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Tém tit - Bai toan vé& su bao tdn clia mot sb tinh chit topo
thong qua cac anh xa la mot trong nhirng bai toan trong tam cua
topo dai cuong. Trong [1], C. Liu d& chimg minh ring khéng
gian véi Cs-mang o -hltu han dia phuong va khong gian voi
co so diém-dém dugc 14 bao ton qua anh xa dong, phu-day va
lién tuc. Trong [2], L. Q. Tuyen da ching minh rang moi anh
xa dong phu-day trén khong gian v6i co s¢ yéu diém-dém duoc
la 4nh xa 1-phu-diy. Gn day, S. Lin va X. Liu [3] ciing da
chimg minh ring, khong gian v6i cn-mang hodc sp-mang duoc
bao ton qua 4nh xa gid-md. Trong bai bao nay, chung toi da
chimg minh dugc ring khong gian voi cn-mang (hodc Sp-mang)
dém dugc dia phuong va khéng gian véi ch-mang (hodc
sp-mang) o -dém dugc dia phuong béo tdn qua cic anh xa sau:
(1) Anh xa déng, Lindelof, lién tuc va toan anh; (2) Anh xa hoan
chinh, lién tuc va toan anh.

Tir khoa - Anh xa déng; anh xa hoan chinh; 4nh xa Lindel6f;
cn-mang; Sp-mang; ho d&€m dugc dia phuong

1. Gioi thi¢u

Mang 1a mdt suy rong cia co so da dugc A. V.
Arhangelskii gidi thi€u vao nam 1959, do d6 n6 linh hoat
hon va khong can nhiéu thong tin “dep” nhu co so. Khai
nhiém mang d3 dwoc E. Michael thu hep thanh k-mang
vao nam 1966. Sau nay, bang cach suy rong va thu hep
nhu véy, rit nhiéu truong hop riéng cta mang ciing nhu
nhidu 16p khong gian metric suy rong quan trong duoc
dua ra nghién ciru dan t6i sy hoan thanh va phat trién ly
thuyét k-mang (xem [4]).

Trong nhitng nim gan day, ly thuyét vé k -mang da
dong vai tro quan trong va thuc day su phat trién topo dai
cuong. Nho do, nhidu khai niém vé& mang méi 1an luot
dugc xuit hién, chang han nhu: cs*-mang, cn-mang,
cp-mang, mang Pytkeev, mang Pytkeev chdt, cs’-mang
(xem [3, 5]).

Mot trong nhitng khia canh dugc cac nha toan hoc trén
thé gii hién nay quan tdm nhiéu 1a nghién ciru vé mbi
lién hé giira cac tinh chat mang trong khong gian topo va
su bao ton clia cac tinh chat mang qua cac anh xa (xem [2,
3, 5]). Trong bai bao nay, ching t6i nghién ctru vé sy bao
tdn cua cac cn-mang, Sp-mang thong qua céc anh xa dong,
cac anh xa hoan chinh.

Abstract - The issue about the preservation of some topological
properties under mappings has been one of the fundamental
problems in general topology. In [1], C. Liu has proved that
spaces with o -locally countable cs-network as well as spaces
with point-countable base are preserved under continuous,
sequence-covering and closed mappings. In [2], L. Q. Tuyen has
showed that each sequence covering and closed mapping on
spaces with point-countable weak base is a 1-sequence covering
mapping. Recently, S. Lin and X. Liu [3] have also
demonstrated that spaces with cn-network or sp-network are
preserved under pseudo-opened mappings. In this paper, we
have confirmed that spaces with locally countable cn-networks
(or sp-networks) and spaces with o -locally countable
cn-networks (or sp-networks) are preserved under these
following mappings: (1) Lindel6f, surjective, continuous and
closed mappings; (2) Surjective, continuous and perfect ones.

Key words - Closed mappings; perfect mappings; Lindelof
mappings; cn-networks; sp-networks; locally countable collection

2. Co 6 li thuyét va phwong phap nghién ctru
2.1. Co 56 li thuyét

Pinh nghia 2.1.1 ([5]). Gia st (X,7) va (Y,o) la
cac khong gian topo, f :(X,7) > (Y,o). Khi do,

(1) f duogc goi la lién tuc tai x € X néu véi moi lan
canmo V cua f(x) trong Y, ton tai 1an can mé U cla
X trong X saocho f(U) V.

(2) f duoc goi 1a lién tuc trén X (hay lién tuc) néu
no lién tuc tai moi x € X.

(3) f duwoc goi 1a mot dnh xa dong néu f(A) la tap
hop dong trong Y va&i moi tap hop dong A trong X.

Pinh nghia 2.1.2 ([5]). Téap con A cua khong gian
topo (X,7) dugc goi la Lindeldf néu véi moi phu mé ciia
A, ton tai phu con dém duoc.

Pinh nghia 2.1.3 ([4]). Cho f : (X,7) = (Y,o). Khido,

(1) f duoc goi 1a dnh xa Lindeldf néu véi moi yeY,
f~1(y) l1a tap con Lindel6f trong X.

(2) f duoc goi 1a dnh xa compact néu véi moi yeY,
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f *1(y) la tdp con compact trong X.

(3) f duoc goi la dnh xa hoan chinh néu f via la
anh xa compact, vira la anh xa dong.

Pinh nghia 2.1.4 ([4]). Gia st (X,7) 1a m{t khong
gian topo va 3 1a mot phii gdm céc tap con nao d6 cua
X. Khi do,

(1) 3 duoc goi 1 ho dém dwoc dia phirong cua X
néu voi moi X € X, ton tai lan cdn m& V cia X sao cho
V chi giao v&i nhidu nhat 1a dém duoc phan tir cia ho 3.

(2) 3 dugc goi 1a ho o -dém duwoc dia phiong cia
X néu I duoc biéu dién dudi dang I = USH, trong d6

n=1
mdi 3, 1a ho dém dugc dia phuong ciia X.

(3) I duwoc goi 1a mang cia X néu véi moi x e U
voi U er, tontai Pe 3 saocho xe P < U.
(4) 3 duoc goi 1a sp-mang cia X néu véi mdi

Ac X, Uer va xeUNA, tdntai Pe 3 sao cho:

xePcU vaxePnA

(5) 3 duogc goi 1a cn-mang cia X néu v6i mdi lan
cdn U cua X trong X, tip hop U{PeT:xePcU} la
lan can cua X.

Nhin xét 2.1.5. Trong khdng gian topo (X,7) tacé

(1) Mdi tap compact 1a tap Lindelof. Do d6, mdi anh
xa compact 1a anh xa Lindelof.

(2) Ho dém duoc dia phwong = ho o -dém duogc dia
phuong.

(3) Co s¢ = sp-mang, cn-mang = mang ([3]).

Pinh i 2.1.6 ([4]). Gid sir f:(X,7) > (Y,0) la mot
anh xq lién tuc. Khi d6, f la anh xa déng khi va chi khi
voimoi Y €Y va voi moi lan cdn mé U cua ffl(y), ton

tai lan cdn mo' V' cua y sao cho:

fHy)c (V) cU.

2.2. Phuwong phdp nghién ciru

Nhom tac gia str dung phuong phap nghién ctru ly
thuyet trong qua trinh thyc hién bai bao. Nghién ciru cac
bai bao cua cac tac gia di trude, bang cach twong tu hoa,
khai quat hdéa nham dua ra nhiing két qua méi cho minh.
3. Két qua va danh gia
3.1. Két qua

Pinh li 3.1.1. Gida sir f:(X,7) > (Y,0) la mét anh
xa Lindelof, dong, lién tuc va toan &nh, 3 la mgt phii nao
do cua X. Khi do,

(1) Néu 3 la cn-mang dém duoc dia phuong cua X,
thi f(3) la cn-mang dém duoc dia phuong ciia Y.

(2) Néu 3 a sp-mang dém dwoc dia phwong ciia X,
thi f(3) la sp-mang dém duoc dia phuong cua Y.

Chirng minh. Gia st f 1a anh xa Lindel6f, dong, lién
tuc va toan anh, 3 1a ho dém duoc dia phuong cia X.
Khi do,

Khdng dinh 1: (3) 1aho dém duoc dia phuong ctia Y.

That vay, gia st Y€V, khi d6 vi 3 1a ho dém duogc
dia phuong ciia X nén voi méi x e f (y), ton tai lan can
mé U, ciia x sao cho U, chi giao v6i nhiéu nhat 1a dém
duoc phan tir cia 3. Mit khac, vi f 13 4nh xa Lindelof

nén f*(y) latap con Lindeldf ctia X. Hon nita, vi ho
Uy xe ()
la pht mo cua f_l(y) nén ton tai tdp con dém duoc
F < f(y) saocho
f(y)c UU,.

xeF
Boivi UU, latap monén U U, lalan can mo cua
xeF xeF
f*(y) trong X. Do do, theo Pinh 1i 2.1.6, tdn tai lan
canm¢ V cua y trong Y sao cho
f'(V)c UU,.
xeF

Mit khac, vi mdi U, chi giao véi nhiéu nhat 1a dém duoc

cac phan tir cia 3 va F 1a tap dém dugc nén U U, chi
xeF

giao nhiéu nhit 12 dém duoc phén tr cia 3. Do do,
f (V) chi giao nhidu nhét dém dugc phan tr cia 3,
kéo theo V chi giao nhiéu nhit dém dugc phan tir cua
f(3). Nhu vay, f(3) 1a ho dém duoc dia phuong.

Khdng dinh 2: Néu 3 13 cn-mang cua X, thi f(3) la
ch-mang cua VY.

Thét vay, gia st Y €Y va U lalan cin cua y trong
Y. Khidé, taco f(y)c f(U). Boivi f lién tuc nén
f7(U) 1alan can cua f'(y) trong X. Mat khac, vi 3
la cn-mang cua X nén

W =U{PeI:xePc f U)} (1)
la mot 1an can cia X trong X v&imoi Xe f*(y). Suy
ra tap hop
UW, s x e £ (y)}

1a 1an can cia f(y) trong X. Béivi f 1a 4nh xa dong

nén theo Pinh 1i 2.1.6, ton tai lan cdn mé V cua y trong
Y sao cho

V) c U, s x e FH ().

Bai thé, ta suy ra rang

yeV e fUW, xe f (). )
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Hon nifa, ta c6
(U, xe £74(y) -
=U{f(P):ye f(P)cU}.

That vay,
(a) Gia st rang

Ze f(U(WX ‘Xe f’l(y)).
Khi d6, vi

ze £ (UMW, 1xe F(y))=U-F W) :xe fH(y)}
nén ton tai X € f'l(y) sao cho z € f(W,). Theo cach dit

ciia W, trong (1), ton tai P e I sao cho

xePc fi(U)vaze f(P).
Dodo, y=f(x)e f(P)cU,
ze f(P)cU{f(P):ye f(P)cU}.
(b) Gia sir rang
Ze{f(P):ye f(P)cU}.
Khi d6, ton tai P € I sao cho
ye f(P)cU va ze f(P).

kéo theo

Suyratdntai x e P sao cho y= f(x) va

xe f(y)cPc f ).
Do d6, ta thu duogc

Pe{fPeJI:xePc fHU)}L
Diéu nay suy ra ring

zef(P)c f({PeSixePc (U}

= W) < f (LW, :xe T3,
Nhu vy, (3) da dugc chimg minh.
Cubi cung, vi V 13 1an c4n cia y nén nho (2) va (3)
suy ra
H{f(P):ye f(P)cU}
lalan céncua y trong Y. Do do, f(3) lacn-mangcua v.
Khang dinh 3: Néu 3 1a sp-mang cua X, thi (3) la
Sp-mang cua Y.
Gia st AcY, Ueoc vayeUNA. Ta ching
minh ring ton tai
xe fy)n f (A
Thét vay, gia st nguogc lai rfmg
fHy)nfHA=2.
Khi do,

f1y)c X\ fH(A).

Boivi X\ f(A)er va f laanh xa dong nén theo Pinh
1 2.1.6, ton tai lan cAn m& V. cua y trong Y sao cho

fLV) e X\ FH(A).

Mit khéac, vi f latoan &nh nén

yeV e f(X\f’l(A))zY\f(f’l(A)):Y\R
biéu nay mau thuan véi y eU A A Nhu vay, tdn tai

xe fL(y) A FE(A).

Tiép theo, gia st W 1a lan can mo cla X 520 cho
f(W)cU. Béi vi 3 la sp-mang cia X nén ton tai
P e 3 sao cho

xePcW va xePn f (A
Do d0, ta co
y=f(x)e f(P)cU.

Hon nira, boi vi f 1a anh xa lién tuc nén

ye f(Pm f’l(A))c F(P) f(f 1(A)

=f(P)NA
Nhu vay, f(3) lasp-mang cta Y.

Tir cac khing dinh 1, 2 va 3 ta suy ra rang dinh li duoc
chung minh.

HE qua 3.1.2. Gia s f:(X,7) > (Y,0) la mét anh
xa hodn chinh, lién tuc va toan anh, 3 la mét phi cia
X. Khi dé,

(1) Néu 3 a cn-mang dém dwoc dia phirong cia X,
thi f(3) & cn-mang dém dwoc dia phwong cia Y.

(2) Néu 3 la Sp-mang dém duwoc dia phuong cua X,
thi f(3) |a sp-mang dém dwoc dia phirong ciia Y.

Chitng minh. Gia stt f 1a anh xa hoan chinh, lién tuc
va toan anh. Khi do, theo Nhan xét 2.1.5 tasuy ra f Ila
anh xa Lindel6f, dong, lién tuc va toan anh. Nhu vy, nho
Pinh li 3.1.1, ta suy ra rang h¢ qua dugc chimg minh.

Pinh li 3.1.3. Gia s f:(X,7) > (Y,0) la mét dnh
xg Lindelof, dong, lién tuc va toan anh, 3 la mot phu nao
do cua X. Khi do,

(1) Néu 3 1a cn-mang o -dém duwoc dia phirong ciia
X, thi f(3) lacn-mang o -dém duoc dia phuwong ciia Y.

(2) Néu 3 \a sp-mang o -dém duwoc dia phirong ciia

X, thi f(3) lasp-mang o -dém dwoc dia phwong ciia Y.

Chirng minh. Gia sit f 1a anh xa Lindel6f, dong, lién
tuc va toan anh, dang I = USn, trong do mdi 3, laho
n=1
dém duoc dia phuong ciia X. Khi dé, theo Khang dinh 1
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trong chirng minh ctia Pinh 1i 3.1.1 ta suy ra mdi f(3,)
la ho dém duoc dia phuong cia X. Nhu vy,

1@=-Ure

n=1
laho o —dém duoc dia phuong cua Y. Hon nira,

(1) Néu 3 la cn-mang ctia X, thi theo Khang dinh 2
trong chirng minh cta BPinh 1i 3.1.1 ta suy ra f(3J) la cn-
mang Y.

(2) Néu 3 la sp-mang ciia X, thi theo Khing dinh 3
trong chirng minh cta Dinh 1i 3.1.1 ta suy ra f(3) la sp-
mang Y.

Nhu vay, dinh 1i dugc chiing minh.

H¢ qua 3.1.4. Gia sir f:(X,7) > (Y,0) la mét anh
xa hoan chinh, lién tuc va toan anh, 3 la mét phu nao do
cua X. Khi do,

(1) Néu 3 1a cn-mang o -dém duwoc dia phiong ciia
X, thi (3) lacn-mang o -dém dwoc dia phicong ciia Y.

(2) Néu 3 1a sp-mang o -dém duwoc dia phirong cia
X, thi f(3) lasp-mang o -dém duoc dia phwong ciia Y.

Chirng minh. Gia str f 1a anh xa hoan chinh, lién tuc
va toan anh. Khi d6, theo Nhan xét 2.1.5 f 1a 4nh xa

Lindelof, dong, lién tuc va toan anh. Nhu vay, nho Pinh 1i
3.1.3, ta suy ra rang hé qua dugc chiing minh.

3.2. Vidu
3.2.1. Vidu I

Ton tai anh xa lién tuc, compact (Lindeldf), khong
dong sao cho né khong bao toan sp-mang dém duoc dia
phuong (o -dém dugc dia phwong), va khong bao toan
cn-mang ( o -dém duoc dia phuong).

That vay, trén tip s6 thuc R ta xét topo roi rac
Q=2% topothd p={J,R} va

f 1 (RQ) > (R, p)
duoc chobdi f(X) =X véimoi X € R. Khi do,

(1) Gia stt U € g, khi d6 vi Q 1a topo roi rac nén
f1(U) e Q. Nhuvay, f 1a anh xa lién tuc.

(2) Gia st x e R, khi d6 1o rang ring f (x) ={x} 1a
tap compact trong (R,Q). Nhu vay, f 1a mot 4nh xa
compact. Nho Nhan xét 2.1.5, f 1a anh xa Lindelof.

(3) Ta lay A={x}, khi do f(A)={x}. Bosivi Q la
topo roi rac nén A dong (R,€Q). Mit khac, vi:

R\ f(A) = (=00, X) U (X, +0) &
nén tasuy ra f(A) khong dong trong (R,). Nhu vay,
f khong la anh xa dong.
(4) Ta liy I={{x}:xeR}, khi do vi Q la topo rdi

rac nén J 1a co so cia (R,Q). Theo Nhan xét 2.1.5 ta
suy ra I vira la cn-mang, vira 1a sp-mang ctia (R,Q).
Hon nita, 3 dém duogc dia phuong cia (R, Q). That vy,
gia sit x e R, khi d6 néu taldy V ={x}, thi V 1a lan can
mé clia X VAV giao v6i dung mot phan tir cua 3. Theo
Nhan xét 2.1.5 ta cling suy ra 3 1a ho o -dém dugc dia
phuong cua (R, Q).

Tuy nhién, f(3)={{}:xeR} khong la ho o -dém
dugc dia phuong ciia (R, ). That vay, néu ta ldy x =0,
thi do ¢ la topo thd nén x chi c6 duy nhat mot lan can
mé V = X. Bay gio, gia st (3) 1a ho o -dém dugc dia

phuong cia (R,). Khi do, f(S)zU‘Rn, trong do
n=1

mdi R, 1a ho dém dugc dia phuong trong (R, ). Bai vi
f(3) 1a tip qua dém dugc nén ton tai ne N" sao cho
R, la tap qua dém duge. Mat khac, vi V giao moi phén
tr cia R, nén R, khong 1a ho dém dugc dia phuong,
day 1a mot mau thuan.

Nho Nhan xét 2.1.5 ta ciing suy ra rang f(3) khong
12 ho d&ém duoc dia phuong cia (R, ).
3.22. Vidu?2

Ton tai anh xa lién tuc, khong compact (khong
Lindelof), dong sao cho n6 khong bao toan sp-mang dém
duoc dia phuong (o -dém dugc dia phwong), va khong
bao toan cn-mang ( o -dém duoc dia phuong).

That véy, trén tap s6 thuc R taxét Q= 2% 1a topo 101
rac trén R va

f: (R,Q)—(R,Q)
dugc chobdi f(X)=0 vdimoi x € R. Khi d9,

(1) Gia st U € Q, khi d6 vi Q 1a topo roi rac nén

£t (U) e Q. Nhu vay, f 1a anh xa lién tyc.

(2) Tacé {{x}:xeR} 1a phi mo cia f1(0)=R
trong khong gian (R,Q) nhung khong c6 phii con dém
duoc. Do d6, f khong 13 anh xa Lindeléf. Nho Nhan xét
2.15tasuyra f khong la anh xa compact.

(3) Gia sir A 1a tap dong trong (R, Q). Khi do, vi Q
1a topo roi rac nén f(A)={0} dong (R,Q). Nhu vay,

f 1a anh xa dong.

(4) Taldy I={{x}:xeR}, khi do6 theo Vi du 3.1.5,
3 vira la cn-mang, vira 1a sp-mang dém duoc dia phuong
(o -dém dugc dia phuong) cia (R, Q).

Tuy nhién, f(3)= {{x}: Xe IR} khéng la mang cua
(R, Q). Thét vay, boi vi f(3)={{0}} nén voi x=1 va
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lan c4n m& V = X, thi khong ton tai F e f(3) sao cho
xeF cV. Nho Nhan xét 2.1.5 (3), f(3J) khong la sp-
mang ciing khong 13 cn-mang cua (R, Q).
3.23. Vidu3

Tdn tai anh xa khong lién tuc, compact (Lindelof),
doéng sao cho [16 khong bao toan sp-mang dém duogc dia
phuong (o -dém dugc dia phuong), va khong bao toan
cn-mang ( o -dém dugc dia phuong).

That vay, trén tip s6 thuc R ta xét topo roi rac
Q=2% topothd p={T,R} va

f (R, p)—(R,Q)

dugc chobdi f(X)=X vdimoi x € R. Khi do,

(1) Ta lay U ={0}, khi d6 vi Q 1a topo rdi rac nén
U € Q. Mit khic, vi f(0)={0}¢ ¢ nén tasuy ra f
khong 1a anh xa lién tuc.

(2) Gia st x e R, khi d6 1o rang ring f () ={x} 1a
tap compact trong (R,¢). Nhu vay, f 1a 4nh xa

compact. Theo Nhéan xét 2.1.5 ta suy ra f la anh xa
Lindelof.

(3) Gia str A 1a tap dong trong (R, ). Khi do, vi Q
1a topo roi rac nén f(A) déng (R,Q). Do ds, f laanh
xa dong.

(4) Ta liy 3= {@,R}, khi d6 rd rang rang 3 1a co
s0 dém dugc dia phuong cua (R, Q). Nho Nhén xét 2.1.5
ta suy ra 3 vira 1a cn-mang, vira 1a sp-mang dém duogc
dia phuong ( o -dém duoc dia phuong) cua (R,Q).

Tuy nhién, néu ta lay V ={0}, thi do Q 1la topo rdi
rac nén ta suy ra V 1a lan can mé cua O trong (IR, Q).
Mit khac, boi vi f(J)={D, R} nén ta suy ra khong ton
tai F e f(3) saocho 0e F cV. Nhu vay, f(3) khong
12 mang cua (IR,Q). Theo Nhan xét 2.1.5 ta suy ra f(3)
khong la cn-mang, sp-mang cua (R, Q).

3.24. Vidu 4

Tdn tai 4nh xa Lindeldf, dong, lién tuc va ton tai 4nh
xa hoan chinh lién tuc.

That véy, trén tap s6 thuc R taxét Q= 2% 1a topo roi
rac trén R va

f:(R,Q) > (R,Q)

dugc cho boi f(X)=X vdimoi x e R. Khi do,

(1) Gia sir U €, khi d6 vi Q 1a topo roi rac nén
f1(U) e Q. Nhuvay, f 1a anh xa lién tuc.

(2) Véimoi xeR, taco f1(x)={x} latap compact
trong (R,Q). Nho Nhan xét 2.1.5, f laanh xa Lindelof.

(3) Gia st A 1a tap dong trong (IR, Q). Khi do, vi Q
1a topo roi rac nén f(A)=A dong (R,Q). Suyra f la
4nh xa dong.

Nhu vay, f 13 4nh xa hoan chinh, lién tuc.

3.3. Pdnh gid

Céc két qua méi trong bai bao dugc thé hién ¢ Dinh 1i
3.1.1, Hé qua 3.1.2, Pinh 1i 3.1.3 va H¢ qua 3.1.4.
Trong do:

- Pinh 1i 3.1.1 1a sy bao ton cua khéng gian véi
cn-mang (hodc sp-mang) dém dugc dia phuong qua anh
xa Lindelof, dong, lién tuc va toan anh.

- Hé qua 3.1.2 1a su bao ton ciia khong gian véi
cn-mang (hodc sp-mang) dém dugc dia phuong qua anh
xa hoan chinh, lién tuc va toan anh.

- Pinh 1i 3.1.3 1a su bao ,tén cua khoéng gian véi
cn-mang (hodc sp-mang) o -dém dugc dia phuong qua
anh xa Lindel6f, dong, lién tuc va toan anh.

- Hé qua 3.1.4 1a su bao ton ciia khong gian voi
cn-mang (hodc sp-mang) o -dém dugc dia phuong thong
qua anh xa hoan chinh, lién tuc va toan anh.

Ngoai ra, ching t6i dua vao mot s6 vi du nham lam
sang td hon ndi dung cac két qua chinh.

4. Két luan

Trong nghién cuu ndy, nhoém tac gia di dwa ra va
chung minh chi tiét mot s6 két qua méi lién quan dén
su bao ton cua cac tinh chit mang théng qua cac anh
xa dong va cac anh xa hoan chinh. Nho d6, cac két qua
clia bai bao da gop phan lam phong pha cho linh vuc
nghién ctru 1y thuyét mang, 1y thuyét k-mang trong topo
dai cuong.
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