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TOM TAT

Cac dinh ly v& gia tri trung binh déng mét vai trd quan trong trong giai tich toan hoc, va dugc
thwdng xuyén khai thac trong cac ky thi Olympic Toan dia phwong, quoc gia va quéc té (& cap
dd hoc sinh THPT hoac sinh vién Dai hoc). Chung té ra la mét céng cu rat hiéu lwc trong viéc
gidi cac bai toan lién quan dén sy t6n tai nghiém va cac tinh chét dinh lwong cla nghiém cla
nhiéu dang phwong trinh khac nhau. Trong bai b&o nay ta lan lwot khao sat cac bai toan nhw
thé nh& (ng dung céc dinh ly vé gia tri trung binh trong ba linh virc: lién tuc, kha vi va kha tich.

ABSTRACT

Theorems of the so-called mean-value kind play an important role in mathematical analysis
and are frequently exploited in regional, national and international olympiads (of high-school or
university level). They are the most powerful tool in solving problems concerning the existence
and quantitative property of solutions to various equations. In this paper, we investigate some
kinds of problems using such theorems in the three subjects: continuity, differentiability and
integrability.

. Phwong phap sir dung ham sé lién tuc '

Dinh 1y 1.1 Néu ham sé f lién tuc trén doan [a;b] va f(a).f(b) < 0 thi c6 it nhat mét diém

¢ € (a:b) dé f(x) = 0.

Dinh Iy 1.2 Gid sir f la mot ham lién tuc trén [a;b] va fa) = A, f(b) = B. Liic @6 néu C la
mét s6 bat ky nam giita A va B thi ¢é it nhdt mét diém ¢ € (a;b) dé f(c) = C.

Pinh Iy 1.3 Néu 1 la mét ham lién tuc trén [a;b] thi f nhdn moi gid tri trung gian giita gid

tri nhé nhat m va gia tri lon nhét M ctia né trén doan do.
Cac bai toan ap dung:

Bai toan 1: Ching minh phuong trinh: x* —x + 7 = 0 ¢6 3 nghiém phan biét. Tinh tong

cac luy thira béac 8 ctia 3 nghiém do.

(Olympic Viét Nam)
Giai: Xét ham s6: y = f{x)=x —x + 1 thi f lién tuc trén D = R.

Ta ¢6: f{-2)= -5 < 0; f{0)= 1 >0; f(\/_) 1—\% <Ovaf(l)=1>0

nén phuong trinh cho c6 3 nghiém phan biét x;, x,, x;.

Theo dlnh 1}” Viet: X tx+x3= 0,‘ XiXo T XxXox3 T xX3x; = —],’ X1XoX3 = -1
Ta co: X? -x;+1=0= X? =x; —1

= X} =x; —x; =-x] +x;—Inén: x{ =2x] —3x;+2
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Dodo: T =Z3:xi8=2z3:xi2—3z3:xi+6
i=1 1 i=1

i=

= 2[(23:)@)2 -2 Zzlx,-xj] —323:x,. +6=10.
i=1 i=1

i,j=1
i#]

Bai toan 2: Chimg minh tip nghiém ciia bat phuong trinh:
1 2 - 70 5

—+ >
x—=1 x-2 x—=70 4
13 hop céac khoang roi nhau va c6 tong do dai 1a 1988.
(Olympic Quéc té)
70
Giai:Ta co: L+ 2 0 > = k el
x—1 x-=-2 x=70 4 Sx-k 4
Dk [G=0 s 4 k[ Jx=-H-5] -1
— J#k _2_ j#2k
[Tx-»H 4 A/ Tx-)
_ S

voi qui ude k, j = 1,70.
g(x)
RO rang g(x) =0 ¢6 70 nghiém x = 1,2,..., 70
Va flién tuc trén R, f{k).f(k+1) < 0 v6i k = 1,69 va lim f(x) <0, f{70) > 0 nén cling cod

da 70 nghiém xen k€ la: 7 <x; <2 <x;<... <x50 < 70 < x79

Téng d6 dai cac khoang nghiém ciia bat phwong trinh: % >0 la:
g(x

S =(x1—1)+(x2 —2) +...+(X7()—70)
= (X1 +x; +.. +X70) —(1 +2+..+ 70)
bé y da thire f ¢6 bac 70, hé s6 cao nhét 12 —5 va hé s6 cua x* 1a:
91 +2+..+70)
_ =9(1+2+...+70)
-5
Bai toan 3: Cho ham sé f* [a;b] — [a;b], v6i a<b va thoa diéu kién:
| f(x) - f(y) | <|x-y|, voi moi x, y phan biét thudc [a,b].
Chimng minh rang phuong trinh f{x) = x c6 duy nhat mot nghiém thudc /a;b/.
(Olympic sinh vién)
Giai: Xét ham sé g(x) =| f{x) - x | thi g lién tuc trén [a,b].
Do d6 ton tai xo thudc /a;b] sao cho: g(x,) = Xrg[ljll}] g(x) (%)

(142 +.+70) = %% = 1988,

Dodé: S

Ta s€ chimg minh g(xy) = 0. That vay, giad su g(xg) =0, do do f{xg) =xp
Tir bat ding thirc di cho thi co:
| f(x0) - f(x0) | < | flxo) - x|
Suy ra g(f(xy)) < g(xy): mau thuan véi (*)
Vay g(xg) = 0 nghia 1a f{x,) = x,.
Gia stir phuong trinh f{x) = x con ¢6 nghiém x; #x, x; thudc /a;b] thi c6 ngay:



| f(x1) - fxo) | = | x1 - x0|: mau thuan v6i gia thiét.
Vay phuong trinh f{x) = x c6 duy nhat mét nghiém thudc [a,b].

2. Phuong phap sir dung phép tinh vi phan
Dinh 1y 2.1 (Pinh Iy ROLLE) Cho f la mét ham lién tuc trén [a;b] va kha vi trén (a;b). Néu
6 fla) = f(b) thi ton tai ce(a;b) dé f' (c) =0

Két qua: giita 2 nghiém ciia phuong trinh f{x)=0 ¢é I nghiém ciia phwong trinh f'(x)=0.
Dinh 1y 2.2 (Pinh Iy CAUCHY) Cho @ va v la lién tuc trén [a;b] va kha vi trén (a;b). Luc do
ton tai ¢ &(a;b) dé: [y(b)-y(a)] ¢ '(c) = [p(b)-p(@)] y '(c)
Dinh Iy 2.3 Pinh Iy LAGRANGE) Cho f'la mot ham lién tuc trén [a;b] va kha vi trén (a;b).
Liic d6 ton tai c €(a;b) dé: f(b) - fla) = (b-a) f'(c)

Céc bai toan ap dung:
Bai toan 4: Cho ham s6 f1ién tuc va c6 dao ham trén (0;+ o) va khong phai 1a ham hiang.Cho
2 56 thuc 0 < a < b. Chitng minh phuong trinh:

()~ f () = LOID

b—a

¢6 it nhat mot nghiém thudc (a;b).

(Olympic sinh vién )
Giai:

Xét 2 ham s6: g(x) = &; h(x) = lthi g hkhavitrén [a;b]
X X
Ta co: g'(x) = M; h'(x) = _—21 .
X X
Theo dinh 1y Cauchy thi ton tai xy e(a;b) sao cho:

[h(b)-h(a)]g"(x0) = [8(b)-g(@)]h'(x)

hay (%_l) xOf'(xo)z_f(xo) z(f(b) B f(a))—_i
a Xo b a X,
Do d6 (a—b)(xof'(xg)—f(xo)) _ _af(b)_bzf(a) |
bax, abx,
Suyra x,f'(x,)— f(x,) :M_
—-a

Vay phuong trinh: xf'(x)— f(x) = M
—a

c6 it nhat mot nghiém thudce (a;b).
Bai toan 5: Cho phuong trinh:
aX" +ax" T+ +a,x +a,=0,a)#0codn nghiém phan biét.
Chung minh: (n — 1) a;° > 2nagas.
(Olympic Nga)
Giai: it f(x) = apx" + ax" +. + apx + a, thi f'kha vi vo han trén R
Vi f{x) c6 n nghiém phan biét nén theo dinh ly Rolle thi:



f'(x) c6 n — 1 nghi€m phan biét
f"(x) c6 n — 2 nghiém phan biét,...

|
= V)= %aoxz +(n —1)! aix + (n —2)! a> c6 2 nghiém phan biét.

Do d6: A> 0nén: ((n —1)! a;)’ —=2n! ap(n —=2)! a;> 0

Vay: (n —Da;’ > 2nag.a;.
Bai toan 6: Cho ham s6 fkha vi trén /0, 1] va thoa mén:
A0=0:fm=1.
Chirng minh ton tai 2 s6 phan biét a,; b thudc (0,1) sao cho f'(a).f '(b) = 1.
(Olympic Hoa ky)
Giai: Xét ham sb g(x)= f{x) +x - I thi g kha vi trén /0;1]
Ta c6: g(0)=- 1 < 0va g(1)= 1 >0 nén ton tai s6 ¢ thudc (0, 1) sao cho g(c) =0.
Do do fic) + ¢ -1 =0 hay f(c) = 1- c.
Ap dung dinh 1y Lagrange cho f'trén cac doan [0;c] va [c;1] thi:
SO=1O) _ oy

c—0

ton tai a e(0;¢) sao cho:

va ton tai b e(c; 1) sao cho: M = f'(b),
—c
nén: f'(a).s by =L QL=S© _(Azc)e
1-c¢ c(1-c¢)

Vay t6n tai 2 s6 phan biét a;b thudc (0;1) sao cho f'(a).f '(b) = 1.

3. Phuong phap sir dung phép tinh tich phan )
Dinh Iy 3.1: Cho fla mét ham kha tich trén [a;b] va m,M twong ung la gia tri nho nhat, gia tri
[om nhat cua ftrén [a;b]. Luc do ton tai pe[m;M] sao cho:

b
[ f@)dx = (b~ a)
Dinh 1Y 3.2: Cho fla mét ham lién tuc trén [a;b]. Lic dé ton tai £€fa;b] sao cho:
b
[feode=b-a)f ().

Céc bai toan ap dung:
Bai toan 7: Cho a e (0;1). Gia st flién tyc trén doan /0;1] thoa diéu kién:

J0) =11) = 0.

Chiing minh ton tai b € [0, 1] sao cho, hoac f(b) = f(b-a) hoac f(b) = f(b+a-1)

(Olympic sinh vién)
Giai: Ta mé rong ham ftrén R dé dugce ham tudn hoan chu ky 7= 1, do f(0) = f{1) = 0 nén
ham méi, van ki hiéu £, lién tuc trén R.

Xét ham s6: g(x)= f(x+a) - f(x) thi g lién tuc trén R

Khi do:



jg(x)dx = Jl.f(x +a)dx — jf(x)dx

1+a 1

= J.f(x+a)dx—J.f(x)dx=O
a 0
Ma theo dinh 1y 3.2 thi ton tai ¢ €/0; 1] sao cho:
1
f g(x)dx = (1-0)g(c) = g(c) nén g(c)=0
0

do do6 0= f{c+a) - f(c) nén 0 =f(c+a) -f(c) = f(c+a+n) -f{c) v6i n nguyén.
Viay, néu c+a €/0;1] thi chon b = c+a € [0;1]

Con néu c+a >1 thichon b = ce [0;1]
/2

Bai toan 8: Gia st f'lién tuc trén /0, % ] va thoa man: f(0) > 0, J- f(x)dx<1.
0

Chimg minh rang phwong trinh f{x) = sinx c6 it nhit mot nghiém trong khoang (0, % )
(Olympic sinh vién)
Giai: Xét F(x) =f(x) -sinx thi F'lién tuc trén /0, % /.

/2 /2

Khi dé: j f(x)dx <1 hay j F(x)dx-1<0

/2 /2

Suy ra: “f(x) —sinx ]dx = J.F(x)dx <0

Do d6 tén tai ¢ €/0; % 7 d8 Fre) <0
ma F(0)=f(0) >0 nén ton tai ¢y (0; %) dé F(cy) = 0 tirc 1a F(x) = 0 c6 nghiém.

Vay f{x) = sinx c6 it nhit mot nghiém trong khoang (0; % )
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