on dinh
i=1
mi.
Chirng minh.
Ta dinh nghia X, € C([-,0],7 ") nhu sau x (8) = x(t+68) véi & <[-h,0], t >0. Vay x,=¢.
Dit
m 0
V(t, %) =(PX,x)+ > j e (x(t+6),x(t+6))do.

i=1l _p

Taco V(t,x) < (mh+|P x| < (mh+k)|x| (I), va do P 1a xac dinh dwong déu nén
Ja>0: V(t,xt)2<Px,x>2a||x||2. (1)

Va
m

V(%) = (PX, X) + (P, X)+(Px, X) + D ((X(t), X(t)) & "™ (x(t =), x(t—h,)))

i=1

—Zﬂi jl e?”? (x(t+6), x(t+6))d6.

i=1l _ph

Do x(t) 1a nghiém cua (1.1)
=V (t,x) =((P+ml +PA+A'P)x, x>+2i<PAx(t—hi),x>

i=1

£ (x(t-h).x(t-h))-283 T &% (x(t + 6), X(t + 6)) 6.
Va theo bo dé 1 thi
((P+ml+PA+A'P)x, x>+2i<PAx(t—hi), x>+i—e’2ﬁhi (x(t-h),xt-h))

i=1 i=1

< <(F’> +ml+PA+A'P+> e”"PAA'P)X, x>
i=1

Vay

V(t,x) < <(P+m| +PA+ A'P+iezﬂ“* PAA'P)X, x>—2,6’i T e’ (x(t+0),x(t+6))d6
Két hop voi (1) ta duoc

V(t, %) <28 (Px,x)—(Qx, x>—2ﬂi [ e (x(t+0), x(t+6))do

Vay theo dinh nghia V/ (t,x.) ta cd V (t,x) <24V (t, X) —<QX, X>
Do Q la ma tran xac dinh duong nén <QX, X> >0 V xel", vay cubi cing ta c6 duoc danh
gia sau:
V(t, %) <28V (t,x).
Tur @6



V(t,x)<e N (0,¢)
Két hop voi (1), (IT) ta di dén a|x|" <V (t, %) <e?V(0,4) < (mh+k)|¢[ . Piéu nay dn

dén x| < @M- Vay hé (1.2) 1 5-én dinh ma.

Chon Q =1, ta c6 hé qua sau:
Hé qua 1. Néu ton tai s6 [>0va ma tran ham P(t) kha vi déi xitng, xdc dinh dwong déu
thoa man: ||P(t)|| <k, Vt>0, véi k>01a hang s6 va

P+PA +AP+> e"PAAP+2BP =—(m+1)|  (2), thi hé (1.2) 1a p-6n dinh mil.

i=1

Vi du 1. Cho hé x=A{)x+AM)x(t-1/2), tel", x(t)=g¢(t), te[-1/2,0]. Trong do

—(L+ et +%sin 2t +t% 5" 2—¢' -
A= v 1 e | A‘(t):(—t tj'
e' -2 —(L+eM" t+Esin 2+t

Ta thiy P(t) = **""Y] va B =1 thoa man céc diéu kién néu ra trong hé qua 1 va thoa man
(2) véim=1, h =1/2. Vay ta két luan 13 hé néu ra trong vi du nay 1a 1-6n dinh mil.

3. THAO LUAN

3.1. So sanh két qua véi [6], [7]

Trong [6] tac gia Vii Ngoc Phat va Phan T. Nam ciing chi ra duoc mot diéu kién du
dugc phat biéu thong qua sy ton tai nghi€ém cia mot phuong trinh Riccati, nghiém P(t) cua
phuong trinh d6 chi can doi hoi 1a nira xac dinh duwong tirc 1a (P(t)Xx,x) >0, V x €[] ", nhung
phuong trinh Riccati lai ¢ dang rat phtic tap. Hon nita trong [6] cac tac gia chi nghién ctu
tinh 5-0n dinh con trong bai nay ta da nghién ciru tinh 5-6n dinh mil.

Su dung ham V (t, x,) néu trong chiing minh dinh 1i 1 nhung ¢ day ma tran P la ma
tran hz‘ir,lg sO cung véi ki thuat chimg minh hoan toan tuong tu nhu trong dinh li 1 ta dan ra
duoc ket qua sau, xem nhu la h¢ qua tryc tiép cua dinh li 1. K&t qua nay Kharitonov da dat
du(_)’c‘ trong ([7]), do 1a diéu‘ kién du cho boi sy ton tai nghiém ciia LMIs. Con sau day ta néu
ra di€u kién du cho bdi su ton tai nghiém ctia phuong trinh Riccati.

Pinh li 2. Cho P, Q la cdc ma trdn hang so doi xing xdc dinh dwong. Neu ton tai so 3>0
m

théa man: ml +PA + AP+> e’"PAA'P+28P=-Q (3), thi hé (1.1) 12 p-6n dinh
i=1

~

mu.
Vidu 2. Chohé¢ x=Ax+AX(t-1/2), tell *; x(t)=¢(t), te[-1/2,0].

. —-e-2 1 1 1 .

véi cac he so A, =( L 2} va Alz( L J. Lac dé tathay Q=1, =1, P=1 thoa
— _e J— —

mén céc diéu kién néu ra trong dinh 1i 2 va (3). Vay hé néu ra trong vi du nay 1a 1-6n dinh mi.

3.2. Truwong hop =0



Ta c6 dinh nghia 6n dinh va 6n dinh tiém can nhu sau:
Pinh nghia 2. H¢ (1.1) dwoc goi la on dinh néu voi bat ki € >0, ton tai so 6 >0sao cho
nghiém X(t,¢)cé diéu kién ban dau ¢(t)eC([-h,01l0"), théa |¢|<sthi ,|x(t.¢)|<e

Yt >0.H¢é la 6n dinh tiém cdn néu hé la on dinh va c6 mét sé 8 >0sao cho néu ||¢|| < o thi
lim|x(t, )] =0.

Khi 8 =0gia thiét néu ra trong dinh 1y trén trd thanh 13 ton tai P ddi xtmg xac dinh duong
déu thoa: ||P(t)|| <k, Vt>0, voi k=013 hing s6 va

P+mI+PA)+A5P+iPAA'P=—Q (4)

Lic d6 dé& dang thiy dugc dwa theo chimg minh & trén: V(t,x) < —<QX, x> véi Q xac dinh

duong va ax@)[* <V (t,x) <b|x | véi & b 1a cac sé duong (do (1), (I1)). Piu nay din t6i hé
1a 6n dinh tiém cén (dinh 1i 2.1 trang 132 cua tai liéu [1]). Ta phét biéu két qua d6 nhu sau

Pinh li 3. Cho O la ma trdn hang sé doi ximg xdc dinh dwong. Néu ton tai ma trdn
ham P(t) khd vi doi xitng, xdc dinh dwong déu théa man: ||P(t)|| <k, Vt>0, véi k >01/a hang
séva (8), thi hé (1.2) la on dinh tiém cdn.

Vidu 3. Chohé¢ x=A{)x+A@M)x(t-1/2), tel", x(t)=¢(t), te[-1/2,0]. Trong do

i2 1. (acin2
_(e1+sm t+_S|n2t+t2e (L+sin t)) _et j

A1) = 2 ,/w)z(t t

el _(el+sin2t +15in2t+t e—(1+sin2t)) -t t
2

Ta thdy P(t) =e ®*" 9], Q=1va =1 théa man cac didu kién néu ra trong dinh li 3 va thoa
man (4). Vay h¢ néu ra trong vi du nay la on dinh tiém can.

TAI LIEU THAM KHAO

[1] Jack K. Hale, Sjoerd M. Verduyn Lunel, “Introduction to Functional Differential
Equations”, Springer-Verlag, NewYork, 1993.

[2] R. Bellman, K. L. Cooke, “Differential Difference equations”, Academic Press,
NewYork, 1963.

[3] Taro Yoshizawa, “Stability theory by Lyapunov’s second method”, Mathematical
Society of Japan, Tokyo, 1966.

[4] V. B. Kolmanovskii, V. R. Nosov, “Stability of Functional Differential Equations”,
Academic Press, London, 1986.

[5] Vladimir B. Kolmanovskii, Jean Pierre Richard, “Stability of some linear system with
delays”, Technical Notes and Correspondence, IEEE Transactions on Automatic
Control, Vol 44, pp.984-989. No. 5. May 1999.

[6] Vu Ngoc Phat, Phan T. Nam, “Exponential stability criteria of linear non-autonomous
systems with delays”, Electronic Journal of Differential Equations, No. 58, ppl-8.
Vol. 2005(2005), June 2005.

[7] S. Mondié, V. L. Kharitonov, “Exponential estimates for retarded time-delay systems :
An LMI Approach”, IEEE Transactions on Automatic Control, Vol 50, pp.268-273.
No. 2. Februay 2005.



