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Tém tit - Tanaka [1] d chimg minh ring, mot khong gian topo
X 14 s-anh gia-m¢ va lién tuc cua mot khong gian metric khi va
chi khi n6 1a khong gian Fréchet-Urysohn, véi cs* - mang diém
-dém duoc. Sau do, Gruenhage, Michael va Tanaka [2] d& nghién
ctru tinh bt bién cua cac phit diém-dém duoc qua cac anh xa gia
-mé, va dit ra bai toan mé rang “Khéng gian Fréchet-Urysohn
v6i cs*-mang diém-dém duogc cd bao ton qua s-anh xa gid-md va
lién tuc hay khéng?”. Trong bai b4o ndy, nhoém tac gia nghién ctru
v& sy bao tdn céc tinh chét topo théng qua cac S -4nh xa, va chimg
minh ring khéng gian Fréchet-Urysohn véi wes* -mang diém-
dém duoc 12 bao tdn qua cac anh xa sau: 1) S -anh xa gia-mo va
lién tuc; 2) S-anh xa dong (hoac mo), lién tuc va toan anh. Nho
d6, nhom tac gia thu dugce cau tra 161 mot phén cho bai toan trén.

Tir khéa - wes* -mang; phu diém-dém duoc; khdng gian Fréchet-
Urysohn; S-anh xa; anh xa gia-m¢

1. Gi6i thiéu

Nam 1984, Gruenhage, Michael va Tanaka [1] da
nghién ctru vé khong gian duge xac dinh béi cac phu diém-
dém duoc, nhd d6 da thu duoc bao tdn ctiia mot sd tinh chit
phu thdng qua cac anh xa gia-md. Hon nita, cac tac gia da
dat ra bai toan ma sau.

Bai toan 1. Khong gian Fréchet-Urysohn c6 ¢s” -mang
diém-dém dwoc cé bdo ton qua S -anh Xa, gia-ma va lién
tuc hay khdng?

Bai toan nay da thu hut rat nhidu nha nghién ciru topo
dai cuong trén thé giéi quan tim. Ho da nghién ciru bai
toan theo nhiéu khia canh khac nhau, nho 36 rat nhidu khai
niém méi vé mang va nhidu bao ton cac tinh chit mang qua
anh xa gia-mo la thu dwoc (xem [3-8]). Gan day, Lin va
Liu [6] d4 nghién ctru vé cn-mang, SP -mang va da ching
minh duoc rang, khong gian Fréchet-Urysohn véi cn-
mang hodc SP -mang duoc bao ton qua anh xa gia-mo, va

khong gian véi cs*-mang hodc cs' -mang dugc bao tdn qua
anh xa thuong-day.

Trong bai bao nay, nhom tac gia thu dugc cau tra 101
riéng cho Bai toan 1 trong truong hop khdng gian duoc
nghién ctiu 1a Fréchet-Urysohn c6 wcs™ -mang diém-dém
duoc. Nho d6, thu dugc mot s6 két qua tuong tu cho su bao
ton khong gian nay qua S -4nh xa, dong (hodc maé), lién tuc
va toan anh.

Abstract - Tanaka [1] proved thata X topology space is a pseudo-
open and continuous s-image of a metric one if and only if it is a
Fréchet-Urysohn space, with a point-countable cs* -network. Later,
Gruenhage, Michael and Tanaka [2] have studied the immutability of
the point-countable covers by the pseudo-open mappings, and given
a question that “Is Fréchet-Urysohn space with point-countable cs*-
network preserved by a pseudo-open and continuous s-mapping?” In
this paper, the authors have examined the preservation of topology
properties by S -mappings, and proved that a Fréchet-Urysohn space
with a point-countable wcs* -network is preserved by these following
mappings: 1) Pseudo-open and continuous S -mapping; 2) Close (or
open), surjective and continuous S -one. Hence, the authors have got
a partial answer to the above question.

Key words - wcs*-network; point-cointable cover; Fréchet-
Urysohn space; S -mapping; pseudo-open mapping

2. Co 6 li thuyét va phuwong phap nghién ctru
2.1. Co 56 li thuyét

Pinh nghia 2.1.1 ([1]). Gia st f :(X,7) > (Y,0) la
mot anh xa. Khi do,

(1) f duoc goila S-dnh xa néu f1(y) kha ly trong

X voimoi yeVY.

(2) f duogc goi 1a 4nh xa gid-monéu véimoi yeY va

v6i moi 1an cdn m¢ U cua fi(y) trong X ta co
y e lnt f (U).

(3) f duoc goi la anh xa ma (tuong tmg, dong) néu anh
ciia mdi tip md (twong Ung, tip dong) trong X 4 tap mo
(twong ung, tdp dong) trong Y.

Nhén xét 2.1.2. (1) Anh xa gia-m¢ 1a mot toan anh.
(2) Anh xa m¢ hodc dong 1a anh xa gid-mo.

Pinh nghia 2.1.3 ([1]). Gia sir rang 3 la mot phi cua
khong gian topo (X, 7). Khi do,

(1) 3 duoc goi 1a ¢s -mgng cia X néu véi moi day
{X.} = X hoitudén x eU ez, ton tai day con {x, } cua
{x,} va F € 3 sao cho:

{GU{x, ‘keN}cFcU.

(2) 3 duoc goi la wes™ -mgng cia X néu véi moi day
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{X,} < X hoitudén xeU e, tontai day con {x, } cua
{x,} va F € 3 sao cho
{X, keN}cFcU.

(3) 3 duoc goi 1a diem-dém dwoc cia X néu véi mdi
x € X thugc khong qua dém dugc phan tir cia 3.

(4) X duoc goi la khong gian Fréchet-Urysohn néu véi
moi tap con Ac X va voi moi X e A, ton tai mot day
{x,} < A sao cho x, — x.

Nhén xét 2.1.4. M&i ¢s -mang 14 wes” -mang.
2.2. Phwong phdp nghién ciru

Nhom tic gia st dung phuong phap nghién ctru ly
thuyét trong qua trinh thuc hién bai bao. Nghién ctru cac
bai bdo cua cac tac gia di trude, bang cach twong tu hoa,
khai quat héa nham dua ra nhitng két qua mdi cho minh.
3. Két qua va danh gia
3.1. Két qui

Dinh 1i 3.1.1. Gia sit rang (X,7), (Y,o) lahai khdng
gian topo Hausdorff, f :(X,7) > (Y,o0) lamét S -anh xa,
gid-mé va lién tuc. Khi d6, néu X 1a khdng gian Fréchet-
Urysohn c6 WCS* -mang diém-dém dwoc, thi Y ciing la
Fréchet-Urysohn c6 WCS™* -mang diém-dém duoc.

Chirng minh. Gia sir ¢ 1 WCS* -mang diém-dém duoc
cua khoéng gian Fréchet-Urysohn X. Khi do,

Khang dinh 1: Y 1a khong gian Fréchet-Urysohn.

Giast AcY va ye A Khido,

(1.1) Ton tai x e f(y) f 2(A).

That vay, gia st nguogc lai réng

f1y)nf 1A =2
Khi do,

f1(y) = X\ fL(A.

Nhu vy, X\ f(A) 1a mot 1an can mé cua f1(y)

trong X. Boivi f 14 anh xa gia-m& nén f(x \ f’l(A))

lalan can ctia y trong Y. Mit khac, vi y € A nén

f(X\f’l(A))mA;t@. @)

Hon nita, vi f(A) < f(A) néntaco
(x \ f‘l(A))m M (X VR (A =0,
kéo theo

(x \ f‘l(A))m )

Suy ra rang

f (x \ f‘l(A))mA=®. ()
Nho cac khang dinh (a) va (b) ta suy ra ton tai

xe f1(y)n f(A).

(1.2) Boi vi xe fH(A) va X la mot khdng gian
Fréchet-Urysohn nén ton tai diy {x,}< f *(A) sao cho
X, = X. Métkhac, vi f 1a anh xa lién tuc nén

f(x,) > f(X)=y.

Hon nita, vi {f (x,)} < A néntasuy rarang, ton tai day
trong A hoitudén y trong Y. Do d6, Y la khong gian
Fréchet-Urysohn.

Khing dinh 2: Y ¢6 WCS™ -mang diém-dém duoc.

Boivi f 1a S-4nh xa nén véi mdi yeY, ton tai tap
con dém dugc D, trong X sao cho:

D, = f(y).
Ta dat
D=UD, :yeY},
JI={f(PnD):Pegp}.
Khi d¢,
(2.1) D=X.

That vay, gia sit X € X, khi d6 ton tai yeY sao cho

x e f(y). Suy ra:

xe f*(y)=D, c D,
kéo theo X — D. Mit khéc, bdi vi D < X nén ta suy ra
rang D=X.

(2.2) 3 1a diém-dém duoc.

That vay, gia sirrang y €Y, khido y e f (P D) khiva
chikhitontai xe P D saocho y = f(x), khiva chikhi

PAD, = f*(y)n(PND) =@
Nhu vay, ta ¢
{GeJ3:yeG}
={f(PnD):Pegp, ye f(PND)} (c)
={f(PND):Pegp, PND, =3}

Boi vi  la diém-dém dugc va D, la tap dém dugc
nénnho (c) tasuy ra {G e p:y e p} 1atap dém duge. Do
do, 3 la diem-dém duoc.

(2.3) 3 la wes* -mang cua VY.

That vay, gia sir {y,} 1a diy hoi tu dén yeU véi U

mo trong X. Tacod thé gia thiét rfmg cac ph?m tr cua day
{y,} 1a phan biét. bat:

A={y, :ne N}\{y}.
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Khi d6, A khong la tap dong trong Y. Néu f(A) la
tap dong trong X, thi X\ f*(A) l1a tip mé trong X. Nho
dang thuc:

X\ A= Y\A)
tasuy ra f'(Y\A) lalan can mé caa f'(y) trong X.
Boivi f 1a 4nh xa gia-mo nén

yelnt f(fH(Y\A)c f(fH(YVA))cY\A

Dodo, Y\Alalancancua y trong Y. Boivi y, > Y
nén y eY\A véi neN nao d6, day 1a mot mau thuan.
Nhu vay, f*(A) khong dong trong X.

Boivi f(A) khong la tap dong trong X nén ton tai

xe f1(A) \ f1(A). (d)

Hon nira, ta co

fL(A) = f (A)AD. (e)

That véy, 1 rang rang

f1(A)AD c f (A).

Bay gio, gia sirang xe f *(A) va W 12 mot 1an can

mo cua X. Khi do,
WA =D

Suy rarang, ton tai ze A va aeW saocho z = f(a),
nghia la:

aeWnf'(2).

Béi vi f(z)=D, va X la khong gian Fréchet-
Urysohn nén ton tai diy {z,}— D, sao cho z, — a. Mit
khac, viW moéva aeW nén W lalancincua a, dodo
ton tai k, € N sao cho z,_ €W ND,.

Hon nita, vi D, < f*(z) c f *(A) va D, = D nén
z,, WD, cWn(f*(A)ND).

Suy ra ring
WA (f*(A)ND)=d,

dodé xe f (A AD.
Nhu véy, (e) thoa man.
Nho (d) va (e) ta suy ra:
xe f 1A ND\ f1(A).

Béi vi X 1a khong gian Fréchet-Urysohn nén ton tai
day {x 3} f *(A)nD sao cho x —x. Néu {x} Ia
day tam thuong, nghia 1a ton tai k, € N sao cho X, = x
v6i moi k>kg, thi x=x_ e f(A), diy la mot mau
thuan. Nhu vay, {x} 1a mot ddy khong tim thuong. Hon

nira, ta co:

® V6i k; =1, tontai y, <A saocho
1
x € f7(y, )N D.

® Ton tai ky,n, €N saocho k, >k;, n >n va
-1
X & () 700, )
j=ny
f71
X, € (ynkz)-

That vay, gia st ngugc lai ré“mg

x<J f’l(ynkj) v6imoi k > ki.

j=ny

2

Khi @6, vi {x} la ddy khong tdm thuong nén ton tai
Ny <n, vaday con {xkj } cua {x} sao cho:

P e fﬁl(yno)-
Mait khac, vi f 1a anh xa lién tuc va X la khdéng gian
Hausdorff nén f~*(y, ) dong trong X. Do do,

xe 7y, ) = T7(A)

day 1a mot mau thuin. Nhu vay, ton tai k, € N sao cho:

X, 2 [J f70n,)

I1=ny

Do do, ton tai n, €N saocho n, >n, va

X, € 1:_:l(ynkz )

2
® Bing quy nap, ta tim dugc diy con {ij } cua {x.}

va day con {Yn, } cua {y,} sao cho:
J
X, € f(y,, ) voimoi jeN.
J

Boivi 9 1a wes -mang cia X néntdntai Pegp va
day con {xkj } cua {ij } sao cho
I

{x, 1eN}cPc f1(U).

bicu nay suy ra rang

{y, 1N f(P)c f(f’l(U))cU,

Do do, I 1a wes” -mang cua Y.

Nhu vy, Y 1a mot khdng gian Fréchet-Urysohn c6
wes” -mang diém-dém dugc.

Nho Dinh 1i 3.1.1 va Nhan xét 2.1.2 ta thu dugc HE qua sau.

H¢ quad 3.1.2. Gia sir (X,7), (Y,0) lahai khong gian
topo Hausdorff, f:(X,7) > (Y,o) la mét S-anh xa,
dong (hodc ma), lién tuc va todn anh. Khi do, néu X la
khéng gian Fréchet-Urysohn c6 WCS*-mang diém-dém
dugc, thi Y ciing la Fréchet-Urysohn co WCS™* -mang
diem-dem dwoc.
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3.2. Danh gid

Cac két qua méi trong bai bao dugc thé hién & Dinh 1i
3.1.1, HE qua 3.1.2. Trong do6:

- Pinh 1i 3.1.1 1a sy bao ton cua Fréchet-Urysohn c6
WCS* -mang diém-dém duoc théng qua s -anh xa, gia-mo
va lién tyc. Nho Nhan xét 2.1.4 ta suy ra rang, két qua nay
la mot cau tra |6 riéng cho Bai toan 1.

- Hé qua 3.1.2 1a su bao ton ciia Fréchet-Urysohn c6
WCS* -mang diém-dém duoc théng qua S -anh xa, mo
(hodc dong), lién tuc va toan anh.

4. Két luan

‘Bai bdo dé nghién ctru vé su bao t6n clia mot sd tinh
chat topo thong qua cac anh xa. Nho d6, nhom tac gia da
chiing minh dugc cac két qua mdéi rang, khéng gian
Fréchet-Urysohn c6 WCS* -mang diém-dém duoc 1a bao
ton qua cac anh xa sau:

(1) s-4nh xa, gia-m¢ va lién tuc.

(2) s-&nh xa, dong (hodc mo), lién tuc va toan anh.

Vi két qua nghién ctu ndy, nhém tac gia da thu dugc
cau tra loi riéng cho bai toan duoc dat ra bsi Gruenhage,
Michael va Tanaka [2]. Nhitng két qua nay dd gép phan

lam phong pht cho linh vye nghién ctru Iy thuyét mang, 1y
thuyét k-mang trong topo dai cuong.
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