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TOM TAT ) ) ) ] )

Dugundji chirng minh rang mai tap 16i trong mot khong gian metric tuyén tinh 16i dia phwong
bat ky déu la mét co rut tuyét doi. Ngwdi ta dat ra bai toan rang Binh ly Dugundji con dung hay
khéng néu bo di gia thiét vé tinh 16i dia phuong clia khong gian metric tuyén tinh. Cho |, (0 <
p < 1) la cac khéng gian metric tuyén tinh khéng 16i dia phwong; Néi dung cla bai bao nay la
chrng minh mi tap 10i, gici ndi trong khong gian |, (0 < p < 1) déu la co rut tuyét doi.
ABSTRACT

Dugundji proved that a convex subset of a locally convex linear metric space is an absolute
retract. However, it is not known, whether a convex subset of a non-locally convex linear

metric space is an absolute retract? The space |p (0 < p <1) are non-locally convex linear
metric spaces. The aim of this paper is to prove the AR-property of bound convex subsets in
the space |/ (0<p<1).

1. Mé dau

Cho X 1a mot khong gian topo kha metric, X dugc goi 1a mdt co rut tuyét ddi (Viét tat
13 AR (absolute retract)) (xem [1]) néu mdi khong gian topo kha metric Y nhan X 1am mot tap
con dong déu ton tai mot anh xa lién tuc 11 Y — X ma r(x) = x v6i mdi x € X. (Anh xa r thoa
mén cac tinh chat nay duoc goi 1a mot phép co rit).

Cho X 1a mdt khong gian topo kha metric, X dugc goi 1a mdt thac trién tuyét ddi (Viét
tat 1a AE (absolute extensor)) néu moi khong gian metric Y, moi tap con dong A cua Y va
mdi 4nh xa lién tuc f: A — X déu ton tai 4nh xa lién tuc F: Y — X ma F(a) = f(a); VaeA.
(xem [1]).

Ta thay rang mot khong gian topo 14 co rit tuyét dbi khi va chi khi khong gian topo d6
|4 thac trién tuyét doi.

Néam 1951 Dugundji chiing minh dugc dinh 1y sau:
Dinh ly Dungundji

Cho A 1a mot tap con dong cua mot khong gian metric X va E 1a mot khong gian topo
tuyén tinh 16i dia phuwong. Khi d6 mdi anh xa lién tuc h: A — E déu c6 mot théc trién lién tuc
H: X — E ma H(X) < convh(A) ( & ddy convh(A) 13 bao 15i cta tap h(A) trong khong gian
topo tuyén tinh E). (Xem Dinh Iy 3.1 trang 58 cua [1]).

Tir &6 mdi tap 16i trong mot khong gian metric tuyén tinh 16i dia phuong bat ky déu la
mot AR.
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n=1
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0 p
Tadat x| = D |%, | ;¥Vx=(x)e |,.Khidodxy)=[x=yl; VX=(x),y=(y,)e

n=1

Két qua chinh cua bai bao nay 1a Dinh 1y sau:
Dinh Iy 1. M3i tap 16i, gi6i ndi trong khong gian |, (0 <p < 1) déu la mot AR.
_Cho X la mot khong gian topo, X dugc goi 1a ¢6 tinh chat diém bat dong (xem[2]) néu
v6i moi anh xa lién tuc f'tir X vao X Qéu c6 it nhat mot phan tir x e X sao cho f(x)=x.
Nam 1935, Schauder chimg minh rang moéi tap 161 compact trong mot khong gian metric
tuyén tinh 16i dia phuong bat ky déu co tinh chat diém bat dong va dat ra bai toan rang két qua
trén con ding hay khong néu bo gia thiét vé tinh 16i dia phuong ciia khong gian metric tuyén

tinh.
Trong bai bao nay ta cling chimg minh dugc Dinh ly sau:

Dinh Iy 2. M&i tap 16i, compact trong khong gian I, déu c6 tinh chat diém bat dong.

2. Ching minh cac két qua

Trudc khi chung minh Dinh 1y 1, ta dua ra va chirng minh mét s bo d€ can dung.

Bé dé 1. Cho A 1a mot tap con 16i, giGi ndi bat ky trong I, thi A hoan toan gidi noi.
(Chu y ring mot tip con A cua mot khong gian metric (X,d) duoc goi 1a hoan toan gidi ndi
hay hoan toan bi chan néu véi mdi & > 0 thi ton tai mot tap hitu han {a,, a,, ...,a,} = A
saocho Va e A, 3k € {1,2,...,p}:d(a,a, ) < ¢ va diéu nay tuong duong véi Ve~ >0 thi
t6n tai mot tap hitu han {X, X5, ..., X,} © Xsaocho VaeA, Ik e {1,2,...,p}:d(a,x) <
g).

Chirng minh: . .

Gia st nguoc lai rang A 1a tap con 101, gidi ndi nhung khong hoan toan gidi ndi trong
|,. Khi d6 ton tai M > 0 sao cho A 1a mét tap con cua tap B’(0,M) = {x e I /|x]| < M}.

Khong giam tong quat, (bang cach nhian A v6i mot hang sé khac khong), ta ¢ thé gia
str rang ton tai U, Uy,...,U ,... € Amaju,- u;ll = 2v6imdii,jell mai # j.

Ta s& chi ra rang conv{ Uy, Uy,...,U,,...} 1a tap khong gid1 noi.

Ta viét: u, = (u®, ul,..),

u, = (u?, u,...),

Do A < B’(0,M), ta c6 thé rit ra mot day con {1n} ciia ddy {n} ma diy {u®™ } hoi tu
dén mot s6 u® e , ta tiép tuc rit ra mot day con {2n} cia diy {In} ma day {u{” } hoi tu



dén mot sb ul® el , clr tiép tuc qua trinh nay va lay day duong chéo { U, } la day con cua
{u,}.

Bang cach thay diy {u } boi day {u,, }, khong giam tong quat, ta co thé gia thiét
thém rang diy { u,} co tinh chét:

- — 0 - — 0
limu®” = u” limu” = u?, ...
n—o0 N—o
Ta dat:
— (0) (0) 5 A4 > At vA A o 0) |p 0) |p
U, = (u”’, uy,”, ...), khi d6 u, € cl B’(0,M) (that vay, gia st |u; "’ |”+|u,” |° ... >
M, khi d6 ton tai n,ell ma [u{® P +[uf® |P+..+|ul P> M. Do d6 ton tai n du 16n dé
Jul™ [P+ ul™ |P +...+|u§:) P> M. T day ta suy ra dugc ||u, || > M. Day la diéu vo ly).
Do d6 |lu, —U, |l < 2M; v6i mdi nel.Ta dat f =u,—uy; do ||u,—u; || >2 ta dugc
| fi—f; 1122 véi moiij ell mai # j.
Tur lap luan trén ta suy ra rang khong thé c6 nhiéu hon mot f ma || f.||<1. Khong
giam tong quat ta c6 thé gia strrang || f, [|>1 v6imdi nel] va f_co tinh chét:
Néu viét:
—(fO @
f,=(f", £,7,..),
2 2
f,=(f?,£,.),

Thi
@ lim £, =0, lim f,"=o0...

Bing phuong phap qui nap va sir dung (1) ta xdy dung cic diy s6 nguyén duong
{m }va{r } théa min cac diéu kién sau:

(2) {m, } la day tang nghiém ngat,
m, p

(3) DI f™ ] <27,
i=1

@ > WP,

i=mp,, +1
(That vay dau tién ta chon m =1, tiép dén sir dung (1) ta chon I, théa man (3), sau do6 chon
m, >m, théa mén (4) va cr tiép tuc nhu vay...)
Véimdi nell | ta dat
fo,=(f",....117,0,..0,0...),
f.,=(0,..,0 i) frﬁ:jl),O,...),

P im,+1t
f.;=(0,..0,0,..0, f" ).
Khi d6
frn = frnl + frn2 + frn?:’

” frnl ||<2—n—3, ” frn3 ||<2—n—3
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T . :
nén ||m||—(z f.)|[=00 hay tap conv{ f,, f,,...} khong thé gi6éi ndi c6 nghia la tap
n =

n—o
conv{U,,U,,...} khong thé gidi noi. Piéu mau thuan nay chimg to rang A 13 tap hoan toan gidi
noi [

Cho K 1a mdt tap 161 trong mot khong gian tuyén tinh X, mdt anh xa f tir K vao mdt
khong gian tuyén tinh Y dugc goi 1a mgt anh xa affine
néu Vn e, VX, Xy, ... X, e K,V a0y, vty 20 Ma o + 1, +...+ 2, =1
thi f (X +aX, +..+a X )=a,f (%) +a,f(X,)+...+a, (X ), rd ring ta thiy rang néu K,
12 mot tap con 16i ctia K thi anh ctia K, qua dnh xa f1a mét tip con 16i ctia khong gian tuyén
tinh Y.

Taco

Bo dé 2. Mbi tap con 10i, compact trong khong gian 1,(0< p<1) thi dong phéi affine
v6i mot tap con 161, compact ctia khong gian metric tuyén tinh 16i dia phuong [ * =0 x[ x...

Chirng minh:
Khong gian [1” =[] x[J x... la khong gian topo v&i topo tich Tykhonoff ctia cac duong
thang thyuc. Day 1a mot khong gian topo tuyén tinh vai topo c¢6 thé xac dinh boi metric

A0 y)=3 e Lol ox=)y=(r) <0
(Xem [1], trang 36).

V6i mdi r > 0, ta chon nyell sao cho 2-”<%. Khi d6 V = {x = (x) €

n=ng+1
07/ x, |< o ;VNn=12,..,n,} 1a mot 1an can mé 16i ctia 0 trong [1* nam trong qua cAu mo

tam tai O ban kinh r.



Nhu vay [ 1a mot khong gian metric tuyén tinh 16i dia phuong.
Véimodi nell, cho p,:1; —[ 1a 4nh xa duoc xac dinh boi
P, () =X,
O day X=(X,Xyy.ee X;yone) € |, va metric trong [J la metric thong thuong. ta c6 véi mdi

X:(X1, Xoyeee Xn!"') € Ip , yz(yl, Voyeens yn"") S Ip,
d(X, y)=Z| X =Y, |P2| Xn = Yn |p :
i1

Do d6 mdi P, : |p —[] lién tuc, anh xa

P, —>0"
duoc xac dinh boi
P)=(P.(X), P2 (X), ... P, (X))
v&i moi X=(X}, Xyyeeny Xy eee) € |p ; 1a anh xa tuyén tinh lién tuc.

Bay gio cho K 13 mot tap 16i, compact bat ky trong l,, khi d6 han ché cua anh xa P
trén K 1a mgt anh xa affine lién tuc, don anh ma K compact nén dnh xa nay la mdt phép nhung
ddng phoi affine cua K vao [J”, tir d6 K ddng phdi affine véi tap 16i, compact f(K) trong
0*0

Chirng minh Dinh ly 1.

Cho A la mot tap 16, gidi ndi bat ky trong Ip, theo B6 dé 1, A 1a tap hoan toan gidi
ndi, tir d6 K = clA 1a tap con 15i, compact cua l,, Cho B la mét tp con dong trong mot
khongt gian metric X va g 1a mot anh xa lién tuc bat ky tir B vao A. Khi d6 Pog la anh xa lién
tuc tir B vao [1” ma Pog(B) c P(A) (¢ ddy P 1a anh xa dugc xac dinh trong chimg minh B6
dé 2). St dung Dinh 1y Dugundji ta tim dugc mot anh xa lién tuc

H:X — [ 1a thac trién cia Pog va H(X) < conv Pog(B) — convP(A) = P(A).

Goi P'K — P(K) 1a phép ddng phoi dugc xac dinh boi P*(X)=P(x); Vx e K . Khi d6
(P)?oH : X — A 1a théac trién lién tuc ctia g. Vay A 1a thac trién tuyét d6i, tir d6 A 1a co rat
tuyét doill

Chirng minh Dinh ly 2.

Borsuk chimg minh duoc rang mdi khong gian co rat tuyét ddi, compact déu ¢ tinh
chét diém bat dong. Do d6 theo Binh 1y 1, mdi tap 16i compact trong |p déu c6 tinh chét diém
bat dong [l
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