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LOI NOI DAU

Trong hoc phan Ly thuyét do do va tich phan, ching ta sé thay rang cac
khéi niem do dai ctia doan thang, dién tich ctia hinh phang, thé tich ciia vat
thé dugc mé rong thanh khai niem do do Lebesgue va khai niém tich phan
Riemann duge mé rong thanh khai niém tich phan Lebesgue. Tuy nhién,
trong Gido trinh Do do va tich phan nay, ching t6i sé xay duyng khai niém
do do va tich phan Lebesgue mot cach doc lap. Va sau d6 xem xét cac khai
niem do dai, dien tich, thé tich, tich phan Riemann nhu la nhitng truong hop
diic biet. Diéu nay, cho phép chiing ta hiéu sau sic va tong quat hon céc khai
niém da biét v md ra hudng tiép can thuan lgi déi v6i mot s6 linh vige ciia
Giai tich hién dai.

Noi dung ctia gido trinh duge chia lam 4 chuong.

Chuong 1 trinh bay vé ly thuyét do do. Ching ta sé thay rang do do 1
mot truong hop dac biét cia ham tap hop. Va sau d6 xay dung khai niém
do do ngoai va ap dung trén khong gian R" dé nhan dugce khai niem do do
Lebesgue.

Chuong 2 trinh bay vé Iy thuyét ham do dudc trén mot khong gian do
duge. Ching ta sé tim hiéu mot s6 khai niem hoi tu quan trong ciia day céc
ham do dugce nhu hoi tu hau khap noi, hoi tu theo do do va xem xét truong
hop déc biet vé ham do duge véi gia tri vo hudng (gia tri trong R).

Chuong 3 bao gom cac ndi dung lien quan t6i khai niém tich phan
Lebesgue ctia ham do duge. Trong chuong nay ta ciing sé lam ré moi quan
hé gitta tich phan Riemann va tich phan Lebesgue.

Chuong 4 dugc danh dé trinh bay mot s6 két qua vé moi lien hé giita
tich phan Lebesgue va dao ham clia cdc ham s6 xac dinh trén mot doan trong
R.

Ngoai ra, gido trinh con c¢6 phan phu luc. Noi dung ctia phan nay bao
gom cac két qua sau sac lien quan t6i ham tap hop, do do Borel va do do
Radon. Day 1a nhiing noi dung quan trong va hién dai, nhung dugc tach ra
nham lam cho gido trinh nhe nhang va c6 tinh su pham hon.

Maic dit da c6 nhiéu c6 gang trong qua trinh bién soan, nhung c6 1é gido
trinh van con sai s6t, tac gid rat mong nhan duge sy gép ¥ ctia ban doc.

Da Nang, thang 5 nam 2024

Tac gia
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Chuong 1
PO PO

Noi dung ctia chuong nay trinh bay vé Iy thuyét do do. Ching ta sé thay
rang do do 14 mot truong hop dic biet ctia ham tap hop. Ve Iy thuyét cla
ham tap hop, ban doc ¢6 thé xem thém & phan phu luc ¢ cudi cudn séch.
Sau do6, ta sé xay dung khai niem do do ngoai va dp dung khai niém nay trén
khong gian R™ dé nhan dugc khai niem do do Lebesgue.

1.1. Pai s6 tap hop va o - dai s6 tap hop
1.1.1. Pai sb tap hop

Dinh nghia 1.1. Cho X la tap hop khéac rong. Mot ho £ gom céc tap

con ctia X dugc goi 1a mot dai s6 tap hgp trén X néu théa méan cac dieu

kién sau: |:|

(a) X € &;
(b) Néu A € & thi phan bu CA := X \ A € &;
(c) Neu A,Be & thi AUB € €.
Dinh 1y 1.2. Cho & la mét dai s6 tap hop trén X. Khi dé, dieu kién (c)
trong Dinh nghia tuong duong vdi dieu kién sau day:
(c’) Neu A,Be & thh ANBeE&.
Chitng minh. e Gia si ta co (c): V6i A, B € £ ta co
ANB =X\ (CAUCB).
Bdi (b) va (¢) suy ra AN B € &, tie la (¢’) duge thda méan.
e Gid sit ta ¢ (¢'): V6i A, B € € ta ¢
ANB=X\(CANCB).
Béi (b) va (¢’) suy ra AU B € &, tic la (c¢) duge théa man.
Vay dinh 1y duge ching minh. O

Nhan xét 1.3. Néu & 1a mot dai s6 tap hop trén X thi ta co cac khang
dinh sau day:

)0ek.
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11) Néu Ay, Ay, . Ay € E thi
Udiee w 4ec
j=1 j=1

|:anNéuA,Beé’thiA\Be(‘,’v;;u}?\Aeé’.
h 1y 1.4. Giao ciia mot ho tuy 1 cdc dai s6 tap hop trén X cing la

mot dai so tap hop trén X.

Chitng minh. Goi &;,j € J la cac dai sd tap hop trén X. Dat

[ E=(¢&

jeJ

eTaco X €& voimoij € Jnen X € &, tic la diéu kien (a) Dinh nghia

H duoc thdoa man.
éuAGSthiAEEjvc’iiinjEJ.Khidé,C’AE(i’jvéimoijEJ

vi &; la dai s6 tap hop. Tu day suy ra CA € &, tic la diéu kién (b) Dinh
nghia [1.1] dugc thoa man.

e Gia st A,B € £. Khi do, A,B € &; véi moi j € J. Tu day suy ra
AUB € &; véimoi j € J. Do do AUB € &, tiic la diéu kien (¢) Dinh nghia
dugc thdéa man.

Vay £ 1a mot dai s6 tap hop trén X.

Vay dinh 1y dugc chttng minh. O

Nhan xét 1.5. Gia stt S 1a ho tuy ¥ cac tap con cia X. Goi P(X) la
ho tat ca cac tap con cia X. Khi d6 c6 thé kiém tra rang, P(X) 1a mot dai
s6 tap hop trén X, va goi la dai s6 tap hop 16n nhat tren X. Hién nhien,
S C P(X). Ta goi £(S) 1a giaom tat ca cac dai s6 tap hop tréen X chia
ho S, tic la

E(S) :=nN{D : D la dai s6 tap hop tren X va S C D}.

Khi d6, béi Dinh 1y ta c6 £(S) 1a mot dai s6 tap hop tren X.

e Ta goi £(S) la dai s6 tap hgp sinh bdi ho S.

e £(9) la dai s6 tap hop nho nhat (theo quan hé bao ham) chia S.

e Ho S 1a mot dai s6 tap hop tréen X néu va chi néu £(S) = S.
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1.1.2. Pai sb sinh bdi cac gian trong R”
Ta goi T la ho cac tap con ctia R ¢6 dang sau
T :={0.[a,b], (a,b), [a,]), (a,b], [a, +00), (—00,b], (a, +00), (=00, b), R}.
Ta c6 thé kiém tra rang, néu I,J € T thiINJ € T va
I'eT
R\ I = (1.1)
I'vr vei ', 1 e7T,I'nl” =0.
Tap con A C R" dugc goi 1a mot gian trong R” néu né c6 dang sau
Aill X Iy X ... X[,L, 11,12,...,In€7d.
Ta goi £ 1a ho tat ca cac tap con trong R” dude biéu dién bdéi hgp hitu
han cac gian roi nhau trong R™. Khi d6, ta c6 két qua quan trong sau day.
Dinh ly 1.6. Ho £ la mot dai so tap @trén R”.

Chitng minh. e Chon
L=L=..=1,=R

thi ta cé
R'=5LHxIhx..x1I,e&,

titc 1a diéu kien (a) Dinh nghia [1.1) dugc thda man.
o Lay A, B € £. Khi do, A va B ¢6 thé viét dudi dang:

A=A (A NA; =0, #4),

j=1
k

B = UA; (AL NA;=0,Vj # i),
j=1

trong d6, A; (j =1,2,...,m) va A} j =1,2,.... k la cic gian trong R".
Do Ajj = AjN A 1a mot gian trong R" nén ta c6

m

k
AnB=(Ja |NIUa HEUaina) = A, ee,
j=1 j=1

i7j
titc 1a didu kien (¢’) Dinh 1y [1.2 duge théa man.

e Ta kiém tra diéu kién (b) Dinh nghia [L.1} Trude hét, véi A € € thi
CAeé.
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That vay: gia st
A=11 xIyx..xI,.

Ta c6

CA = (R\ 1)) x R" )| J(Iy x (R\ ) x R"?)
U...U(h X ..o X Iy x (R\ 1)) .

Béi (1.1)), ta suy ra CA € £.
Gia st A € € va

J=1 ' |:|

voi Aj, 7 =1,2,...,m la cac gian roi nhau trong R". Ta c6
n n
ca=clJa | =N ca;
j=1 j=1

Do CA; € € v6i moi j nén bdi dieu kién (¢’) da duge ching mi trén
ta suy ra CA € €. Vay diéu kién (b) Dinh nghia duge théa man.

Tém lai, £ 1a mot dai s6 tap hgp trén R”.
Vay dinh 1y dugc chiimg minh. O

Nhan xét 1.7. Dai s6 tap hop £ trong Dinh 1y tring véi dai s6 tap
hop sinh béi cic gian trong R™.

Chatng minh. Goi A 1a ho cac gian trong R"™. Do A C € va £ 1a mot dai so
tap hop nen suy ra £(A) C €.

Ngudgc lai, lay A € € v6i
A=A,
j=1

Do céc gian A; € E(A) nén suy ra A € E(A), tic 1a € C E(A). Vay
E=E(A).

Vay nhan xét dugc chimg minh. O
1.1.3. o - dai sb tap hop

Dinh nghia 1.8. Cho X 13 mot tap hop khac rong. Ho F gom céc tap

con clia X dudc goi 1a mot o - dai s6 tap hop trén X néu né thoéa man cac
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diéu kien sau:

(a) X € F;
(b) Néu A € F thi CA € F; |:|
(c) Néu A; € F véimoi j =1,2,... thi

DOAJ- e F.

j=1

Néu F 1a mot o - dai s6 tap hgp trén X thi nd cting 1a mot dai s6 tap hop
tren X. That vay: néu A, B € F thi bang cach dat Ay = A, Ay = B, A3 =

Ay = ...=10, bdi dieu kié}] (a) va (c) ctia Dinh nghia|1.8 ta ¢
+oo
AUB = U Aj e F.
j=1

Tric la diéu kién (c) Dinh nghia (1.1 dugc théa mén.
Dinh 1y 1.9. Cho F la mét o - dai s6 tap hop trén X. Khi dé, diéu kién
(c) Dinh nghia tuong duong vdi dieu kién sau:

(¢’) Néu A; € F vdi moi j =1,2,... thi
+00

(A€ F.

j=1

Chaing minh. Gia sit F la mot o - dai s6 tap hop tréen X. Khi d6, su tuong
duong gitta (c) va (¢’) duge suy ra tit dieu kien (b) Dinh nghia |1.8 va luat
De Morgan sau day: v6i A; € F,j =1,2,... ta c

“+oo +oo +oo +o0
ﬂAj:X\ UCAj ,UAj:X\ ﬂCAj
j=1 j=1 j=1 j=1

Vay dinh 1y dugc chting minh. O

Dinh ly 1.10. Giao ctia mot ho tuy 4 cic o - dai s6 tap hop trén X
ciing la mot o - dai s6 tap hop trén X.

Chiing minh. Goi Fj,j € J la cac o - dai s6 tap hop tren X. Dt

F=7F

jedJ

e Taco X € Fj véimoi j € J néen X € &, tic la diéu kién (a) Dinh
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nghia |1.8 dugc théa man.
e NéuAe Fthi Ae F; véimoij € J. Khi do, CA € F; véimoi j € J
vi F; la o - dai s6 tap hop. Tt day suy ra CA € F, tic 1a dieu kién (b) Dinh
nghia |1.8 dugc théa man.
e Giastt Aj € F véimoi j =1,2,... Khi d6, A; € F; véi moi j € J. T
day suy ra
“+00
U Aj S ./—"]
J=1
v6i moi j € J. Do dé ta cé
+00
U Aj € F,
j=1
ttic 1a diéu kién (c) Dinh nghia [1.8| dugc théa mén.
Vay F la mot o - dai s6 tap hop trén X.
Vay dinh Iy dugce chiing minh. O
Nhan xét 1.11. Gid st S 1a ho tuy ¥ céc tap con cia X. Goi P(X) la
ho tat ca cac tap con ctia X. Khi d6 6 thé kiém tra ring, P(X) 1a mot o -
dai s6 tap hop tren X. Hién nhien, S C P(X). Ta goi F(S) la giao ctia tat
ca cac o - dai s6 tap hop trén X chia ho S, tic 1a
F(S):=n{D:Dlao - daisd tap hop tren X va S C D}.

Khi d6, béi Dinh ly ta c6 F(S) 1a mot o - dai s6 tap hop trén X.

e Ta goi F(S) la o - dai s6 tap hgp sinh béi ho S.

e 7(S) la o - dai s6 tap hgp nho nhat (theo quan he bao ham) chita S.

e Ho S 1a mot o - dai s6 tap hgp trén X néu va chi néu F(S) = S.
1.1.4. Mot s6 vi du

Vi du 1. Cho X 1a mot tap hop khac rong. Khi do, € = {0, X} 14 mot
o - dai s6 tap hgp (va hién nhién ciing 1a dai s6) tren X, va dugdc goi la o -
dai s6 tap hop nhé nhat tren X.

Vi du 2. Cho X 1a tap hop c6 vo han phan tit. Goi £ 1a ho céc tap con
A ctia X théa man A c6 hitu han phan tit hosic CA c6 hitu han phan ti.
Chitng minh rang £ 1a mot dai s6 tap hgp trén X nhung khong phai 1a o -
dai s6 tap hop tren X.
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Chitng minh. £ 1a mot dai s6 tap hgp trén X. That vay:
e Taco X € £ vi CX = () khong c6 phan tit nao.
e Gid st A € £. Khi dé ta c6 hai truong hgp sau cé thé xay ra:
- Néu A hitu han thi CA € € vi C(CA) = A ¢6 hitu han phan ti.
- Néu C'A hitu han thi CA € &.
e Gia st A, B € £. Khi d6 ta c6 cac trudng hgp c6 thé xay ra nhu sau:
- Néu A va B déu hitu han thi AU B cfing httu han, va do d6 AUB € €.

- Néu C'A hoac CB hitu han thi CANC B ciing hitu han. Do C(AUB) =
CANCBnénsuyra AUB € €.

Ta chitng minh £ khong phai 1a mot o - dai s6 trén X: That vay: do X
14 vo han nén ton tai day cac phan tit khac nhau doi mot khac nhau thuoc
X, cu thé
Dat
Ap={m )} k=1,2,3, ..

Khi d6 ta ¢c6 Ay € € v6i moi k = 1,2,3, ... Tuy nhién, tap

+oo
A=JAx ¢E,
k=1
vi cd A va C'A déu c6 vo han phan ti. O

Vi du 3. Gia st X la khong gian t6 po. Goi B(X) 1a o - dai s6 sinh béi
ho céac tap mé trong X . Khi d6, B(X) con duge goi 1a o - dai s6 Borel trén
X va moi tap A € B(X) duge goi 1a mot tap Borel.

1.2. D6 do trén dai s6 tap hop

1.2.1. Dinh nghia va cac vi du

Dinh nghia 1.12. Ta goi ham tap la 4nh xa xac dinh trén mot ho nao
d6 cac tap hop va nhan gié tri thudoc mot trong céc tap sau day: tap sb thuc
R, tap R' :=RU {+oo}, tap R :=RU {—o0}, tap s6 phtic C.

Dinh nghia 1.13. Goi S 1a mot ho cac tap hgp chita tap hop rong. Ham
tap p xac dinh tréen S duge goi 1a cong tinh néu né théa man cac dieu kien
sau day:

16



(a) u(0) = 0;

(b) Neu A,Be Sva ANB =0 th (AU B) = u(A) + p(B).

Néu diéu kien (b) duge théa man véi moi day cac tap con roi nhau doi
mot ctia S, tiic 1a v6i moi day (Ay) > C S théa man A, N A, =0, Vk #m
va

+00
U AL eS8
k=1
+00 +00
It <U Ak) = (A,
k=1 k=1

thi p duge goi la o - cong tinh.

ta co

Dé thay rang, moi ham tap o - cong tinh ciing 13 cong tinh.
Vi du 4. Gia st X 1a mot tap hop ¢6 vo han phan tit. Goi p 14 ham tap
xac dinh trén P(X) xac dinh bdi, véi A C X

n khi A c6 n phan ti
+00 khi A c¢6 vo han phan ti.
Khi d6, p 1a ham tap o - cong tinh.

Chitng minh. Tt dinh nghia ctia p ta ¢6 u(0) = 0. Gia st (Ax) 1a mot day
trong P(X) théa man Ay NA,, = 0, Vk # m. Ta xét hai trudng hgp sau day:

e Ton tai Ay, c6 vo han phan. Khi do ta c6
+00 —+00
I (U Ak) = ZM(Ak) = +00.
k=1 k=1

e A ¢6 hitu han phan tit v6i moi k = 1,2, 3, .. Khi d6 c¢6 hai truong hgp
x4y ra la:

- Ton tai kg > 1 sao cho A; = () v6i moi k > ky. Khi do ta co6
“+00 k[) ko +00
(U] =0 (U = ot = St
k=1 k=1 k=1 k=1

- V6i moi k > 1 déu ton tai m > k sao cho A,, # (). Khi d6, bang cach
loai cac tap rong (do khong anh huéng khi ldy hgp va tinh téng) ta cé the
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gid stt Ay # 0 v6i moi k = 1,2,3, ... Vay ta c6

+00 +0C
i <U Ak> = Zu(Ak) = +00.
k=1 k=1
O
Dinh nghia 1.14. Cho £ 1a mot dai s6 tap hop trén X. Ham tap u xac
dinh trén &€ duge goi 1a mot do do néu né la o - cong tinh, tic 14 v6i moi
day (Ax);{2] C € thoa man

+00
A VAn =0, Vk#m va | JAv €&
k=1
ta co

+00 “+0o0

It (U Ak-) = > n(Ap).
k=1 k=1

Do do p duge goi 1a duong néu p(A) > 0 véi moi A € E.

Néu p 14 do do nhan gia tri phiic thi ta c6 thé viét g = Rep+ ilmpu, trong
d6 Rep va Imy 1a cédc do do nhan gia tri thuc. B6i dinh 1y Jordan (Dinh ly
A3), mot do do ludn duge phan tich thanh hiéu hai do do duong. Vi vay, viéc
nghién citu do do bat ky dugc dua vé nghién cttu do do duong. Trong cuén
gido trinh nay, néu khong néi ré cu the, ta luon hicu do do dang xét 1a do
do duong.

Dinh nghia 1.15. Cho £ 14 mot dai s6 tap hop tréen X. Do do pu: & —
R dugce goi la:

(a) hitu han néu pu(X) < +oo;

(b) o - hitu han néu ton tai day tap hop A; € € véi moi j = 1,2,3, ...

sao cho
+oo

X = U A; va p(A,) < 4oo.
j=1
Dinh nghia 1.16. Cho F 1a mot o - dai sd tap hop tréen X. Do do
Wi F — R duge goi 1a dii néu moi tap con ciia mot tap thuoc F va c6 do
do bang 0 thi cling thuoc F va do dé cling ¢6 do do bang 0.

Sau day ta dua ra mot s6 vi du vé do do.
Vi du 5. Cho X la tap khac rong. Goi € = {0, X} va u la ham tap xéc
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dinh trén C bdi
0 ntud=90
u(A) = )
1 néuA=2X.
Khi d6, p 1a mot do do hitu han. Hon nita, béi Vi dufl] £ 1a mot o - dai
s6 trén X va c6 thé kiém tra ring p ciing 1a do do du.

Vidu 6. Gia st X 1a tap ¢6 vo han phan tit. Goi p 13 ham tap xac dinh
trén o - dai s6 P(X) gom tat ci cac tap con ctia X cho bdi

0 néu A=10
w(A) =< n néu A c6 n phan ti
+o00  néu A c6 vo han phan ti.

Khi d6, p 1a mot do do tren P(X). Hon nita, néu X la tap vo han dém
duge thi g 1a do do o - hitu han nhung khong hitu han; néu X 1a tap qua
dém duge (tic 1a ¢6 hye lugng continum) thi g khong phéi 1a do do o - hitu
han.

1.2.2. Cac tinh chat co ban ctia do do

Dinh 1y 1.17. Cho p la mot do do trén dai so tap hop £. Khi dé ta co:

(a) Néu A,B € £,B C A thi u(B) < u(A).

(b) Néu A,B € E,B C A va u(B) < +oo thy u(A\ B) = u(A) — u(B).

(c) Néu

+0o0 +00
Ajeg(j=1),JA e aeg Ac 4

j=1 j=1
thi ta co
+00
u(A) <) u(4y)
j=1
(d) Néu

+00 oo
Aee(i=1).JA e 4A=0Vi#kAcE | JAcCA
=1 j=1
thi ta co
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Ching minh. (a) Vi B C A nén ta c6 A= BU (A\ B). Béi tinh cong tinh
cua 4 nén ta co

u(A) = u(B) + n(A\ B) = u(B).
(b) Tuong tu cau (a) ta co
1(A) = u(B) + p(A\ B). (1.2)

Néu p(A) = +oo thi béi u(B) < 400 nén suy ra p(A\ B) = 4+00. Vi
vay ta co

W(AN B) = p(A) — u(B) = +oo.
Néu u(A) < +oo thi béi p(B) < +00 nén tix ta suy ra
W(AN B) = u(A) — u(B).

(¢) Trude hét ta ching minh két qua sau: véi moi day (B;) C € ta luon
xay dung duge day roi nhau doi mot (B)) C € sao cho:
+00 +o0
BicB;,vVi>1w | JB;=JB.
j=1

j=1

That vay: Dat

7—1
By = Bi, By = By \ B{. By = By \ (B{ U BY), B} = B; \ (| BY.
k=1

Khi do, ta dé thay rang Bj € £, B; C Bj, Vj > 1, BiN B, =0, Vj # k

+00 +00
UsBjclU s
j=1 j=1

va

+00
S U Bj.
j=1

Goi jo 1a chi s6 nhé nhit ma x € Bj, va x & B;, Vj < jo. Tt day suy ra
x ¢ B}, Vj < jo vado do
Jo—1

r € Bj,\ | J B = B,
k=1
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Thc 1a
+00
!
T E U Bj.
j=1
Vay ta co

+00 +00
Usi=UBs:
j=1 j=1

Vay day (Bj}) da dugc xay dung xong.
Bay gio ta sé ching minh (¢): do

+00
Ac 4
j=1
két hop véi (a) ta co

A) < p DoAj . (1.3)

Goi (A;)LS_ZC 1a da; dc xay dung nhu trén. Khi d6, béi tinh o - dai s6
cua do do 0

+00 +00 +00
Ui =u{UA | =D mA) <D u4). (1.4)
j=1 j=1 j=1

Tu va ta suy ra

Vay (c) duge chiing minh.

(d) Do day (A;) la doi mot rdi nhau va € 1a dai s6 tap hop nén véi moi
n>1taco

J=1
Bdi cau (a) ta co6
n 400
plUA | <u U4 | <wmA).
j=1 j=1
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Suy ra

Cho n — 400 ta nhan duoc
+00
> u(4;) < p(A).
j=1

Vay (d) duge chiing minh.

Vay dinh 1y dugc chting minh. O

Dinh nghia 1.18. Cho (A,,) 1a mot day cac tap con cua tap hop X. Ta
goi gi6i han trén cua day (A,), ky hiéu 1a limsup,_, ., A,, la tap hop duge
xac dinh béi cong thic sau

+00 +00 +00 +00
limsup A4,, := ﬂ U Apir = ﬂ U Ap..
n=+00 n=1k=1 n=1k=n

Ta goi gidi han dudi cua day (A,), ky hiéu liminf, . A,, 1& tap hop
dugc xac dinh béi cong thic sau

+00 00 +00 +00
timinf A, = | () Auer = U () A
n—-+00

n=1 k=1 n=1k=n

Néu
limsup A, = liminf A, = A

n——+o00 n—+00
thi ta goi A la giéi han cia day (A,) va ky hieu 1a lim,,, ;- A, = A.
Nhan xét 1.19. Déi v6i cac day tap con don diéu ta c6 cac khing dinh

Sau

lim A, =

n—+o0o

ZS} An néu Al C AQ C ...
A, néu A; O Ay O ..

Chitng minh. @ Néu A; C Ay C ... thita co

+00 +00 400
Ua=U4 w [A=4,, ym=>1
n=1

k=m k=m

T d6 suy ra

n—+0o00

+00
limsup A,, = lrllr_r} Eolof A, = LJI A,
n=
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tuc 1a
lim A, =UXA,.

n—+oo
e Néu A; D Ay D ... thitaco

+00 +00 +00
UA=4. v (A=A, Ym>1

k=m k=m n=1

T d6 suy ra

+00
limsup A,, = liminf A, = ﬂ A,
n——400 n—+00
n=1
tic 1a
n1—1>r-i{loo An - m:{iolA".
Vay nhan xét dugc chimg minh. O

Dinh 1y 1.20. Cho &€ la mot dai s6 tap hop tren X va p: € — R la
mot do do. Khi do ta c6 cdc ménh dé sau:
(a) Néu (A,) C & la mot day tang va théa man
lim A, €&

n—+oo

nl—l>r—i{loo ,U(An) K (7L1—1>£I—loc A”) '

(b) Néu (A,) C € la mot day gidm vdi u(Ay) < 400 va théa man
lim A, €&
n—+00
lim u(A,) =p ( lim An> .

n—-+00

Chitng minh. (a) e Gia stt ton tai ng > 1 sao cho u(A,,) = +o0o. Khi dé ta

c6 u(A,) = +oo véi moi n > ngy. Tu 'ﬁ:ljy ra
HEIPOCM(AH = +o0. (1.5)
Mait khac, bdi Nhan xét ta co
+00
4= U
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+oo = u(A4,,) < p < lim An) = U ( lim An> = 4o00. (1.6)
lim p(A,) = ,u( lim An> = +o00.
ctia day (A,) ta c6

T day suy ra
n—-+00 n—-+00

Tit (1.5) va (1.6) suy ra

n—+o0o n—+0oo

e Gia sit u(A,) < +oo v6i moi n > 1. Béi Nhan xét va tinh tang

+o00 +00
lim A, = UlAn =AU (UQ(AH \ An_1>> .

n= n=

Diéu nay cting véi tinh o - cong tinh ctia g va Dinh 1y ta c6

Il <n§r+noo An> =1 [Al U (LOJO(An \ An1)>]
= pu( A1) + p <Loj(z4n \ Anl))

n=2
+0o

= u<A1> + Z :M(An \ An—l)

n=2

= lim pu(A4,).

n—+oo

(b) Do (A,) la day giam nén béi Nhan xét ta co

+00
lim An:| |AnCA1.
n—+00 1

n=

Suy ra

+o00
p( lim Ay) =p (ﬂ An> < u(4y) < +o0.

n—+oo
n=1

bat B, = A1\ A, véi moi n > 1. Khi d6 ta c¢6 (B,,) la day tang. Hon
nita, béi Nhan xét va gia thiét ta co
+00

+00
lim B, = L_Jl B, =4 \Q Ap=A\(lim A,) €&

24



1 [

Suy ra

p(tim B) = ) ot ,). (17)

n—-+00 n—+o0
Mt khac, ap dung cau (a) ta co
u( lim Bn> = lim w(B,)=p(4;) — lim A,. (1.8)

n—-+00 n—-+0o00 n—-+0o00

Tu va suy ra
lim p(A,) =p ( lim An> :

n—+oo n—+o0o

Vay dinh 1y dugc chitng minh. O
Dinh 1y 1.21. Cho u : £ — R la mot ham tap cong tinh trén dai so
tap hop €. Néu

lim p(A,) =p ( lim An>

n—+0o0o n—+o0o
vdi moi day tang (A,) C € théa man
lim A, €&

n——+00

thi u la mot do do.

Chitng minh. Dé chiing minh p 13 do do trén € ta sé chitng minh né la o -
cong tinh. That vay: Lay (A,) 1a day cac tap roi nhau doi mot trong & va
thoa man
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Ap dung gi thiét ta c6

(G4)-+(0)

Vay p la mot do do trén €.

Vay dinh 1y dugc chiing minh. O
1.3. Tap do dugc va do do cam sinh bdi do do ngoai
1.3.1. Do do ngoai

Dinh nghia 1.22. Cho X la mot tap hop khac rong. Khi d6 ham tap
pt o P(X) — R duoc goi 1a mot do do ngoai néu théa man cac dieu kien
sau:

i) pr(0) = 0;

ii) p* 1a o - cong tinh dudi, tic la
+00 +00
n=1 n=1

iii) p* 1a ham tang: p*(A) < p*(B) véimoi A, B € £, A C B.
Vidu 7. Cho X = {a,b}. Goi p* 1a ham tap xéc dinh béi

M*(A):{O néu A =1

n—i—% néu A c6 n phan ti.

Khi d6, p* 1a mot do do ngoai nhung khong phai la mot do do trén P(X).
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Ching minh de thg w* théa man i) va 7). Dat

A = {a}, B ={b}.
Ta c6
A+ (B)=(1+1)+(1+1)=4. (1.9)
Va 1 s
w(AUB) :2—1—5:5. (1.10)

Tt (L9) va (1.10) suy ra
W (AUB) < 5 (A) + 4(B),
tite 1a p* 1a cong tinh dudi (théa man #4)). Vay p* 1a mot do do ngoai.
Mat khéc, tit d6 ciing suy ra p* khong théa man tinh chat cong tinh, do
dé p* khong phai la do do. O
Vidu 8. Cho X 1a mot tap hop ¢6 vo han phan ti. Khi d6 p* : P(X) —
R 1 ham tap xac dinh bai
0 néu A =1
(A =<n+ % néu A c6 n phan ti
+00 néu A c6 vo han phan ti.
Khi do, p* 1& mot do do ngoai.
Chiing minh. Dé thay p* thoa man diéu kien ) va 7ii). Gid st (A,) 12 mot
day tap hop bat ky trong P(X). Ta xét cac truong hgp sau day:
e Néu ton tai A,, c6 vo han phan ti thi ta c6
+00

n=1

+o00
ZN*(AH) > 1 (Ay,) = +oo0.
n=1

Tu d6 suy ra 7i) duge thda man.

e Néu A,, déu c6 hitu han phan t1t véi moi n > 1 thi sé c6 hai truong hop
xay ra nhu sau:

- Ton tai ng > 1 sao cho A, = () véi moi n > ng. Khi d6, goi a; 1a s6
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phan tit clia tap A, v6i moi k = 1,2,...,ny. Ta ¢

(U] (0

=a1+ay+ ... + ay, +

1 1 1
< — —)+ ... no + —
_(a1+a1)+(a2+a2)+ +(a°+ano)

1
a1+ ag + ... + Qy,

no

= w(Ar)
=) i (A).

- V6i moi n > 1 luon ton tai m > n sao cho A, # (). Khi d6, bang cach
loai bo di cac tap rong ta cé thé gia sit A, # 0 véi moi n > 1. Liic nay ta c6

oo +o00
i (U An> = Z,u*(An) = 400.
n=1 n=1
Toém lai, i7) duge thoa man va p* 1a do do ngoai tren P(X). O
1.3.2. Tap p* - do dugc va do do sinh bdi dé6 do ngoai
Dinh nghia 1.23. Cho z* : P(X) — R la mot do do ngoai tren P(X).
Khi do, tap E € P(X) dugce goi la p* - do duge néu thoa man
WA = (ANE)+pu (ANCE) VA€ P(X). (1.11)
Nhan xét 1.24. Bdéi tinh o - cong tinh du’(’ju*, nén véi moi A €
P(X) ta ludn co:
p(A) <p (ANE)+u (ANCE).
Do d6, dé chitng minh déng thitc (1.11), ta chi cdn chitng minh bat déng

thic sau
(A > (ANE)+ " (ANCE) VAeP(X).

Dinh 1y 1.25. Cho p* la mot do do ngoai trén P(X) va goi F la ho tat
cd cac tap con p* - do duge cia X. Khi dé, F la mot o - dai s6 tréen X va
han ché cia p* len F la mot do do.

Chitng minh. e Trudc hét, ta ching minh F 1a mot dai sd tap hop:
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-Tap X € F vivéi moi A € P(X) ta co
pHANX) +p (AN CX) = p(A) + 1 (0) = p*(A).
- Gid st E € F. Khi d6, v6i moi A € P(X) ta co
WANCE)+ p (ANC(CE)) =p"(ANCE)+ " (ANE) = pu*(A).
Diéu nayg:'g t6 CE € F.
- Gia st E, F € F. Ta sé ching minh FU F € F.
Théat vay: Do E, F € F ta c6

= u*-:::IE) + WAALE), VA€ F. (1.12)
A) = u* F)+ utAARCE), YA€ F. (1.13)

Tir (1.13)) ta thay A béi cac tap ANE va ANCE ta co
WANE)=pw (ANENF)+u (ANENCE). (1.14)

,ﬁ() = 1*(ANCENF)+ i (ANCENCF). (1.15)
Thay (1.14) va (1.15) vao (1.12) ta c6
P (A) = (ANENF)+p (ANENCF)
+u (ANCENF)+ " (ANCENCEF).

Tir (1.16) thay A bdi AN (EUF), véi cha y
AN(EUF)NENF=ANENF
AN(EUF)NENCF=ANENCF
AN(EUF)NCENF=ANFNCE

U F) NCF =1
ta thu duoc T E

p(AN(EUF)) = W (ANENF) 4+ (ANENCE)+ " (ANFNCE). (1.17)

Két hop (1.16) va (1.17) ta thu dugc

W(A) =W (AN (EUF)) + " (ANCENCF), YA€ F.

Diéu nay ching t6 EUF € F.

e Bay gio, ta sé chitng minh F 1 o - dai s6 tap hop:
Gia stt (E,) 1a day tap hop tiy ¥ trong F. Ta sé chitng minh déng thiic sau
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[ ]
day |:| +00

E:Umeﬁ

n=1

Do tit mdi day tap hopbat ky trong mot dai s6 tap hop ta luon cé thé
xay dung duge day mdéi gom cac tap roi nhau doi mot va c6 hop khong thay
ddi (xem chitng minh Dinh Iy (C)) nén ta co thé gia si tryc tiép ring day
(E,) roi nhau doi mot.

Tit cong thite (1.17), néu gia thiét them ENF =) ta c6

p(AN(EUF))=u"(ANE)+u (ANF). (1.18)

T cong thiic 1D bing quy nap va bdi F la dai sb6 tap hop, ta c6 theé
chiing minh dugde két qua sau day:

mmm(gﬁm)f;MAmEmvmzL[:](um

n=1 n=1

6 E, =F,.
n=1

Do F,, € F,F,, C E v6i moi m > 1 nén tu 1) va tinh tang cta p* ta

P

CO
iH(A) = (AN E,) + (AN CE,)

>3 p(ANE,) +p(ANCE), VA € P(X).

n=1

Cho m — +0o0 ta thu duge
+00

pr(A) =) p(ANE,) + p(ANCE). (1.20)

n=1

Béi tinh o - cong tinh dudi ctia p* nén ta c6

+0o0
E}&Amﬁ»ﬂﬁ(LﬂAnmolﬁmmEy (1.21)

n=1

Tu va ta suy ra

w(A) > (ANE)+ u (ANCE).

n=1
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Tit day va béi Nhan xét ta thu dudc

p(A) = (ANE)+p (ANCE), VAe F.
Diéu nay chiing t6 E € F. Vay F la o - dai s6 tap hop.
e Cudi cling, ta sé chimg minh p*|# 1a mot do do trén F:

Tt (9), néu ta thay A bsi U2 F, thi ta sé thu dugc
+00 +0o0
v (U E> SN
n=1 n=1
Diéu nay két hgp vdi tinh o - cong tinh dudi ctia p* ta thu duge
+00 +00
7 (Un) - Sww
n=1 n=1
Diéu nay chimng té p* han ché trén F c6 tinh o - cong tinh, tic 1a né 1a
mot do do trén F.

Vay dinh 1y dugc chting minh. O
bodov:=pu|r: F— R xac dinh nhu trong Dinh 1y dugce goi 1a

do do cam sinh béi do do ngoai u*.

Két qua sau day cho ta mot s6 tinh chat co ban ctia do do cdm sinh v.

Dinh 1y 1.26. Tap con E cia X la p* - do duge vdi v(E) = 0 néu va
chi néu p*(E) = 0. Tu day suy ra v la mot do do di tren F.

Chiing minh. e "=": Néu E la tap u* - do dudc, tic la E € F, va thdéa man
v(E) =0 thi u*(F) =v(E)=0.

o "M Gid st E C X va p*(E) = 0. Khi do, véi moi A € P(X) ta
c6 ANE C EvaAﬂ(Ef;j E. B6i tinh tang ctia p* ta ¢6 p*(ANE) =
W (ANCE) =0. Tu da r

p(A) > (ANE)+p (ANCE) =0.

a

Bdi Nhan xét ta suy ra
p(A) =p (ANE)+ " (ANCE).

Diéu nay c6 nghia la E la tap p* - do duge va v(E) = p*(E) = 0.
Vay dinh 1y dugc chiimg minh. O
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1.4. Thac trién d6 do tir mot dai s6 lén mot o - dai sb
Dinh 1y 1.27. Cho &€ la mot dai s6 tap hop tréen X va p: € — R &
mot do do. Khi do, ham tap p* xdc dinh nhu sau:
+00 +00
pr(E) =inf{d) " u(A,): EC | J A A, € E}, VE € P(X),
n=1 n=1
la mot do do ngoai tren P(X).
Chitng minh. e Dé thay rang p*(0) = 0.
e Ta chiing minh tinh tang ctia do do ngoai: Gia st £ C F. Khi d6, néu
day (A,) C &€ thoa man
FclJA,

thi ta co
Ec|]JA.

n
Do d6, béi dinh nghia cta inf ta suy ra p*(E) < p*(F).
e Ta ching minh tinh o - cong tinh dudi cia do do ngoai: Gia sit (E,) 1a
day tap con bat ky trong P(X).

Lay € > 0 bat ky. V6i moéi E,, béi dinh nghia ctia inf, ton tai day tap
hop (A, )r C € théa man:

E, c|JAn. (1.22)
[ "'
+00 c
w(En) < ZN(AM-) < u(E,) + o’ (1.23)
k=1
Tu (1.23]) suy ra
+00 +po +00 +00 E +00
ZZN(AM) < ZM*(EH) +Zﬁ = ZN*(En) +e (1.24)
n=1 k=1 n=1 n=1 n=1
Tir (1.22) suy ra
+00 +00 +00
UE. c A4
n=1 n=1k=1
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Tu day va boi dinh nghia ctia pu* va ) ta suy ra
+00 +00
(Ue) <X ¥ <zu
n=1 k=1
Cudi ciing, cho € | 0 ta thu duge
+00 —+00
Iy (U En> <> ui(E
n=1 n=1

Vay p* 1a mot do do ngoai.

Vay|dinh 1y dugc chiing minh. O
Dinh ly 1.28. Cho & la mot dai sptaplhop trén X . Khi dé, moi do do
W€ — R luon cé thé thic trién thath mot do do du zac dinh trén mot o
- dai s0 F, chita £, tic la ton tai mot do do di i : Fu— R sao cho

aw(E) =u(E), VE € £.

Ching minh. @ Do i : & — R do o trdgn dai s6 tap hgp £ nén bdi Dinh ly
1.27, ta goi u* do do ngoai tuong tng véi pu. Goi F, la ho cac tap con u* -
do duge cia X. Béi Dinh Iy , F, la mot o - dai sO tap hop tréen X va
hon nita

Fou f# — K+
14 mot do do. Bai Dinh 1y [1.26] f 1a mot do do dii tren F,,.

e Ta ching minh & C F,: Lay E € £. Goi A la mot tap con bat ky cla
X va e > 0 la s6 duong nhé tuy ¥. Béi dinh nghia p*(A) (Dinh 1y [1.27)), ton
tai day tap hop (A,) C € théa man A C U, A, va

S n(An) < i (A) + e

n=1

Ta co

+00 +00
ANEC()AUEvaANCEC (|A.NCE, ANE€ & ANCE€E.

n=1 n=1
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Do dé6 tiép tuc ap dung dinh nghia ctia p* ta c6

+00 +00
W(ANE)+p (ANCE) <> (A, NE)+ ) (A, NCE)

n=1 n=1

_Z (A, N E) + u(A, NCE))

= ZN(AH>
|:| < ZM(ATL)

n=1
< pr(A) +e.
Cho € | 0 ta thu dugc
p(A) > (ANE)+ p (ANCE).
Béi Nhan xét , ta co
p(A) = (ANE)+p (ANCE).
Tic la E la tap p* - do duge. Vay € C F.
e Cudi clng, ta chiing minh p(E) = a(FE) v6i moi E € £.

That vay: Lay E € £. Dat Ay = E, Ay = A3 = ... = (). Khi d6, ta c6 day
(A;,) théa man
(A)) C € va EcC|JA.

Do do
A(E) = i (E) < 3 j(Ay) = (E). (1.25)

Mat khéc, véi moi day{(A,) thoa méan
) CE va EC| A,

n

Béi Dinh 1y [1.17(c), ta c6
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Do dé6, béi dinh nghia ctia p* ta ¢6

u(E) < p'(E). (1.26)
T (1.25) va (1.26) ta suy ra u(E) = a(E).
Vay dinh 1y dugc chiing minh. O

Nhan xét sau day la su cu thé héa ctia Dinh Iy trong viéc théc trién
mot do do titr dai s£ ta; hop lén o - dai s6 tap hop.

Nhan xét 1.29. Tit cac két qua 6 muc nay, ta todg ket|thanh quy trinh

théac trién do do tit mot dai s6 tap hop lén mot o - daisotap hgp nhitsau;

cho p 1a4 mot do do trén dai s6 tap hop €
Buéce 1: Xac dinh do do ngoai p* tuong iing véi p theo Dinh 1y ;
Buéc 2: Xac dinh o - dai s6 F,. bao gom tat ca cac tap u* - do dugc
theo Dinh 1y [1.25}
Budc 3: Dit i := p*|,. Béi Dinh ly ta suy ra 1a do can tim.
Cha y 1.30. Véi cac gia thiét nhu trong Dinh ly , néu goi F(&) la
o - dai s6 tap hop sinh béi € thi ta c6 F(E) C F,.

1.5. D6 do Borel va do6 do Radon D D

Cho X la mot khong gian to po. Goi B(X) la o - dai s6 Borel sinh bdi
ho cac tap mé trong X (xem thém Vi du . Sau day ta sé phat biéu dinh
nghia va nghién citu mot s6 tinh chat co ban clia hai do do quan trong trén
khong gian to po X d6 la do do Borell] va do do Radonf]

Dinh nghia 1.31. (a) Mot do do duong xac dinh trén o - dai s6 Borel
B(X) duge goi 1a mot do do Borel.

(b) Mot do do Borel p théa man p(K) < 400 véi moi tap compact
K C X dugc goi 1a do do Radon.

Dinh nghia 1.32. Cho p 1a mot do do Borel trén khong gian t6 po X.
Ta goi gia clia p, ky hiéu la supppu, gom tat ca cac diem = € X sao cho
w(U) > 0 v6i moi lan can mé U ciia x. Ta ¢6 thé viét

suppp = {z € X : p(U) > 0, v6i moi lan can U cia z}.

Nhan xét 1.33. Suppp la mot tap dong trong X.

1Khai niem do do Borel dit theo tén nha toan hoc ngusi Phap: Emile Borel (1871 - 1956)
2Khai niém do do Radon dit theo tén nha toan hoc ngudi Austria: Johann Radon (1887 - 1956)
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Chitng minh. Béi dinh nghia suppp ta c6, x € X \ suppu néu va chi néu ton
tai lan can U ctia o sao cho pu(U) = 0. Ta c6 thé gia st U la lan can mé clia
x. Khi d6, v6i moi y € U, ton tai lan can V clia y sao cho V C U. Vi vay

0<u(V)<pU)=0= puV)=0.
Tic lay € X \ suppu. Suy ra U C X \ suppu. Vay X \ suppu 1a tap md
hay suppp la tap dong trong X.
Vay nhan xét dugc chiing minh. O
Néu X 1a mot khong gian t6 po vé6i co sé dém duge thi ta co két qua dac
biét hon nhu sau.

Dinh 1y 1.34. Cho X la mot khong gian té po véi co s6 dém duge va p
la mot do do Borel trén X. Khi dé, suppu la tap déng nhé nhat trong X sao

cho p(X \ suppp) = 0. :|

Chitng minh. Goi (Uy)p>1 1a co s6 dém duge cac tap mé ctia X. Khi do, ta
co

X \ suppu = U{Un : w(Un) = 0}

Béi tinh chat o-cong tinh dudi ctia do do (Dinh 1y [1.17(c)) ta suy ra
(X \ suppp) = 0.

Gia stt F'1a mot tap con déng ctia X sao cho u(X\F) = 0. Layz € X\ F.
Do X \ F la tap md nén ton tai U, sao cho

rel, CX\F

Suy ra u(U,) = 0, tic la z € X \ suppu. Vay X \ F' C X \ suppp hay
suppu C F.

Vay dinh 1y dugc chimg minh. O

Sau day ta dua ra khai niém tinh chinh quy ctia do do Borel.

Dinh nghia 1.35. Cho p 1a mot do do Borel trén khong gian t6 po X.
Khi d6, do do p duge goi 1a chinh quy néu véi moi tap Borel B déu c6 tinh
chat: V6i moi € > 0 tity ¥, ton tai cdc tap mdé U va tap déng F' sao cho:

FcBcU va uU\F)<e

Dinh 1y sau khang dinh, c6 mot s6 diéu kién thich hop thi tinh chinh quy
la tu dong dat duge.
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Dinh ly 1.36. Cho u la do do Borel hitu han trén khong gian metric X.
Khi do, i la do do chinh quy.

Ching minh. Goi By la ho cac tap con Borel théa méan tinh chinh quy cta
do do p nhu trong Dinh nghia [1.35] ttc 1a A € By néu véi moi € > 0 ton tai
tap dong F' va tap mé U sao cho F C AC U va u(U\ F) <e.

e Ta c6 X € By vi liic nay ta c6 thé chon F = U = X sé théa man diéu
kién chinh quy cua p.

e Gid st A € By. Lay € > 0 tuy y. Khi do, ton tai tap dong F va tap md
Usaocho FC ACUvapu(U\F) < e Tuday suy ra CU la tap dong, CF
1& tap mé thoa man CU C CA C CF va

pw(CF\CU)=puU\F) <e.

Tic la C'A ciing théa méan tinh chinh quy ctia p hay CA € B.

e Giad st (A4,) 1a mot day bat ky trong By. Lay € > 0 tuy y. Khi d6, mdi
A, ton tai tap dong F, va tap md U, sao cho F),, C A, C U, va

1 (U Fy) < (1.27)

on+1 :

Dat U = U/XNU, va E, = U}’Zle. Ta ¢6 E, la tap dong va do p la do

do hitu han nén p(E,) < +oo véi moi n > 1. Tit day % %71 Dinh 1y [1.17(b)
suy ra

+o0 +00
H UFj\En =M UFJ _N(Er)-
j=1 j=1

Do day (E,) la tang nén béi Dinh 1y [1.20[(a) ta c6

+00
) = () = (U ).

n=1

Vay ta cé
+00
nggloo U Fj \ By | = 0.
j=1
Tu day suy ra ton tai sd tu nhién ng sao cho

+00 c
p|UFN\ B <5 (1.28)
j=1
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Ta c6 E,, C U2 A, C U va

+00
U\Eno: U\UFJ \ UF] \E"(J
J=1 J=1

+00

- U(Uﬂ\FJ) \ UF \Eno

j=1
Tu day va boi va ta suy ra

u(U\ Eyy) < Zu(Un\Fn)w UFj\Eno <

n=1 j=1

€+€_
5 2—6.

Diéu nay chimg to (J7
X.

A, € By. Vay By 1a mot o - dai s6 tap hop trén

n=1

e Bay gio ta sé chitng minh By bao ham cic tap mé: Lay U la tap md
bat ky. Boi X 1a khong gian metric nén ton tai day tang cac tap dong (F,)
sao cho UFn = U (c6 thé chon day la: v6i mdi n > 1 dat Fy, = {z € U :
dist(z,0U) > 1}). Do p 1a hitu han va béi Dinh Iy - ta ¢

n—+oo n—400

lim p U\UFj =u(U)— lim p UFJ
j=1 j=1

= u(U) — lim U F;

n—+oo

= uU) —pu(U) = 0.
Diéu nay chimg t6 U thoéa man diéu kién chinh quy cia p, tic 1la U € By.

Do By 1a o - dai s6 bao ham cac tap md nén né chita o - dai s6 Borel.
Vay p la do do Borel chinh quy.

Vay dinh 1y dugc chiing minh. O
1.6. D6 do trén R"
1.6.1. D6 do trén dai s6 sinh béi cac gian trong R”

Muc nay ta sé xay dung do do trén dai s6 sinh béi cac gian trong khong
gian R™. Trudc hét, ta nhic lai ho T cic khoang trén R (xem Muc c6
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dang nhu sau
T :={0,[a,b], (a,b),[a,b), (a,b], [a,+00), (=00, b], (a, +00), (—o0, b), R}.

Mbi khodng I € T ta dit tuong tng v6i s6 khong am |7, goi 1a do dai
cua I nhu sau:
0 néul =10
|I| = ¢ 400 néu I 1a khoang khong bi chin
b—a néul € {(a,b),a,bl,[a,b), (a,b])}.

Ta goi M 1a ho tat ca cac gian trong R”, tiic 1a A € M c6 dang
A=Lxlhx..xI,I;€Zj=12 ..n.

Méi gian A € M ta dit tuong ing véi sd khong am |A|, goi 1a thé tich
cia A nhu sau:

INE AN ANIA)

C6 thé thay rang, do dai ctia cac khoang hay thé tich ciia céc gian c6
tinh chat 13 néu mot gian (hay khodng) dugc phan hoach thanh hgp hitu
han hay vo han dém dugc cac gian (hay khoang) r&i nhau doi mot thi the
tich (hay do dai) ctia n6 bing tong thé tich (hay do dai) clia cac gian (hay
khodng) hop thanh né, cu thé: néu A € M va A = UjefA; véi Aj € M va
Aijk:Q),Vj;ékthit |:|
A= 14l

jel
(6 day, I 1a tap hitu han hodc vo han dém duge).

Nhu trong Muc (Dinh 1y [1.6)), goi € 1a dai s6 tap hop sinh béi céc
gian trong R". Cu thé, A € £ néu n6 duge biéu dién bdi hop hitu han cac
gian roi nhau Aj,j = 1,2,...,m. Khi d6, trén £ ta dinh nghia ham tap
w:€E— R x4c dinh béi

p(A) => 14, (1.29)
j=1
v6i moi A € £ thoa man

A=A, AjnA; =0 véimoi j#i.

j=1

Truée hét, ta chiing minh réng gia tri pu(A) khong phu thudc vao viéc
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biéu dién A béi hop hitu han céc gian roi nhau.
That vay: Gia st ta ¢

A={JA;, ANA=0,Y)#i

j=1
k
A={JAN), ANA =0,V #i.

Ta c6 thé gid st m = k, vi néu m > k thi ta c6 thé dat A; = 0 v6i cac
chisb j=k+1,k+2,....,k=m. Khi dé ta c6

Aj=A;NA=A;N <0A;> :0 AN AL UAﬂ,

i=1 i=1
6day Aj =A;NALvéi i =1,2,...,m la cac gian rdi nhau. Tu day suy ra

1A= 1Al
=1

Theo dinh nghia ctia p(A) ta co

m

p(A) = ZIAI—ZZIAM (1.30)

j=1 i=1

Tuong tir, ta ciing c¢6 cac két qua sau day

i

A=A nA=AN UA =J@ina)=Ja
j=1 j=1
G day A;j =ANA; vl j =1, 2, ...,m 1a cac gian roi nhau. Tu day suy ra

A =1
=1

Theo dinh nghia ctia p(A) ta co

m m

pA) =D 1AL =) 1Al (1.31)
i=1

i=1 j=1

Tir (1.30) va (1.31]) ta suy ra dinh nghia ;(A) khong phu thuge vao viec
biéu dién A béi hgp hitu han cac gian rdi nhau.
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Két qua sau day khang dinh ring ham tap g xac dinh trén £ bdi cong
thite (1.29) 1a mot do do.

Dinh ly 1.37. Ham tap p xdc dinh bdi cong thic la mot do do
trén dai s6 tap hop € sinh bdi cdc gian trong R™.
Chiing minh. Dé chiing minh p 14 do do trén £ ta chi con phai chiing minh
rang p 14 o - cong tinh.

Gia st

+00
Eieﬁ, 7illfji/:Q) va E:UElGS
=1

Do E € £ nén n6 duge bicu dién béi hgp clia hitu han céc gian r6i nhau

m

E=JAn0n0,=0Yj#]"

j=1
Bdéi cong thite (1.29) ta cé
n(E) =3 1A, (1.32)
j=1

Mait khac, méi B; € € nén né ciing dude biéu dién bdi hgp hitu han céc
gian roi nhau

Di
E; = U Az’k; N N Ay = @,Vlk 7& ik’

k=1

Tu day suy ra

E:UEiZUUAik-

Ta c6
Aj=ANE=A;) (UUAM> =y nAw) =JAum,
¢ day Ajir = Aj N Ay, la cac gian. T day suy ra
Ajl =" A, (1.33)
ik
T (1.32) va (1.33) ta suy ra
W(E) = " 1Ajil. (1.34)

gtk

41



Ta lai c6

EiEmE<UAM. UA =Jaxna)) UAM
k

k7j

T day spy ra

W(E) = 18]
k.j

Suy ra
—+00 +00
DouE) =D D 1Al | = 1Al (1.35)
=1 i=1 k,j ik.,j

Tu va suy ra

=
R —

+00
=> wE
i=1

Vay p la o - cong tinh.

O

Chii y 1.38. Goi u 1a do do xac dinh trén dai s6 tg h sinh bdi cac
ﬁQS

gian trong R" (nhu trong Dinh ly . Ap dung Dinh 1y [1.28] cho do do I
ta nhan duge do do p* xac dinh trén o - dai s6 F(p). Ta c6 mot s6 tén goi

Vay dinh 1y duge chiing minh.

sau day:
e Do do c goi 1la do do Le trén R™.
e Mbi tap thudoe F(p) duge goi la tap do duge Lebesgue trong R™.

e Véi E 1a tap do duge Lebesgue trong R™ (tic 1a E € F(u)), két hop
Dinh ly va cong thiic ta c6 cong thitc sau day:

mf{zlu : E C UA;}
(1.36)
= inf{z 1A 1 B CUAY}

i=1

e F(&) la o - dai sb tap hop sinh béi dai s6 tap hop €. Ta c6 F(&) trung

3Khai niem do do Lebesgue dugc diit theo tén nha toan hoc ngusi Phap: Henri Lebesgue (1875 - 1941)

42



véi o - dai s6 Borel trong R" (xem Vi du . Béi Dinh 1y ta co
F(€) C F(p),

nén suy ra moi tap Borel déu la cac tap do dugc Lebesgue.

1.6.2. Tiéu chuan do dudc Lebesgue
Goi p* 1a do do x4c dinh nhu trong Cha ¥ |1.38 Ta c6 két qua sau day vé
tieu chuan do duce Lebesgue clia mot tap bat ky trong R™.

Dinh 1y 1.39. Tap E C R" la do dugc Lebesque khi va chi khi-méttrong
hai diéu kién sau duoc théa man:

(a) Véi moi € >0 ton tai tap md G D E sao cho u*(G\ E) < e.
(b) Véi moi e > 0 ton tai tap dong F C E sao cho p*(E\ F) < e.

Chitng minh. (a) e "=:" Gia sit F' la tap do dugce Lebesgue. Ta xét hai truong

hgp sau day.
Trudng hgp 1: p*(E) <

ton tai day cac gian md (A4t

+00

i=1

. B6i cong thite (1.36) ta c6 v6i moi € > 0,

rong R" sao cho:

+o00

Z |A;| < u'(E) +e.

i=1

Dat G = U A;. Khi do, ta c6 G la tap mé va E C G. Bdicép tinh chat

ctia do do (Dinh 1y [1.17) ta c6

§(E) < 10(G) < 1] < i (B) e

Vay ta c6 u*(G) < p*(E) + e. Bdi Dinh 1y [L.17(b) ta c6
p(G\E)=p'(G) — p'(E) <e
Trudng hgp 2: u*(E) = +oo. Ta xét day
Ap=hLxLx..xL,,h=L=..=1,=[-kk],k=123,..

Ta c6

“+00

R" = U Ak, |Ak| < +o00.

k=1
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Do do6 ta co

400 +00
EzEﬂR"zEﬂ(Lﬁ%)zLJEﬂAk LJEM
k=1

k=1
4 day Ek = E N A 1a tap do duge Lebesgue va p*(Ey) < +oo. V6i moi
k > 1, ap dung truong hop 1, ta c6 ton tai tap mé Gy, D Ej. sao cho
. €
p(GE\ Br) < o
Dit
+00
G =G
k=1

Ta c6 G 1a tap mé va ta co
G\E = (U Gk) (U Ek) = (Gk\<U Ek)) c |J@Gr\ Ep).
k=1 k=1

T day suy ra

+00 +00
* * €
p(G\E) <Y p(Ge\ Br) <) o5 =€
=1 k=1

o "<"V6i mdéi k > 1, ta dat ¢ = % Bdi gid thiét, ton tai tap md
G DO FE sao cho

?rIH

W (Gr\ E) <

+00
G=)G
k=1
Khi do, G la tap do duge Lebesgue va ta c6
1
PG\ E) <p'(Gr\ E) < 2, Vk 2 1.
Tu day suy ra p*(G\ E) = 0. Va do d6 tap H = G\ E la tap do dugc
Lebesgue. Tt day suy ra F = G\ H ciing la tap do dugce Lebesgue.

(b) @ "=:" Gid st F 1a tap do dugce Lebesgue va € > 0 cho truée. Khi d6
ta c6 tap R™\ E ciing do duge Lebesgue. Bdi (a), ton tai tap mé G D (R"\ E)
sao cho

PG\ (R"\ E)) <e
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bat F =R"\ G. Khi d6 ta c6 F la tap dong, FF C Eva u*(E\ F) < e.

e """ Gid st véi moi € > 0 cho trude, ton tai tap dong F' C E sao cho
p(E\F)<eDit G=R"\ F.Taco G latap ms, G O (R"\ F) va

WG\ (R E)) = j (B \ F) < e

Bdi (a) ta suy ra tap R" \ E la tap do duge Lebesgue. Va do do, tap
E =R"\ (R"\ FE) cing do dugc Lebesgue.

Vay dinh 1y dugc chiimg minh. O

Két qua sau day la mé heé gitta tap do duge Lebesgue vé6i tap Borel
trong R".

Dinh 1y 1.40. Tap con A C R" la do dugc Lebesgue khi va chi khi A sai
khdc tap Borel bdi mot tap cé do do bang khong, tic la A= BUV vdi B la
tap Borel va V' la tap c¢6 do do bang 0.

Chitng minh. @ "=:" Gia st A la tap do dugc Lebesgue. Khi d6, v6i moi

k > 1, béi Dinh 1y [1.39] ton tai tap déng By C A sao cho
. 1
w(A\ By) < T
Dit B = U2 By. Khi d6, B 1a tap Borel va tap V = A\ B la do dugc
Lebesgue. Hon nita ta c6

p(V) = 1w (A\ B) < ' (A\ Be) < 1.9k > 1

Tu day suy ra pu*(V) = 0. Vay A = BUV thoéa man dinh ly.

e """ Gida st A = BUYV v6i B la tap Borel va V la tap ¢6 do do
bang 0. Khi d6 ta c6 V la tap do duge Lebesgue va do dé A ciing do duge
Lebesgue. U
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BAI TAP CHUONG 1

Bai 1.1. Cho tap hop X = {a, b, c}. Hay liet ke tat ca cac dai s6 tap hop
trén X.

Bai 1.2. Cho anh xa f : X — Y va goi & 1a mot dai s6 tap hgp trén
Y. Chiing minh ring ho £x = {f1(A) : A € &y} 1a dai s6 tap hop trén X.
Hon nita néu £y 1a mot o - dai s6 tap hop thi Ex ciing 1a mot o - dai s6 tap
hop. Hay 1ay vi du chiing t6 rdng, anh ciia mot dai s6 tap hop qua mot anh
xa khong con 1a dai s6 tap hop.

Bai 1.3. Gi stt £ 1a mot dai s6 tap hop trén X thoa man néu (A4;) C €
va A C Ay C ... C A; C ... thi USTA; € €. Chiing minh réng € 1a mot o -
dai s6 tap hop trén X.

Bai 1.4. Chiing minh rang ho tat ca cac tap con vita déng, vita mé trong
mot khong gian t6 po 14 mot dai s6 tap hop.

Bai 1.5. Chiing minh réng v6i moi day tap hop (A,,) ta luon ¢

liminf A,, C limsup A,,.

n—+00 n——400

Cho mot vi du théa man

liminf A,, # limsup A,,.

n—+0o0o N——400

Bai 1.6. Chiing minh réng giéi han ctia mot day tap hop (A,) ton tai
khi va chi khi ton tai giéi han ctia day cac ham dic trung tuong ung (x4,)
cua ching.

Bai 1.7. Cho £ 1a mot dai s6 tap hop tréen X (X # () va zg € X. Ching
minh rang ham p : € — [0, +oc] xac dinh bdi
1 néuxyecA
pu(A) = )
0 néuxg¢g A
14 mot do do trén X.
Bai 1.8. Chiing minh rang néu A, B 1a hai tap do dugc theo do p thi
n(AUB) + n(ANB) = p(A) + u(B).

Bai 1.9. Gia st p 1a do do du trén X va F C X la tap khong do duge
theo . Chitng minh rang véi moi tap con A C X, u(A) =0thi ENCA la
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tap khong do duge.
Bai 1.10. Cho tap hop X # 0. V6i mdi tap con A C X ta dat
1 nbuA#0
{O néu A = 0.

Chitng minh rang p* 12 mot do do ngoai. Hay xac dinh o - dai s6 tap hop F
gom céc tap p* - do dugc.

p(A) =

Bai 1.11. Cho tap hgp 13i rac ¢6 vo han dém dugc cac phan tt A =
{ai1,az,...} C R. Tinh do do Lebesgue cta A.

Bai 1.12. Tinh do do Lebesgue cta tap Cantor.
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Chuong 2
HAM DO DUGC

Noi dung ctia chuong nay trinh bay vé Iy thuyét ham do duge trén mot
khong gian do duge. Ching ta sé tim hicu mot s6 khai niém hoi tu quan
trong ciia day cac ham do duge va xem xét truong hop dic biet vé ham do
duge véi gia tri vo hudng (gia tri trong khong gian R).

Cho X 1a mot tap hgp. Ta goi bo (X, F, u) 1a khong gian do dugc, trong
d6 F la mot o - dai s6 tap hop tren X va p 1a mot do do tréen F. Trong
chuong nay ta luon gia thiét p 14 do do duong, dli va o - hitu han.

2.1. Pinh nghia ham do dudc

Dinh nghia 2.1. Cho (X, F, p) 1a mot khong gian do duge, Y 1a mot
khong gian t6 po6 Hausdorff. Him f : X — Y dugce goi la do duge (theo do
do 1) néu théa man cac diéu kien sau day:

(a) Tap f~Y(G) € F v6i moi tap md G C Y

(b) Ham f ¢6 anh hau kha ly, tic 1a ton tai tap dém duge H C Y va tap
N C X c6 do do bing 0 sao cho f(X \ N) C H.

e Truong hop X C R" la tap do duge Lebesgue va p la do do Lebesgue
tréen X thi ham f lic nay duge goi la ham do duge Lebesgue.

e Ta n6i rang mot tinh chat 7" théa man hau khap noi trén X néu tap
hop cac phan tit thuoe X va khong théa méan tinh chat T c¢6 do do biang
khong.

Vidu9. Cho2 ham f,g: X — Y. Tanéi f = g hau khip noi tréen X
néu

p({zreX: f(x) #g(x)}) =0.

Nhan xét 2.2. (a) Néu f 1a ham do duge tréen X vd g = f hau khép

noi trén X thi g cing 14 ham do duge trén X.

(b) Cho f: X — Y la ham do duge. Khi d6 f~1(F) 1a tap do dugc, tic
la f7Y(F) € F, véi moi tap dong F C Y.

Chitng minh. (a) Dat N = {z € X : f(z) # g(x)}. Ta c6 u(N) = 0.
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e Gia stt G 1a tap md bat ky trong Y. Ta c6
g (@) =[G NnX\N] g H(G)nN]
= [ enE\MUl e nN].

Ta c¢6 f71(G), X \ N la cac tap do duge. Do p la do do di nén suy ra
tap g~'(G)N N ciing do duge (Dinh nghia [1.16)). Vay ¢~'(G) dugc biéu dién
dudi dang hop va giao cla cac tap do duge. Tu d ra g~ (@) ciing la tap
do dugc.

e Do f la ham do dugc nén ton tai tap dém dugec H C Y vatap Ny € X
¢6 do do bing 0 sao cho f(X \ N;) C H. Dat Ny = NUN;. Ta c6 ju(Ny) =0
va

g(X\ No) = f(X\ No) C f(X\ M) CH.
Vay ham ¢ théa man Dinh nghia , noi cach khac g 1a ham do dugce.
(b) Ta ¢6
fHE) =X\ Y\ F).

Do Y \ F'latap mé nén f~1(Y \ F) la tap do dugc. Hién nhien, X 1a do

duge. Vay fﬁl(F) l& hiéu cta hai tap do dudc nén né cing do duge.

Vay nhan xét dugc chiing minh. O

Sau day ta dua ra mot s6 vi du vé ham do dugc.

Vi du 10. Cho A la mot gian déng va bi chan trong R” va f : A - Y
1a mot ham lien tyc. Chitng minh rang f 1a ham do duge.
Chitng minh. e Néu G 1a mot tap mé trong Y thi béi f lien tuc nén f~1(G)
ciing 1a tap mé. Vay f~1(G) la tap do dugc.

e Do A la gian dong va bi chan nén né la tap compact. B6i f lién tuc
nén f(A) cing la tap compact va do dé né ciing la tap kha ly.

Vay f 1a ham do duge tréen A. O

Vi du 11. Néu (Y, p) 1a khong gian metric va f : X — (Y, p) la ham do
duge thi ham = — p(f(x),y) 1a ham do duge trén X, véi moi y € Y.

Chiing minh. Dat g : X — R xac dinh béi g(z) = p(f(z),y) véi moi v € X.
Ta sé chiing minh ¢ la ham do duge trén X.
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e V3i moi —oco < a < 400 ta dat
E, ={ze X :g(x)<a}={zx e X:p(f(x),y) <a}
0 néua <0
a {fl(B(y,a)) néu a > 0.
Ef ={reX:g(x)>a} ={x e X p(f(x),y) >a}
X néua <0
a {X\f—l(ﬁ(y,a)) néu a > 0.

Tit cac biéu dién nhu trén ta suy ra B, va EF 1 cac tap do dugc.
Gia st G = (a,b) v6i moi —oo < a < b < 400. Ta c¢6
g (G) =g (a,b)) = E; NE;.
Tit d6 suy ra ¢ '(G) 1a tap do dugc trong X.
e Do R 1a khong gian kha ly nén f(X) C R cing kha ly.
Vay ¢ la ham do dugce trén X. O
Vi du 12. Ky hiéu L*([0,1]) la khong gian Banach cac ham thuc bi
chan trén doan [0,1]. Goi K la tap Cantor ctia doan [0,1]. Ta xét ham
F£:00,1] = L([0, 1]) xéc dinh béi
0 néutel0,1]\K
f(t) = )
x: neute kK,
¢ day, x; 1a ham dac trung ctia tap {¢}. Chiing minh rang f 1a ham do duge
tren [0, 1].
Chiing minh. Ta xét ham ¢ : [0,1] — L*([0, 1]) xac dinh bdi g(t) = 0 véi
moi ¢ € [0,1]. Khi d6, ¢ 1a ham lien tuc tren [0,1]. B&i Vi du[10]ta c6 g 1a
ham do duge trén [0, 1].
Mat khac, ta c6 f = g trén [0,1] \ K. Do tap Cantor c6 do do Lebesgue
bang 0 nén f = ¢g hau khap noi tren [0, 1]. Vay bdi Nhan xét ta co fla
ham do duge trén [0, 1]. O

2.2. Ham don gian

Dinh nghia 2.3. Cho (X, F, ) la mot khong gian do duge, Y 1a khong
gian t6 po Hausdorff. Ham f : X — Y dudc goi 1a ham don gidn néu né chi
nhan mot s6 hitu han gia tri.
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Vi du 13. Cho A C X. Ta xét ham dac trung cua tap A nhu sau
1 nébuzeAd

{O néu x & A.

Khi do, x4 la mot ham don gian trén X.

xa(z) =

Ménh dé sau day cho ta mot tiéu chuan dé ham don gian la do duge.

Ménh dé 2.4. Gid st ham don giin f : X — Y nhan cdc gid tri
Y1, Y2, s Ym € Y. Khi d6, ham f la do dugc néu va chi néu cdc tap f~(y;)
la do dugc vor mor 1 =1,2,...,m.

Chiing minh. e "=:" Gia st f 1a ham don gidn do duge. Khi d6, do Y\ {y;}
Ia tap mé (V i=1,2,...,m) nén suy ra cac tap f~ (Y \ {y:}) 14 do dugc. Ta c6
L] ) =X\ o) (vi=1.2,m).

Vay f'({y;}) duge bidu dién béi hieu hai tap do nén suy ra
FY({y;}) ciing 1 tap do duge.

o "<:" Gia sit cac tap f1({y;}) 1a do duge véi moi i = 1,2,...,m. Do
tap gia tri ctia f 14 hitu han nén hién nhién né 1a kha ly (ttic 1a Dinh nghia
(b) dugce théa méan).

Ta kiém tra dicu kién (a) ctia Dinh nghia . Gia st G C Y la tap mé.

T
am @) = {@ néiGﬂ{yl,yz,...,ym}:q)
U{f " ({wi}) s yi € G}

Tit biéu dién trén ta suy ra f~}(G) la tap do duge, tic 13 Dinh nghia
2.1[(a) duoe théa man. Vay f la ham do duge. O

Ta c¢6 hé qua sau day dé nhan biét ham dac trung ctia mot tap hop la do
dugc.

Hé qua 2.5. Ham dac trung x4 cta tip A la d@dc néu va chi néu A

la tap con do duoc trong X.

Chatng minh. Suy triyc tiép tit Ménh dé . O



2.3. Day ham héi tu hau khip noi va hoi tu theo do
do
2.3.1. Day ham hoéi tu hau khip noi
Pinh nghia 2.6. Day ham (f,) do dugc trén X vdéi gia tri trong khong
gian metric Y goi 1a hoi tu hau khap noi t6i ham f (ky hieu la f, by f) néu
ton tai tap con A C X véi pu(A) = 0 sao cho
lim fu(@) = f) (Ve € X\ A).

Ta c6 tieu chuan sau day vé tinh do dude ctia ham nhan gia tri trong
khong gian metric.

B6 dé 2.7. Cho Y la khong gian metric. Ham f : X — Y la do dugec
khi va chi[khi|f théa man ton tai tap N C X vdi u(N) = 0 va mot tap dém
duge H C'Y sao cho f(X \ N) C H va mot trong hai dieu kién sau:

i) Vdi moi hinh cau mé B C'Y thi tap f~1(B) la do duoc;

i) Véi moi hinh cau déng B C'Y thi tap f~*(B) la do duoc.

Chiing minh. e Diéu kién can: Gia st f 1 ham do duge. Khi d6 theo Dinh
nghia [2.1] thi cac yéu cau trong bo dé duge thda man.

e Diéu kién du: Gia sit cac diéu kien trong bé dé duge théa man. Khi
d6, dé chiing minh f 1 ham do dudc ta chi can ching minh tao 4nh ctia moi
tap md trong Y déu la tap do duge. Ta lan lugt xét cho cac truong hgp i) va
ii) sau day.

Trudng hgp diéu kién i) théa man: Gia st G C Y 1a mot tap md.
Theo gia thiét ton tai tap con N C X v6i u(N) = 0 va mot tap dém duge
H ={y1,y,...} CY sao cho

f(X\N)CH.

Vi z € f7HG)N (X \ N). Do f(x) € G nén ton tai r, > 0 sao cho
hinh cau B(f(z),3r,) C G. Do f( ) € H nén ton tai y, € H sao cho
ys € B(f(z),ry). Ta co

f(z) € B(yy,72) va B(Ys,72) C Bys, 2r,) C G.
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Ta c6 thé kiém tra dugce ring
FHG)N(X\N) = U FHBye, 7)) N (X \N)
z€f~HG)N(X\N)
= U FHBYe, 2r0)) N (X \ N).
z€fHG)N(X\N)
Véi méi n > 1 ta dit r, = sup{r, : y» = y,}. Khi d6, ta ciing kiém tra
dugce dang thic sau

FHEN(X\N) = Uf B(Yn, 7)) N (X \ N).

Vay tap f~1(G)N (X \ N) duge biéu dién bdi hgp dém duge clia cic tap
do dugc nén suy ra né cling la tap do dugc.
Mit khac, do p 1a do do di nén suy ra tap f~1(G) N N ciing do dugc.

Ta co
UG =[G NX\N)]U[f(G)nN].

Tit day suy ra f~1(G) 1a tap do dugc.

Trudng hop diéu kién ii) théa méan: Lic nay ta sé chiing minh diéu
kien i) thoa man. That vay, gia sit B la hinh cau md trong Y. Goi (B,,) la
day giam cac hinh cau déng thoa man

+00

B, DBy, Vn>1va (|B,=B.
n=1

Khi dé, ta c6 thé kiém tra ring
+o0
B =N
n=1
Tit day suy ra f~1(B) la tap do duge. Vay theo trudng hgp trén suy ra
ham f la do duge.
Vay b6 dé duge chitng minh. O
Tit bo dé trén ta sé chiing minh két qua sau day vé moéi lien hé giita hoi
tu hau khap noi va tinh do duge ctia ham véi gia tri trong khong gian metric.

Dinh ly 2.8. Cho (f,) la day ham do duogc trén X vdi gid tri trong khong

gian metric (Y,d). Khi dé néu f, g f thi f cing la ham do dugc trén X.
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Chitng minh. Dé chitng minh f 14 ham do dugc ta chiing minh né théa man
Dinh nghia[2.1)(a) va Bé dé 2.7
e Do day (f,) hoi tu hau khap noi t6i f nén ton tai tap con A C X vdi
1(A) = 0 sao cho
lim f,(z) = f(2) (Vz e X\ A). (2.1)

n—00

Do f, 1a ham do dugc trén X neén ton tai tap N, C X véi u(V,) = 0 va
mot tap dém duge H, C Y sao cho
fu(X\'N,) C H,. (2.2)

N:Au(GNn> va H:GHn.

n=1 n=1

Ta c6 u(N) =0 va H 1a tap con dém dugc trong Y. Ta sé chiing minh
f(X\N)cCH.

That vay, lay 29 € X \ N va € > 0 cho truée. Do xy théa man (2.1) nén
ton tai ng > 1 sao cho

d(fu(zo), f(xg)) <€ (n>mng). (2.3)

Do (X \ N) C (X \ N,) nén béiR.2) tasuy ra f,(rq) € H, véi moi
n > 1. Vay v6i mdi n > 1, ton tai v, € H, sao cho

d(fu(20), yn) < % (Vn > 1). (2.4)

Ta c6 (y,) C H va tit (2.3) va (2.4) ta suy ra
d(yn, f(20)) < d(yn, fu(x0)) + d(fu(20), f(20)) < € (Vn = ng).
Diéu nay chitng té f(x0) € H. Vay Dinh nghia (a) duge thoa man.

e Goi B(y,r) la hinh cau déng trong Y. Ta sé chiing minh f~1(B(y,r))
la tap do duge. Ta c6 thé kiém tra dude déng thic sau

FHBly,r)N(X\N) = [ﬂ U ( Bly.r+ 1))>]ﬂ(X\N)- (2.5)

m=1n=m

That vay: lay
zo € fTH(B(y,r) N (X \N).
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Khi d6 ta c6 f(zg) € B(y,r) va xp théa man . Ta c6
d(fu(x0),y) < d(fu(0), f(20)) + d(f (20),y).
Tit day suy ra v6i moi m > 1, ton tai n,, (c6 thé chon n,, > m) sao cho
Afuloo)y) ST+ (V0> ),

Suy ra

(4B + %)))] NN

g

m
DX
¢

3
l
-
3
[
S

3

(B4 20) [nee ),

N
3 38
¢

3
I
i
3

Ngugc lai, 1ay

xoe_ﬂU< y,r+1))> N (X \ N).

Lm=1n=m

Khi d6, véi moi m > 1, ton tai n > m sao cho
1
v € f, (Bly,r+ —))-

Suy ra
— 1
fn(x()) EB(y7T+_) (vmz 17\Vlb>m>'
m

Tu day, cho m — oo va lic nay ta ciing ¢c6 n — oco. Vay suy ra
f(xzo) = nh~>nolo fulxo) € B(y,r).

Do céc ham f,, 1a do dugc nén tu tasuy ra tap f~H(B(y,r))N(X\N)
la do dugc.

Do p 1 do do dt nén suy ra tap f~1(B(y,r)) N N ciing do dudc.

Ta co

I By ) = [/ B, OEX AN U [ Bem ]

Biéu dién trén chimg té f~'(B(y,r)) la tap do duge.

Vay dinh 1y dugc chiing minh. O

Két qua sau day la mdi lien hé gitta hoi tu hau khip noi va hoi tu déu
cua day ham do dugc.
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Dinh ly 2.9 (Pinh ly Egorop). Gid si (f,) la day ham do duge trén
X wdi gid tri trong khong gian metric (Y,d). Néu f, hhp f thh vdi moi tap
do duge A C X vdi u(A) < +00 va vdi moi € > 0 déu ton tai tap do dugc
B C A vdi p(A\ B) < e dé day (f,) hoi tu déu dén f trén B.

Chitng minh. Béi Dinh 1y 2.8 thi ham f la do dugc trén X. Dit
M ={x € A: f,(x) khong hoi tu t6i f(z)}.

V6i mbi 6 > 0 ta cod

(N U{z € A: d(fosilx), f(z)) > 6} C M.

Suy ra
’ (ﬁ fj{ € A d(fu(e), f(2)) > a}) < (M) =0.
Néu dat o
A= o € As d(fate). F2) > 5},
thi ta co -

(70)-

Hon nia, (4,) 1a day gidm cac tap do dugc chita trong A. Béi gia thiét
ta co

1(Ar) < p(A) < +oo.

Béi tinh chat lien tuc dudi day don diéu cac tap hop (Dinh 1y } ta co

w(A,) — p (ﬂ A,,,) =0 khi n— oo.

n=1

Khi dé, véi mdi m = 1,2,3, ... ton tai n,, > 1 (c6 thé chon n,, > m) sao
cho

plAn,) = <U{x € At d(fy,ule). f(2)) > %}) <
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Bdi tinh chit clia do do (Dinh 1y [L.17(c)) ta c6

p (U Ut € A4 dfuanle) (@) > %}) <> lAn,)

m=1 k=0 m=1
B P
m=1 2m
Dat
o0 oo 1
B=A\ (U U{z € A d(f, 1), f(2)) > E}> .
m=1 k=0

Suy ra

A\B = U U{x €A: d(fnm-&-k(x)vf(x)) >

m=1 k=0

}.

1
m
Suy ra u(A\ B) < e. Hon ntta, v6i moi « € B thi v6i moi m > 1 va véi

moi k£ > 0 déu thoa man
d(fnm-i-k(x)a f<$>) <

Cho m — oo (khi d6 n,, — 00) ta ¢

d(fr,+k(2), f(2)) = 0 (Vz € B),
ttic 1a day (f,,) hoi tu déu dén f tren B.

1
-

Vay dinh 1y dugc chiing minh. O
2.3.2. Day ham héi tu theo do do

Dinh nghia 2.10. Cho (X, F, 1) la mot khong gian do duge. Gia st day
ham (f,) va ham f 1a cac ham do duge trén A € F véi gia tri trong khong
gian metric (Y, d). Ta noi rang day ham (f,,) hoi tu theo do p t6i ham f (ky
hieu f, = f) néu véi moi € > 0 ta ¢

lim p{x € A:d(f.(z), f(x)) > €} =0.

n—oo
Cac két qua sau day 1a mdi lien hé gitta hoi tu hau khap noi va hoi tu
theo do do cuia day ham véi gia tri trong khong gian metric.
Dinh ly 2.11. Cho (X, F,u) la mot khong gian do duoe, A € F va (f,)
la day cac ham do dugc trén A vdi gid tri trong khong gian metric (Y, d). Khi
do, néu f, Ik f tren A va p(A) < +oo thi f do duge va f, 2 f.
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Chiing minh. B6i Dinh 1y suy ra f la ham do duge trén A. Ta con phéai
ching minh f, 5 f tren A.

co

Lay € > 0 tuy y. Dat
M ={z € A: f,(r) khong hoi tu t6i f(z)}.

Ta co

U{z € At d(fusala). f(2) > ¢} € M.

k=0

DX

I
—

n

Suy ra

(0

HC8

xEACHwM)f(DZQ>§M@U—0

Av= e € A dlfusle), f(2)) > o).

8 (ﬁAn> - ]

Hon ntta, (A4,) 1a day gidm cac tap do duge trong A va béi gia thiét ta

Ta co

(A1) < p(A) < +oo.
T day, bdi tinh chat ctia do do (Dinh ly - ) ta c6
o (4 (ﬂ A )
Mat khéc ta co

{r e A:d(fu(x), f(x)) > €} C A,.

Suy ra
iz € A d(fu(@), () = €}) < u(Ay).

Cho n — 0 ta nhan dudgce
tim pu({r € Az d(f(2), f(x)) = €}) = 0,

tidc 1a f, > f tren A.
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Vay dinh 1y dugc chting minh. O
Dinh ly 2.12. Cho (X, F, u) la mot khong gian do duoe, A € F va (f,)
la day cac ham do dugc trén A vdi gid tri trong khong gian metric (Y, d). Khi
o, néu f, & f thi ton tai day con (f,,) sao cho fn, Ik f trén A.
Chitng minh. Do f, % f trén A neén ta co:

- V6i € = % ton tai n; > 1 sao cho

e € A d(fu(e), f(z) > ) < -

}<§ (Vn > nq).

- Véi e = 2% ton tai mo > 1 (c6 thé chon ny > ny) sao cho

ple € AL d(f(a), (@) > 03} < o5 (V0> m).

N =

Tiép tuc qué trinh nay ta sé tim day s6 tir nhien: ny < ng < ... < ny < ...
théa méan v6i moi k =1,2,3, ... ta ¢6

ple € Avd(fu(a), f@) > o} < o (90> my)
Dit
My = o € A d(fy(2),F(0) 2 5} va M = () M,
k=j ’ j=1

Ta sé ching minh M la tap do duge véi pu(M) = 0 va f,, (z) — f(z) véi
moi z € A\ M.

That vay: Ta c6 M C M; v6i moi j. Do do
=1
pu(M) < u(M;) < ?%0 khi j — oo.
k=

Vay p(M) = 0.

V6i moi © € A\ M suy ra x ¢ M. Do d6 ton tai jy sao cho x ¢ M;,. Tt
day suy ra

A(fu@) f@) < 5 (> ).

Diéu nay ching t6 f,,, () — f(x) khi k — oo.
Vay fn, Ik f trén A.
Vay dinh 1y dugc chiing minh. O
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2.4. CAu tric ham do dudgc

2.4.1. CAu tric ham do dudc véi gia tri trong mot khéng gian
metric bat ky
B6 dé 2.13. Néu f : X — (Y,d) la ham do dugc vdi mién gid tri dém

duge thi ton tai mot day cac ham don gian do duoc hoi tu dén f trén X.
Chiing minh. Gia st tap gia tri ctia ctia f 1a f(X) = {v1, 9, ... }. Khi d6, béi
Nhan xét [2.2(b) ta c6 T, = f~Hy,} 1a cac tap do duge v6i moi n > 1. Ta
xét day cdc ham don gian (f,) duge xac dinh nhu sau: Véi a € Y ¢6 dinh va
n > 1 ta dat:

y; voirzeTl;, 1<j<n

fulz) = ’ . ’
a véireX\Up T

Khi do6, (f,) la day cac ham don gian va do dugce trén X. Hon nita,

fo(x) = f(x) khi n — oo v6i moi x € X. That vay, lay € X. Khi d6 ton
tai ng sao cho z € T;,,. Khi do

fal@) = f(2) = yn,
v6i moi n > ny, tic la
lim £,(@) = f(2).
Do x 1a bat ky trong X nén day (f,,) hoi tu dén f trén X.
Vay b6 dé duge chiing minh. (]
B6 dé 2.14. Cho f: X — (Y,d) la ham do dugc bat ky. Khi dé, ton tai

tap N ¢6 do do bang 0 va mot day (f,) cic ham do duge tren X vdi mién
gia tri dém dugc hoi tu téi f tren X \ N,

Chaing minh. Do f 1a ham do dudc nén ton tai tap N C X véi do do bang
0 va mot tap dém duge H = {z1, 29, ...} sao cho

f(X\N)cCH.
Ky hiéu
Xo=X\N, X, =To[ ) (?(xp, %)) .
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Khi d6, v6i moéi n > 1 ta cb

That vay: néu x € Xy thi f(x) € H, do d6 ton tai z, € H sao cho

A(f()my) <
tic 1a -
f@) € Xpp € | Xnp.
p=1
Vay ta co N
Xo € | Xy

p=1
Bao ham thiic nguge lai 1a hién nhién.
Véi mdi n > 1 ¢d dinh, ta dat
Apg = Xots o Ay = Xop \ | J Xois (p=1,2,..).

1<p
Khi d6 ta nhan duge day (A,,) cic tap do duge roi nhau ting doi mot
va thoa méan

Xo={JAn,
p=1

Xét day ham (f,) xac dinh béi
x ntur € A,,,p=12,..
fn(CE) — D . n,p p
Yo néu z € X \ Xo.

(6 day 1o 1& mot phan tit ¢6 dinh nao dé thuoc Y). Ta c6 thé kiém tra ring
day f, hoi tu dén f trén Xy, tiic 1a hoi tu hau khap noi dén f tren X.

Vay bo dé duge chiing minh. O

Dinh 1y 2.15. Ham f: X — Y la do duoc néu[va c]ﬁ néu ton tai mot
day ham don gidn do duoc hoi tu hau khdp noi dén

Chitng minh. @ "<": Suy ra tit Dinh 1y [2.11]

o "=": Gia st f la ham do dugc trén X. Khi do ta co:
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- Boi B6 deé [2.14) ton tai day (f,) cac ham do dugc véi tap gia tri dém
duge va tap N/ C X ¢6 do do 0 sao cho

d(fo(z), f(2)) < % Veee X'= X\ N vn>1 (2.6)

- Béi B6 dé [2.13] v6i méi ham f,, ton tai day cdc ham don gidn do dugc
(fnp) hol tu dén f, trén X.

- Ta sé chiing minh véi moi € > 0, ton tai tap do duge B C X va
w(X \ B) < e sao cho v6i moi n > 1, day (f,,) hoi tu déu dén f, trén B.

That vay: theo Dinh 1y Egorov, ton tai
By C X, u(X\ By) <§

sao cho day (f1,) hoi tu deu t6i fi tren B;y. Gid st da tim duge cac tap
By, By, ..., By C X sao cho

WX\ Bi) < 2£z —1,2,.. k.
Lay B, C By va B ; C X \ By sao cho
€

HB\ Bi) < 35 va w((X\ B\ BY) < 575
Khi d6, v6i By = By, U By, taco
HX\ Biot) < gy
Nhu vay, bang quy nap ta da xay dung duge day (By) cac tap con do

dude ctia X sao cho
€

X\ By) < oF
v6i moi k > 1 va théa man day (f,,) hoi tu déu dén f, trén By v6i moi
n > 1.

Dit
o0
N"=X\|JBr va N=NUN".
k=1
Khi d6 u(N) =0 vi u(N') =0 va

o0

(V) = g <ﬂ(X\Bk)) < 2—2 VEk > 1.

k=1

Do day (f,,) hoi tu déu dén f,, trén moi By, nén véi mdi n > 1, ton tai
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Pn > 1 sao cho
1
d(fop, (@, fo(x))) < - Vo € B, Vk =1,2,...,n. (2.7)

T va ta suy ra
3 5
d(f,,l’p?l(.f),fn(.f)) S E? Vl’ 6 X/ m Bk7k = '7n'

Nhu vay, day ham don gidn do dude (g, = fnp,) hoi tu téi f trén X \ N.

Vay dinh 1y dugc chiing minh. O

Dinh 1y 2.16. Néu f : X — Y la ham do dugc va tap gid tri f(X) la
tap compact tuong doi trong Y (tic la f(X) la tap compact trong Y ) thi ton
tai day ham don gian do dugc (f,,) hoi tu déu dén f trén X.

Chitng minh. Ching minh tuong tu Bé dé 2.141 O
Dinh ly 2.17 (Dinh ly Lusin). Gid st u la do do Borel chinh quy trén
khong gian metric X va f la ham Borel tw X vao khong gian metric khd ly
Y (tic la tao dnh cia tap Borel la mot tap Borel). Néu A C X la mot tap
p - do duge véi p(A) < 400 thi vdi moi € > 0 ton tai tip dong F C A sao
cho:
A\ F)<e wva flp lién tuc.

Chiing minh. e Xét truosng hop f la ham don gian do duge. Gia st f = y;
trén tap A; v6i A; la tap do duge va A = U; A;. Ta chon tap déng F; C A;
sao cho
Z w(A; \ F;) <e.
l‘ [ ]
Dat F' = U;A;. Ta ¢6 F la tap dong thoa man pu(A\ F) < e va f|p la
lién tuc.
e Xét truong hop f 1a ham Borel bat ky. Bsi Dinh 1y [2.15, ton tai day
ham don gian do duge (f,,) hoi tu hau khip noi téi ham f. Ap dung trudong
hgp trén cho ham f,, ta chon duge tap dong F,, sao cho

WA\E) < 5

va f|r, 1a ham lien tuc. B6i Dinh ly Egorov, ta chon duge tap do dugc
B C NF, sao cho pu(A\ B) < § va day (f,) hoi tu deu téi f trén B. Do do,
f|5 1& ham lién tuc. Ta chon tap déng F' C B C A sao cho

WA\ F) < e
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Khi d6, f|r 1a ham lién tuc.

Vay dinh 1y dugc chiing minh. O
2.4.2. Cau tric ham do dudc véi gia tri vo huéng

Trude hét ta nhic lai mot s6 tinh chat to po trén khong gian cac s6 thuc
va 56 thuc mé rong. Goi 7(R) la t6 po tren R. Khi do, tap G C R la tap mé
thi G ¢6 dang:

G =J(an.by), I CN.
icl

Ta goi R = RU {400} 1a tap cac §6 thuc md rong. Goi 7(R) 1 t6 po trén

R. Khi d6, G C R la tap md thi né décdc dang sau:
G' G 'U{+o0},G'U{—0}, G U{to0}

v6i G’ € 7(R). Cac khong gian t6 po R va R la cic khong gian kha ly va
Hausdorff.

Tit céc tinh chat trén ta c6, moi ham f : X — R déu c6 anh la hau kha
ly. Do d6, theo Dinh nghia , ham f 1a d6 duge néu va chi néu f~1(Q) la

tap do duge véi moi G € 7(R).

Két qua sau day cho ta cac tiéu chuan vé ham do dugc gia tri vo huéng.

Dinh 1y 2.18. Cho (X, F,p) la mot khong gian do dugc va f : T — R
la ham xdc dinh trén X. Khi dé, cdac ménh dé sau la tuong duong:

(1) f la ham do dugc.

(2){z e X: f(x)>a} €F, vii moia€R.

(3) {r € X : f(x) <a} € F, vdi moi a € R.

(4) {x € X : f(z) < a} € F, vdi moia € R.

(5) {x € X : f(z) > a} € F, vdi moi a € R.
Ching minh. e "(1) = (2)": Ta cd, v6i moi a € R thi (a,+00) € 7(R). Do
f 1a ham do dugc nén ta co:

{reX: f(x)>a}=f"((a,+x)) € F.
e "(2) = (3)": Vdi gia thiét (2) duge théa méan nén ta co
{reX: f(x)<a}=X\{reX: f(x)>a} eF.
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e "(3) = (4)": Véi gia thiét (3) dugc thoa man ta co
> 1
{z'EX:f(:U)<a}:U{xeX:f(x)ga—E}G]:.
n=1
e "(4) = (5)": Véi gia thiét (4) dugc thoa man ta co
{reX:f(x)>a}=X\{reX: f(z)<a} e F.

e "(5) = (1)": Gia st (5) duge théa man. Do céc tap md trong R c¢6 dang
G,GU {400}, GU{—00},GU {£o0}
v6i G € 7(R), nén dé chiing minh f 14 ham do dugc ta chi can chitng minh
cac tap
F7HG), [ (+00), f7H(—00) € F.
That vay: trude hét véi (a,b) C R ta co
fHa,b)={reX: fz)>a}n{zecX: flzr)<b}

— (Ut e X f@) = at 2} VX \ fre X f) > 0)].

n=1
Béi gia thiét (5) ta suy ra
fH(a,b) € F.
Do céac tap G ¢6 dang
G =|J(ai,b;), I CN.
iel

T day ta suy ra

FUG) =Jf Naibi) € F.

iel
Ta co

f+o0)=(V{zeX: flx)>n}eF.

F(~o0) = (€ X s f(a) < —n)
= ﬂ[X\{xEX:f(x)Z—n}]E]:.

Vay f la ham do dugce.
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Vay dinh 1y dugc chting minh. ]

Sau day 1 mot s6 hé qua.
Hé qua 2.19. Néu f : X — R la ham do dugc thi vdi moi a,b € R ta
co cdc tap sau cing do dugc
{reX:a<f(r)<b}, {freX:a< f(z) <b}
{reX :a< f(x)<b}, {reX a< f(x) <b}.
Hé qua 2.20. Gid st f, : X — R la cic ham do duoc tren X vdi moi
n € N. Khi do, cac ham sau day cting do dugc trén X :
a(2) = inf ().

n>1

A(z) = sup f, (),

n>1
b(x) = lirrlgg)lf fulz),
B(z) = limsup f,(x).

n—00

Chiing minh. e Béi Din@, tinh do dugc ctia ham a(x) duge suy ra ti
ding thic sau day

(o.¢]
{reX:alx)>a}l= ﬂ{xEX:fn(a:)Za}G}".
n=1
e Bdi Dinh Iy , tinh do dugc ctia ham A(z) duge suy ra tit dang thic
sau day
{reX:Ax) <a}= n{xGX:fn(x)goz}E}".
n=1
e Ta co
b(x) = liminf f,(z) = sup inf fi(x)
n—oo

n>1k=n
B(z) = limsup f,,(z) = inf sup fi(z).
n—00 n=1 k>n

B6i cac két qua & trén ta suy ra b(x) va B(z) la cac ham do duge.
Vay hé qua dugc chiing minh. O

Heé qua 2.21. Néu diy ham do duoc (f,) hoi tu hau khdp noi dén ham
f tréen X thi f cung la ham do duogc trén X.
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Chitng minh. Dat |:|
g(x) = limsup f,(x),Vx € X.

n—00

Béi Hé qua ta ¢6 g 1a ham do duge trén X.
Do f, LLUN f trén X nén ton tai tap N C X véi p(N) = 0 sao cho
ILm folz) = f(x) VoeX\N.

Tu d6 suy ra f = g hau khap noi tren X. Vay f ciing 1a ham do dugc
tréen X (bdi Nhan xét (a)).

Vay hé qua dugc chiing minh. O

Sau day ta sé xem xét mot s6 tinh chat ctia ham don gidn véi gia tri vo
huéng va sau d6 dua ra va chiing minh két qua vé cau tric ctia ham do duge
gia tri vd huéng.

Ta goi ham f : X — R 1a ham don gidn néu n6é chi nhan mot s6 hitu han
gia tri. Dya vao phép toan dai s6 trén R ta c6 két qua sau day vé cau tric
ciia ham don gian gia tri vo huéng.

Dinh 1y 2.22. Ham f: X — R la ham don gian trén X néu va chi néu
noé co dang sau day

f@) =Y aixa,(z), (2.8)
i=1
trong dé a; € R, A; la cdc tap do duge thoa man
n
AN A; =Bt #5) va | JA =X
i=1

Chitng minh. e "=": Gia sit f la ham don gian nhan cac gia tri ay, as, ..., a,.
Khi d6, béi Ménh dé 2.4 ta c6 A; = f~1({a;}) 1a do dugc. Hon nita ta co

n

AnA;=0(G+#5).JA=X

i=1

f) =Y exale) (wex). ]

e "<" Gia sit ham f xac dinh béi cong thitc (2.8). Khi d6, f 1a ham don
gian nhan cac gia tri ay, as, ..., a,. Tinh do dugc ctia ham f duge suy ra ti
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khéng dinh sau day.

{xEX:f(x)<a}l:|c|J{A,;:ai<a}€}—.

Vay dinh 1y dugc chting minh. O

Hé qua 2.23. Cho f,g: X — R la cac ham don gian do dugc trén X
va a € R. Khi do, ta c6 f+ g va af cung la cic ham don gidn do dugc trén
X. Nou cach khac, tap cac ham don gian do dugc trén X la mot khong gian
vecto.

Chitng minh. Béi Dinh 1y [2.22] cac ham f, g ¢6 dang nhu sau:

f = zn:aiXA” Az do dlIOC AzﬂAJ = @ (Z %]),OA’L = X,
i=1 i=1

9= bixs, B;doduge B;(\B;=0(i+#j),| B =X.
i=1 =1
bat Cj; = A; N B;. Ta ¢6 Cj; la cac tap do dude, roi nhau doi mot va

thoéa man
i =x.
N

[ ]

Ta ¢6 cong thic sau

f+g=> (ai+b)xc,

i,J
Béi Dinh 1y ta suy ra f + g la ham do dugce trén X.

V6i céc ky hiéu nhu trén, ta c6
n
af = Z a.Q;X A,
i=1

Do d6, af cung la ham do dugce trén X.
Vay hé qua duge chiing minh. O

Dinh ly 2.24. Ham f : X — R la do dugc khi va chi khi ton tai day
ham don gidn do dugc (f,) vdi gid tri trén R hoi tu dén f. Hon nia, néu
f >0 thi day ham don giin do dugc (f,) cé thé dugc chon la day tang cdc
ham khong am hoi tu dén f.

Chitng minh. ® "=": Gia st f : X — R la ham do dugc.
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- Ta xét truong hop f > 0: V6i mdi n > 1 ta goi phép chia doan [0, n]
thanh 2"n bang nhau véi do dai mdi doan la — la phép chia thi n. Ta dinh
nghia ham f,, bdéi cong thiic sau:

fn(x):{l;"l T L < fla) < 2n,l—172’___’2

n neuf( ) > n.

Khi d6, day ham (f,) théa man cac diéu kién sau:
i) f, 1a ham don gian do dugc khong am.
i) f1 < fo<...ovalim, o fu(z) = f(z) v6i moi z € X.
That vay: Dat
Ai={reX:’ _f() .}i=1,2,...,2”n
Agnpi1 ={z € X ; f( ) >n}.

Do f la do dugc nén céac tap A; 1a do duge v6i moi i = 1,2, ...,2"n + 1.
Suy ra f,, 14 ham do duge. Vay i) duge ching minh.

Ta sé chiing minh (f,,) 1a day tang. Ta cha ¥ rang, mdi doan trong phép
chia thit n sé dugc chia lam 2 doan bang nhau trong phép chia thi n + 1:

1—1 1 2—2 21 —1 21 -1 2 .
|: AL ’5) - |: on+1l 7 9n+l ) U |: on+1 ’2n+1> = 172’ ""2nn' (29)
Lay x € X. Néu f(x) > n thi ta c6
for1(@) =2 n= fu(z).
Néu f(z thi ton tai i < 2"n sao cho
(@) <5

Tu? ) ta suy ra c6 2 truong hgp xay ra sau day

2i— 2 2i — 1—1
fn-‘rl( ):W:fn( ) hoac fn-‘rl( ): 2n+1 fn( )_ on

Vay ta luon c¢6 fo1(x) > fu(z), tic la (f,) la day tang.

Ta sé chitng minh

lim f,(z) = f(x)

n—00

v6i moi xz € X.
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+ Néu f(z) < +oo thi ta c6

1

7@ = @] < 5

Tu day cho n — oo ta suy ra f,(z) = f(x).

+ Néu f(z) = +o0 thi f,(z) = n véi moi n < 1. Khi d6 f,(z) = f(x)
khi n — oo.

Vay ta luon ¢6 lim,, . frn(z) = f(x), tic 1a i) duge ching minh.
- Truong hop f tuy y: Ta dat
fH(z) = max(f(),0), f(x)=max(—f(x),0).

Khi do, f©,f~>0va f=fT— eo truong hop trén thi ton tai
cac day tang cac ham don gidn do duge, khong am (f;7) va (f, ) sao cho

T S = 7@ e I ) = (@)
bat f, = f,F — f,7. Khi d6 ta ¢6 day (f,,) cdc ham don gian do duge hoi
tu dén f tren X.
e "<=": Suy ra tit He qua[2.20]
Vay dinh 1y dugc chiing minh. O
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BAI TAP CHUGONG 2

Bai 2.1. Chting minh ring ham thuc f(x) 1a do dugc trén tap A néu va
chi néu ham f3(x) do dugc trén A.

Bai 2.2. Cho vi du chiing t6 rang ham thyce f2(z) do dugc trén A, nhung
ham f(x) khong do dugc trén A.

Bai 2.3. Giast f : R” - Rlaham lien tucva g, : R - R (i =1,2,...,n)
14 cac ham do duge. Chitng minh rang ham h(z) = f(g1(x), g2(x), ..., gu(T))
1a do dugc trén R.

Bai 2.4. Goi xg(z) la ham dac trung clia tap cac s6 hitu ty va f(x) la
thuc bat ky. Chiing minh rang ham f(z)xg(z) la ham do dugc trén R.

Bai 2.5. Chting minh ring néu ham s6 f(x) do dugc trén doan bat ky
[, f] v6i a < a < < b thl ham f(x) cing do duge trén doan [a, b].

Bai 2.6. Ching minh ring néu ham s6 f(z) c¢6 dao ham tai moi diém
ciia doan [a, b] thi ham f’(z) 1a ham do duge trén doan [a, b].

Bai 2.7. Cho A la mot tap do duge va f(z) 1a mot ham sé xac dinh trén
A. Chitng minh rang néu véi méi s6 hitu ty r, tap hop

{reA: flx)<r}
la do duge thi ham f la do dugce trén A.

Bai 2.8. Cho khong gian do duge (X, F,u) va A € F. Gid st (f,) va
(gn) 1a hai day ham do dugc xac dinh trén A va thda méan cac diéu kién sau:
) [fu(z)] < M, |go(X)| < M v6i moi z € A va v6i moi n > 1.

i) fu 5 f, gn & g tren A.
Chitng minh ring
faGn = fg  trén A.
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Chuong 3
TICH PHAN LEBESGUE

Noi dung ctia chuong nay bao gom cac khai niem va két qua lien quan
t6i tich phan Lebesgue ctia ham do dugc. Trong chuong nay ta ciing sé lam
rd moi quan hé gitta tich phan Rieman va tich phan Lebesgu.

3.1. Tich phan ham do dugc
3.1.1. Tich phan ham don gian do dudgc khéong am

Dinh nghia 3.1. Gia st (X, F, ) 1a mot khong gian do duge va f :
X — R la ham don gidn do duge khong am. Ta c6 thé viét f dusi dang

fa) = Yanale) (e X), (3.1)

Vi A € F(i=1,2,.n), AN Ay = 0 vfii i va X = UL, A

e Tich phan ctia ham f (theo do d trén X dudce ky hiéu va xac dinh
nhu sau

[ fdni=> anta), (32)

(chtd ¥: trong téng vé phai cita (3.2)) ta luon quy wée 0.(+o00) = 0).

e Néu téng vé phai ctia (3.2)) 1a hitu han thi ta néi ham f kha tich trén
X.

e Néu A C X Ia tap do duge va f 1a ham don gidn do dugc khong am
tren A. Khi do, x4 f la ham don gian do duge khong am trén X. Tich phan
cua ham f trén A duge dinh nghia nhu sau:

/Afdu :Z/XXAfdu-

';a c6 mot s6 nhan xét quan trong sau day

Nhan xét 3.2. Dinh nghia tich phan ctia ham f trén X bdi cong thiic
(3.2) khong phu thuoc vao viec biéu dién ham f dudi dang cong thic (3.1),
va do d6 dinh nghia tich phan & trén la c6 nghia.

1Khai niém tich phan Riemann dugc dit theo tén nha toan hoc ngudi Dic: Bernhard Riemann (1826
- 1866)

2Khé&i niém tich phan Lebesgue duge dit theo tén nha toan hoc ngusi Phap: Henri Lebesgue (1875 -
1941)
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Chatng minh. Gia st ham f c6 mot biéu dién khac nhu sau
fl@) =Y bixs,(x)
J=1
véiB, e F(j=1,2,.,m),BijNBy=0véij#j vaX=U

Ta co
m

Jj=1

w(B;) =Y u(AinBy), j=12..m
i=1

m B

=10+

Néu A; N Bj # () thi ton tai zp € A; N B;. Khi d6, ta ¢6 a; = b; = f(xo).

T do suy ra

n m

Zai,u(Ai) = Z Z aipi(Ai N By)

i=1 j=1

=Y D bu(AinB)
i=1 A;NB;#)

n m

= Z Z bjp(A; N By)

i=1 j=1
m
= bju(B)).
j=1
Suy ra diéu phai chiing minh.
Vay nhan xét dugc chiing minh.

Sau day 1a mot s6 tinh chat co ban.

Tinh chat 1. Néu f 1a ham don gian do duge khong am thi Jx fdp > 0.

Tinh chat 2. Néu ham f kha tich trén X thi
p{z e X : f(x) > 0}) < 4o0.
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Chitng minh. Gia st f dugc bicu dién bai
fl) = axa(®) (zre€X)
i=1

voi A, € F(i=1,2,..,n),AiNAy =0v6ii#d vaX=ULA,.
bat A={r e X : f(x) > 0}. Taco

bat a =min{a; #0:i=1,2,...,n}. Tacoé a > 0 va

+oo > > aip(Ay)
i=1

>3 ap(An 4)

i=1

:aZu(AﬂAi)

i=1

= au (O(A N Al))

i=1
= ap(A).
Suy ra u(A) < 4o00. O

Tinh chéat 3. Néu f, g 1a cac ham don gian do duge khong am va a > 0 thi
ta co

/X(f+g)du — /‘( fdu+/ng/~L. (3.3)

/Xafd,u:a/de,u. (3.4)

Chatng minh. Déng thitc (3.4) 1a hién nhién. Ta sé chiing minh (3.3)). Gia sit
f va g c6 cac biéu dién nhu sau

m

n
f = ZaiXA“ g = ijXB]--
=1 j=1

Khi do6 ta cé

m

n
Frg=Y axa+Y bxg= 3. (a+b)xans,.

1<i<n,1<j<m
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Suy ra

/ (f +9)du = Z (a; + b;) (A N B;)
X 1<i<n,1<j<m

= Z a; Z ,U(Az‘ N Bj) + Z bj ZM(Al N Bj)
=1 j=1 j=1 =1

_ Z aip(A;) + Z bju(Bj)

= /}(fdu+/)(gdﬂ.

Vay (2) duge chl’In. O

Tinh chat 4. Néu f va ¢ la hai ham don gian do duge khong am va f < ¢

thi
/ Jdp < / gd.
X X

Ching minh. Dat g = f 4+ h v6i h = g — f la ham don gian do dugc khong
am (b6i He qua . Tu day va ap dung Tinh chat 1 va 3 ta suy ra

[ odn= [ san [ na= [ san

O
Tinh chéat 5. V6i moi A C X 1a tap do dudc ta cé
/ dp = p(A).
A
Chiing minh.
[ = [ xad =00\ A) 1) = ),
O

Tinh chat 6. Cho A C B C X la cac tap do dugce va f 1a ham don gidn do
duge khong am trén X. Khi dé ta co

/A fdu < /B fdp.

Chitng minh. Do A C B nén x4 < x5. Suy ra xaf < xsf. Ap dung Tinh

chat 4 ta ¢6
/ Fdpu = / afdu < / fd = / fdu.
A X X B
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0

Tinh chéat 7. Cho A, B la cac tap con do dugc trong X va ANB =0 va f
la ham don gian do duge khong am trén X. Khi do ta co

fau= [ au+ [ s
AUB A B
Chatng minh. Do AN B = () nén xaup = x4 + x5. Suy ra

/A Jdu= /X vavsfdu
Z/X(XAJrXB)fdM

Z/XXAfdu+/Xxdeu
:/Afd,u—i—/deu.
O

Tinh chéat 8. Cho A C ap con do dugce va f 1a ham don gian do duge
khong am trén X. Khi d6, néu f kha tich trén X thi f kha tich trén A.

Chatng minh. Suy ra tit Tinh chat 6. O
3.1.2. Tich phan ham do dugc khéng am

Theo Dinh 1y 2.24] moi ham do dugc khong am déu la gidi han clia mot
day tang cdc ham don gidn do dugc khong am véi gia tri trong R. Két qua

nay ciing véi két qua sau day la co sé dé ta dua ra dinh nghia tich phan cta
ham do duge khong am.

Dinh 1y 3.3. Cho f : X — R la ham do dugc khong am. Gid st f la
gi01 han cia hai day tang cdic ham don gian do dudgc khong am vdi gia tri
trong R la (f,) va (g,). Khi dé, hai diy s6 ([y fadp) va ([ gadp) ton tai

gidi han va I:
lim [ fudp= im/gndu.
n—oo X

n—0o0 X

Dé chitng minh Dinh 1y [3.3| ta can b6 dé sau day.

Bo dé 3.4. Gid st hg va hy < hy < ... < h,, < ... la cdc ham don gian
do dugc khong am trén X wva thoa man
lim h,(z) > ho(z) (z € X). (3.5)

n—00
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Khi do
lim hndu>/ hodj. (3.6)

n—0o0

Chiing minh. Do day (h,) 1a tang nén theo Tinh chét 4 ta c6 day s6 sau day

( /X hndu> cR*

14 tang va do d6 ton tai giéi han sau

Jim |

a = min ho(x) va b= max ho(x).

Ta xét hai truong hop sau day.
e Khia > 0: Chon 0 < € < a tuy y. Vi moi n > 1 ta dat
A, ={r € X : hy(z) > ho(z) — €}.

Do day ham (h,,) la ting va thoa man (3.5) nen day—(A,) ciing ting cac
tap do dugc va théa man

Bdi tinh lién tuc ctua do do (Pinh 1y D ta c6
p(X) = lim p(Ay). (3.7)

- V6i (X)) = +oo thi do

/hnd,uZ/ hndu
X An
Z/ (ho — €)dp
An

> /An(a — €)dp
=(a—e)u(4,), (KWn=>1).

nén khi cho n — oo ta suy ra

|:| lim hndp = +00.

n—00 X

Do dé (3.6) duge théa man.
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- V6i u(X) < 400 thi tir 1) suy ra ton tai ng > 1 sao cho
XN\ Ap) = p(X) — p(An) <€, (Vn = no).

Suy ra
[z [ s
X An
Z/ (ho — €)du
Ap
:/ hodp — ep(Ay)
A7l
Z/ h()d,u—/ hoE E:LL(X>
A, X\A,
z/ hodp — eb— en(X),  (¥n > ng).
ATL
Hay

/thd,uZ/A hodp — (b + (X)), (n > ngp).

Tit d6, cho € \, 0 ta thu duge (3.6).
e Khi a = 0: Dat
ng{xEX:ho(x):O} va X1:X\X0.

Khi d6, ta c6 minger, ho(x) > 0. Ap dung trudng hop trén cho day ham
(hy,) trén tap X; ta co

lim hndMZ/ hody.
X1 X1

n—oo

Tu day s

lim / hydp > lim hndp > hod,u:/ hodjt.
e n—oo Jx, X

n—o0

Vay duge chiing minh. |:|

Vay bo dé duge chitng minh. O
Chitng minh Dinh 1y [3.3:

X1

Do (f,) va (g,) 1a cac day tang cac ham don gidn do duge khong am nén
suy ra ( [y fodp) v ([ gndp) 1a céc day sb tang va khong am. Va do d6
cac day s6 do ton tai gidi han.
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V6i moi m > 1 ta ¢o
gm(@) < fl2) = nlggo fu(@), (Vo € X).

Ap dung B6 dé ta co

lim {‘lfndﬂ> / gmdp,  (Vm > 1).
n—oo X

lim [ f.dp> lim/gmd,u. (3.8)
X m—0oQ X

n—oo

Tu day styra

Lap luan tuong tu ta cling c6

m—o0

lim gmdp > lim [ f.du. (3.9)
X n—oo X

Tir (3.8) va (3.9) suy ra dinh 1y dugc ching minh.
Sau day ta sé dinh nghia tich phan ctia ham do duge khong am.

Dinh nghia 3.5. Cho f: X — R’ 1a ham do dugc khong am. Goi (f,)
la day tang cac ham don gian do duge khong am hoi tu t6i f. Khi do6 ta ¢
cac dinh nghia sau:

e Tich phan ctia ham f trén X duge ky hiéu va xac dinh nhu sau

/ fdp = lim / fndp.
X n—o0 X
e Néu [ fdu < +o0 thi ta néi ham f khé tich tren X.

e Néu A C X 1a tap do duge va f 1a ham do dugc khong am trén A. Khi
do, tich phan ctia ham f trén A duge dinh nghia nhu sau

/Afdu rz/Xfodu~

Nhan xét 3.6. Tich phan ctia ham do dugc khong am ciing thda méan
cac tinh chat tuong tu cac Tinh chat 1, 3, 4, 5, 6, 7, 8 clia tich phan ham
don gian do dugc khong am.

Sau day ta sé phat biéu va chiing minh tinh chat 7, cac tinh chat con lai
c6 thé duge phat bicu va chiing minh tuong tu.

Tinh chat 7. Cho A, B la cac tap con do dugc trong X va AN B =0
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va f la ham do dugc khong am tréen X. Khi do ta c¢6

s | sau+ [ san

Chiing minh. Goi (f,) 1a day tang cadc ham don gian do duge khong am hoi
tu dén f. Khi do, (xaunfn), (xafn) va (xB/fn) 12 cic day tang cdc ham don
gian do duge khong am hoi tu lan lugt t6i cdc ham xaupf, xaf va xgf. Tu
do suy ra

fdpu = /X aun fu

AUB

= lim [ xauBfudp
X

n—00

~ lim < / N fudit + / xBfndu)

~ lim / afudp + lim / i fud

/XXAfdwr/Xxdeu

:/Afdu-l-/de,u.

Vay tinh chat dugc chitng minh. O

3.1.3. Tich phan ham do dugc tuy ¥

Dinh nghia 3.7. Cho f: X — R 1a ham do dugc tity 7. Ta viét ham f
duéi dang

f=f"—f" véi fT=max(f0), f~ =max(—f,0).

e Gia stt cac ham do duge khong am f* va f~ ¢6 tich phan tréen X khong
dong thoi bang +oo. Khi d6, tich phan ctia ham f trén X duge dinh nghia

nhu sau:
[ fawi= [ rran= [ gan

e Néu céc tich phan [y fTdu va [ f~dp déu hitu han (tic la tich phan
Jx fdp hitu han) thi ta n6i ham f kha tich tren X.

e Cho A C X la tap con do dudc va f : A — R la ham do dugc tuy ¥
tréen A. Khi do6, tich phan ctia ham f trén A duge dinh nghia nhu sau:

/Afdu :Z/Xfodu,
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véi dieu kien la tich phan [y xafdp ton tai.

3.2. Cac tinh chat co ban cua tich phan
3.2.1. Tinh chit céng tinh

Dinh 1y 3.8. Cho f la ham do dugc tréen X va A, B C X la cac tap con
do dugc véi AN B = 0. Khi dé ta cé

[ rdn = [ s+ [ s, (3.10)

vdi diéu kién cdc tich phan ¢ vé trdi hodc vé phdi trong ddang thic trén cé
nghia.

Chatng minh. e Néu f 1a ham do dugc khong am thi dinh 1y duge chiing minh
¢ Tinh chat 7.

e Gia stt f 1a ham do dugc tuy y. Ta viét
f:ij_fi Vo1 f*zmax(f,()), f’:max(—f,()).
Taco | | [ | D

s / frp+ / fdp.

[ ran- /fdﬁ/g m) -

T va, ta suy ra tich phan vé trai ctia (3.10) c6 nghia néu
va chi néu cac tich phan vé phai c¢6 nghia. That vay, néu f c6 tich phan trén
A U B thi cac tich phan vé trai cia va khong dong thoi bang
+oo. Diéu nay tuong duong véi f c6 tich phan trén A va B va cac tich phan
nay khong dong thoi nhan hai gié tri vo ciing trai dau. Ta c6

fdp= | frdu— [ fdp
fgin= [ s |
[ sau= [ rran= [ ran

Tic 1a tong sau c6 nghia
[ au+ [ san [ ]
JA | B

Nhu vay, v6i dieu kien 1a mot trong hai vé ctia (3.10) c6 nghia thi ta c6

theé trit ting vé cla v, cho nhau va ta thu duge .
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Vay dinh 1y dugc chting minh. ]

Sau day 13 mot s6 hé qua quan trong.

Hé qua 3.9. Cho A C X la tap do duge. Khi d6, néu ton tai [([Tdi|thi
ton tai [, fdu. Hon nita, néy—fkhd tich tren X thi f cing kha tichtrem 4

Chitng minh. Ap dung Dinh 1y @ cho cac tap A va CA = X \ A ta co:
e Ton tai tich phan [y fdu = [, o4 fdp néu va chi néu ton tai cic tich
phan [, fdu va [., fdu. Va lac nay ta co:

/deuz/Afdqu/CAfdu. (3.13)

e Néu f kha tich trén X thi tich phan vé phai ciia (3.13) 1a hitu han. Theo
chting minh Dinh 1y , thi cac tich phan vé phai cia khong dong
thoi nhan hai gia tri vo ciing trai dau. Nhu vay, hai tich phan vé phai cling
dong thoi hitu han. Ttc 1a f kha tich tréen A va C A.

Vay hé qué duge ching minh. O
Hé qua 3.10. a) Néu pu(A) = 0 thi vdi moi ham do dugc trén A ta cé
/ fdu=0. (3.14)

b) Néeu A, B C X la cdc tap do dudc va pu(B) = 0 thi vdi moi ham f do
duoc tréen AU B ta c6

[ ]

Chitng minh. a) Ta xét cac truong hgp sau.

e Truong hop 1: f 1a ham don gian do duge khong am thi (3.14)) 1a ding.
Va do d6 ([3.14) ciing ding khi f 1a ham do dugc khong am.

e Truong hop 2: Gid st f 1a ham do duge tuy ¥ tren A. Khi d6 ta viét
f=f"=f" v [T=max(f0), [~ =max(-f,0).
Theo truong hop 1 ta cé

/Af+du:/Af_d,u:O.
/Afduz/Af*du—/Afdu:o.

fdu:/Afdu. (3.15)

AUB

Suy ra
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b) Ap dung Dinh 1y va a) ta 6

fdpu = / Fdu+ / fpu = / fdu,
AUB
titc 1a (3.15) dugc ching minh.

Vay hé qua duge chitng minh. O
3.2.2. Tinh chit tuyén tinh
Dinh ly 3.11. a) Néu f va g la ciac ham do dugc trén X thi
/ (f +g)du = %’u + / gdp, (3.16)
X X X
vdi diéu kién cdc tich phan vé phdi cé nghia.
b) Néua € R va f la ham do dugc trén X thi
/ afdu:a/ fdu. (3.17)
X X

Dé chiing minh Dinh 1y ta can bo dé sau.

Bo6 dé 3.12. Néuu = v — w vdi u,v,w la cic ham do duoc trén X va

v > ut thi ta co
/ udp = / vdp —/ wdl, (3.18)
X X X

vdi diéu kién cdc tich phan vé phdi cé nghia.
Chaing minh. Ta viet u =u" —u~. Suyrav—w =ut —u~. Dov > u" nén

ta suy ra
hi=v—u"=w—u >0.

Suy ra
v=h+u">0 vda w=h+u >0.

Ap dung Tinh chit 3 cho cac ham do duge khong am ta c6

/vd,u:/hdu—k/zﬁdu
X X X

/wdu:/ hdu + /7/*d,u.
X X Jx

Do céc tich phan vé phai ctia (3.18) c6 nghia, tic la cac tich phan [, vdu
va [y wdp khong dong thoi nhan gia tri +o0o nén suy ra [y hdp < +oo.
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Suy ra

/vdu—/wdu—/u*du—/udu—/udu.
X X X X X

Vay bo dé duge ching minh. O
Ching minh Dinh 1y [3.11] a) Do céac tich phan vé phai cla 1 c6

nghia nén ta c6 thé viét

/deuﬂL/ngu:/Xf*d' —/de/t+/xg+du—/ng,u
~ [T+ adn= [ (1 + g

Do f*+g">0, f-+g >0va

o doa - =0 +dH - +9)

nén suy ra fT+¢g" > f+¢g. Tudaysuyra fT+¢7 > (f +9)*.
ApdungBédéChou:f+g,v:f++g+vaw:f*+g’ ta o
Jvadn= [ (v gt [ (v g o)

Tu VA ta suy ra (3.16).

b) e Néu a > 0 thi ta c6
(af)" = max(af,0) = amax(f,0) =a.f*
(af)” = max(—af,0) = amax(—f,0) = a.f".

(3.19)

Ap dung Tinh chit 3 cho cac ham do duge khong am ta c6

/Xafd,u:/xaf+d,u—/Xafdu
:a/Xf’Ldu—a/Xf_du
(s

e Néu a < 0 thi ta co6
(af>+ = max(af, 0) = —amax(—f, 0) = _af7
(af)” = max(—af,0) = —amax(f,0) = —af".

84



Ap dung Tinh chat 3 cho cac ham do dugc khong am ta c6

[ erdn= [ taryau= [ @prdn
/X—afdu—/X—af+du
:—a/Xf_du+a/Xf+du

:a/de,u. ]

Vay dinh 1y dugc chiing minh. [l

Heé qua 3.13. Néu f, g la cdc ham khd tich thi af + bg ciing la ham kha
tich voi moi a,b € R va

[ s +varin=a [ sas [ gn

Chitng minh. Suy ra tit a) va b) cita Dinh ly [3.11] O
3.2.3. Tinh chat bao toan thit tu
Dinh 1y 3.14. Néu f va g la cac ham do dugc va f = h hau khdp noi

tren X thi
/ fdp = / gdp.
JX X

Dac biét, néu f =0 hau khap noi trén X thi [y fdp = 0.

Chiing minh. Dat A= {x € X : f(x) # g(x)}. Bdi gid thiét ta co u(A) = 0.
Ap dung He qua ) ta co

/fdu /X\A fdy

= Jdp
X\A

= / gdp
X\A

= / gdp
(X\A)UA

= / gdjs.
X

Vay dinh 1y dugc chiing minh. O




Dinh 1y 3.15. Néu f va g la cic ham do dugc va f > g hau khdp noi

tren X thi
/ fdp > / gdp.
X X

Ddc biet, néu f > 0 hau khdp noi trén X thi fX fdu > 0.
Ching minh. e Truong hgp 1: gid st f > ¢ trén X.
Taviét f=ft— f7,9g=g" — g . Khi do ta c6

{ Jr=fzg

Ap dung chét 4 cho cac ham do duge khong am ta c6

/de/ﬁ:/Xerd/J_/Xf_dMZ/)(9+du—/Xg_du:/ngu.

e Truong hop 2: gia st f > ¢ hau khip noi trén X.
Dit A = {z € X : f(z) < g(z)}. Béi gia thiét ta c6 u(A) = 0. Ap dung
Dinh 1y va truong hop 1 ta ¢

/fduz/ fduz/ gduz/gdu-
X X\4 X\4 X

Vay dinh 1y dugc chiing minh. O

Hé qua 3.16. Cho A C X la tap con do duge. Khi dp, néy f kha tich
tréen X thi f kha tich tréen A.

Chitng minh. e Truong hop 1: gid s f > 0.
Ta ¢6 xaf < f tren X. Ap dung Dinh 1y ta co

0 [ fdn= [ xafin< [ gau< oo
A X X
e Truong hop 2: f la ham tuy y.

Ta viét f = f* — f~. Do f kha tich trén X nén cac ham f* va f~ kha
tich tréen X. Bdi truong hop 1 ta c6 f va f~ kha tich tréen A. Suy ra f kha
tich trén A.

86



Vay hé qua dugce ching rthinh. O

Hé qua 3.17. Néu f kha Tich trén X thi f hitu han hau khdp noi trén
X.

Chitng minh. e Truong hop 1: gia s f > 0.
Dit
A={zx e X : f(z) = +o0}.

Béi He qua ta c6 f kha tich tréen A. V6i moin > 1 ta c6 f > n trén
A. Ap dung Dinh Iy ta co

+o0 > /Afdu > /Andu =nu(A), (Yn>1).

Diéu nay suy ra u(A) = 0.

e Truong hop 2: f la ham tuy §.

Ta viét f = fT — f~ v6i fT va f~ khong dong thoi bang +o0o. Khi do,
ta co

A={x € X : f(x) = —o0 hodc f(z) = +oo} = A; U Ay,
v6i
Ai={reX: ff(zr)=+o00}, Aa={r € X: f (z) = +oo}.

Do f kha tich tren X neén cac ham f+ va f~ kha tich tren X. Ap dung

truong hop 1 ta c6 f* va f~ hitu han hau khap noi tréen X, tic la
H(AL) = p(Ar) = 0.
Suy ra
p(A) = p(Ar) + p(A2) =0,

tidc 14 f 14 hitu han hau khap noi trén X.

Vay hé qua dugce chiing minh. O
Hé qua 3.18. Néu f > 0 va [y fdu =0 thi f = 0 hau khap noi trén
X.
Chiing minh. Dat
Av={reX: f(r) >}
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véimoin > 1. Ta co

0= [ sau= | s / e / fip > (A

Suy ra p(A,) = 0. Ta c6 thé kiém tra rang, déng thiic sau 1a dang
A={reX: f(z >0}—UA

Suy ra

<> () =0,
n=1

tidc 1a f = 0 hau khap noi trén X.
Vay hé qué duge chiing minh. O
Dinh 1y 3.19. Néu ham f c6 tich phan trén X thi

‘ / fdu| < If |dp.
Hon nita, f khd tich trén X néu va chi néu |f| khd tich trén X.

Chitng minh. Ta c6 |f| = f* + f~. Ap dung tinh chat tuyén tinh cta tich
phan ham do duge (Dinh 1y ta co

Tih))
st = [ 7 1
- /X Frdp+ /X fdp
> ‘/Xﬁdu—/deu‘

fdu‘.
X

Vay dinh 1y dugc chting minh. O

Dinh 1y 3.20. Gid st u(X) < +oo. Khi dé, moi ham do dugc bi chan
trén X déu khd tich trén X .

Chitng minh. Béi f bi chan trén X nén ta cé
M :=sup{|f(z)] : x € X} < +o0.
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Khi do, ta co6 fT < M va f~ < M trén X. Suy ra
/f+dM§/Md,u:Mu(X)<+oo
X X

/Xf_d/LS/XMd,u:MM(X)<+oo.

Vay ham f kha tich trén X.
Vay dinh 1y dugc chting minh. O
3.3. Qua gi6i han dué6i dau tich phan

Muc nay chiing ta tim hiéu xem véi diéu kién nao thi ta c6 dang thiic sau

lim / frdp = / lim frdy.
k—oo Jx x k—oo
V6i tich phan Riemann trong R” thi diéu kien 1a day ham (fj) phai hoi
tu déu trén mién lay tich phan, day 1a diéu kién kha chit. Vé6i tich phan
Lebesgue, trong muc nay ching ta sé thay dicéu kién nhe hon. Dac biét 1a cac
diéu kien nay 1a kha pho bién trong nhicu van dé khac nhau ctia toan hoc.

Trude hét, ching ta sé trinh bay mot s6 két qua chuan bi.

Dinh ly 3.21. Cho (fi) la mot day cac ham do duge khong am trén X .
Dat

flx) =) filz) (x€X).

Khi dé ta co

/deﬂ=§:l/xfkdu-

Ching minh. V61 moi m > 1 ta ¢6

kaﬁf-
k=1

g;/xfkduz/x(éfk> dug/deu.

Suy ra
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Cho m — o0 ta ¢6
> [ fidn< [ san (3.21)
= /X X

Bay gio ta sé ching minh chiéu nguge lai. Véi moi k& > 1, ta goi (frm)m>1
12 day tang cidc ham don gidn do duge khong am hoi tu dén fi.. Khi dé ta c6

/fkdu: lim/fk,mdu (k=1,2,3,...).
X m—oo [y :

m
Im = Z fk,m-
k=1

Ta ¢b, (g) 1a day cac ham don gidn do duge khong am. Hon nita

m~+1 m
Im+1 = E fka—l = E fk,m-i—l + frrz+1,77L+1
k=1 k=1
m
Z E fk,m + fm—&-l,m
k=1
m~+1

= Z kan = dm-
k=1

Suy ra, day (g¢,,) la day tang.
Mit khac, v6i 1 < p < m ta co

m

p m
k=1 k=1 k=1

Cho m — oo ta thu dugce

p
> fi < lim g, < f.
k=1

m—00

Céc danh gia trén théa man v6i moi p > 1, nén cho p — oo ta thu duge

lim g, = f.

m—o0

Vay ta ¢6 (g,,) 1a day tang cdc ham don gian do duge khong am hoi tu
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dén f. Theo dinh nghia tich phan ctia f trén X ta c6
/ fd,lj, = lim g'md:UJ
X X

m—oo

= lim m | d

m—oo [y (; fk’ ) H

= lim / md
m%oo; ka’ H

~ (3.22)
lim / md
[ [ Fhm2 ) fnds
=Y Jim [ i
=3 [ s
k=1 7%
Tu va ta suy ra diéu phai chiing minh.
Vay dinh 1y dugc chitng minh. O

Sau day 1a mot hé qué ctia Dinh 1y ma ta sé goi la tinh chat o - cong
tinh cta tich phan.

Hé qua 3.22. Cho X = U2 X}, vdi Xy, la cac tap do dudc, doi mot roi
nhau. Khi dé, néu tich phan [y fdu cé nghia thi ta cé

/X fdu = I; R

Chiing minh. e Ta xét truong hop f > 0: Do

X = G X,
k=1

v6i X 1a cac tap do dude, nén ta co
o
1= Xx = Z XX
k=1

Khi d6, néu dat fr = xx.f,k = 1,2,3,... thi f la cac ham do dugc
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khoéng am va thdéa méan
f=xxf=Y xx.f=) I
k=1 k=1

Ap dung Dinh Iy 3.21] ta c6
/fdu=2/ fde:Z/ xkadu=Z/ fdu.
X k=17X k=1"X k=1 Xk

e Ta xét truong hgp f la ham do duge tuy y: Ta dat
f=r-r.
Do [y fdu 1a c¢6 nghia nen ta o

/deu—/Xf*du—/deu-

Ap dung trudng hop tren cho cac ham f* v f~ ta 6

/X f+du=]§; /X S /X f‘duzé [ ran

Suy ra N N
/deu=2/kf*du—kz_;/kadu
Sl
: i/
_ kz_: /
Vay hé qué duge ching minh. O

Bay gio, chiing ta sé bat dau trinh bay cac két qua qua gidi han dudi dau
tich phan. Két qua sau day 1a Dinh 1y Lebesgue - Levi cho phép qua gisi han
duéi dau tich phan déi véi day tang cac ham do duge khong am.

Dinh 1y 3.23 (Dinh Iy Lebesgue - Levi vé hoi tu don diéu). Néu
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(fx) la day tang cic ham do dugc khong am trén X hoi tu tdi f, thi ta cé

lim / frdp = / fdu. (3.23)
k—o00 X X
Chitng minh. Béi He qua ta c6 f 1a ham do duge. Dé chiing minh (3.23)

ta sé xét hai truong hop sau—day.

e Ton tai kg > 0 sao clio
/ frodp = +o0.
X

Do fir, < fr < f v6i moi k > Ky nén ta co

voo= [ fudu< [ fidu< [ fan

Tir day suy ra (3.23) dugc chting minh.
e Ham f; kha tich v6i moi k& > 1:
Dat go(z) =0, g1(x) = fi(z) v6i moi z € X va

gr1(T) = {0 néu filz) = too
i fra(®) = filz)  méu fi(z) < +oo.

Khi d6, (gx) 1a day cdc ham do duge khong am va théa man

k
fr = Zgj trén X.
j=1

Suy ra

oo
li = ; trén X.
LS ST

Ap dung Dinh 1y ta co

/deMZ/X (kgrpoofk> duzi/ngdu

|:| = lim / fidp,
X
titc 1a (3.23) dugc chitng minh.
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Vay dinh 1y dugc chting minh.

Heé qua sau day cho phép qua gi6i han duéi dau tich phan déi véi day
tang cac ham do dugc.

Heé qua 3.24. Néu (fy) la day tang cic ham do dugc hoi tu tdi ham f
tréen X wvdi fi la kha tich trén X thi ta co

Jim [ p= [ san (3.24)

Chiing minh. B6i gia thiét ta suy ra (fr — f1)k>1 12 ddy tang cac ham do
duge khong am hoi tu dén ham f — fi. Ap dung Dinh ly ta co

lm [ (i — fi)dp = / (f - f)du. (3.25)
X X

k—+00

Do f; kha tich trén X nén ta c6 |:| |:|

[ o= sodn= [ i~ [ fid

/X(f—fl)duz/xfdu—/xfldu.

Nhitng két qua nay cling véi |} ta suy ra 1)

Vay hé qua dugce chiing minh. O

va

Sau day ta sé trinh bay bo dé Fatou, dé chuan bi cho viéc trinh bay dinh
Iy qua gi6i han dudi dau tich phan tiép theo.
B6 dé 3.25. Néu (fy) la day ham do dugc khong am trén X thi ta 6
/ (lim inf fk> dp < lim inf/ frdp. (3.26)
X k—4o00 k—+00 X
Chitng minh. V6i moi k > 1 ta dat
gr = inf{fry;: j >0}
Khi d6, (gx) 1a day tang cac ham do dugc khong am trén X va
Gk < frvy VEZ1,V52>0
lim g, = sypinf{ fry; : j > 1} = iminf f.
k—+00 E>T k—+00
Ap dung Dinh 1y cho day (gx) ta c6
/ (lim inf fk> dp = / < lim gk> dp = lim / grd. (3.27)
X k—4o00 X k—4o00 k—4o00 X
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Do g < fr+; v6i moi j > 0 nén ta cé

/ grdp < / Jeeidp (V5 >0).
X X
/ grdp < inf {/ Jevgdp g = 0} .
X X
Cho k Fod|ta ¢o
A
lim grdp < lim <inf{ Jewjdp: j > 0})
k=400 Jx k—+o00 X

Suy ra

= supinf {/ Jraidp =3 > 0} (3.28)
k>1 X
= lim inf/ frdp.
k—+o0 X
Tt (3.27) va (3.28) ta suy ra (3.26).
Vay bo dé dugce chitng minh. O

Sau day 1a mot s6 hé qua ctia Bé dé Fatou.

Heé qua 3.26. Néu (f;) la day cic ham do dugc trén X théa man fy, >
g,Vk > 1 vdi g la ham kha tich trén X thi ta co

/ <lim inf fk> dp < lim inf/ frdpe.

X k—+4o00 k—+00 X

Chiing minh. BGi gia thiét ta ¢ (fr — g) 1a day cac ham do duge khong am
tren X. Ap dung Bé dé Fatou ta c6

/ liminf(f; — ¢g)dp < lim inf/ (fe —g)dp.
X k—+o00 k—+o00 X
Do g 1a ham kha tich trén X nén danh gié trén ta suy ra
/ (lim inf fk) dp < lim inf/ frdp,
X k—4-o00 k—+o0 X
tic 1a hé qué duge chitng minh.

Vay hé qué duge chiing minh. O

Heé qua 3.27. Néu (fy) la day cic ham do duge trén X théa man fi, <
g, Yk > 1 vdi g la ham khd tich trén X thi ta co

/ <lim sup fk) dp > lim sup/ frdp.
X k—+o00 k—+o00 JX
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Chiing minh. Tit gia thiét ta 6 —f, > —g,Vk > 1. Ap dung He qua
cho day (—fx) ta co

/X (lim inf(—fk)> dp <liminf [ (—fr)dp

k—4-00 k—+oco Jx

@/ (—lim sup fk> dp < —lim sup/ frdp
X k—+o00 k=400 JX

(i)/ (limsup fk> dp > lim sup/ frdp.
X \ k=400 k=400 JX

Vay hé qua dugce chiing minh. O

Sau day ta phat bicu v& chitng minh Dinh 1y Lebesgue qua gi6i han dudi
dau tich phan cho day ham do dugc bi chan déu béi mot ham kha tich.

Dinh 1y 3.28 (Dinh 1y Lebesgue vé su hoi tu bi chin). Cho (f;.)
la day cac ham do dugc tréen X théa man cdc kieu kién sau:

i) (fx) bi chan déu bdi mot ham khong am g khd tich tréen X, tic la
|fr(@)| < g(x), (VE>1,Vz € X);

ii) Day (fx) hoi tu hau khdp noi hodc hoi tu theo do do p tdi ham f.

Khi do ta c6 ham f khd tich trén X wva

lim /fkd,u:/fdu.
k—4o00 X X

Chiing minh. Do g 1a ham kha tich nén g la hitu han hau khap noi tren X.
Vi vay, khong mat tinh tong quat ta c6 thé gia st ¢ la hitu han trén X.

e Ta xét truong hop fi ELIN f trén X. Khi do
p(fe € X filz) - f(x)}) = 0.

Béi tinh chat ciia tich phan Lebesgue, ta co thé gid sit fp — f trén X.
Bdi gia thiét
|fe(@)] < g(z), (VE=1VeeX),

suy ra | f(z)| < g(z) v6i moi z € X. Bat dang thiic nay cling véi gid thiét g
hitu han trén X suy ra f 1a ham kha tich trén X.

Ta con phai chiing minh
lim / frdp :/ fdpu.
k—4o00 X X
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Ap dung B8 dé Fatou cho day ham (g + f3) ta c6

/ liminf(g + f)du < liminf/ (g+ fr)dp
X k—o00 k—o0 X

<:>/ gdu—f—/ liminffkd,ug/gdu-i-liminf/ frd.
X X k—o0 X k—o0 X

Do g khé tich trén X ta suy ra
/ fdu = / liminf frdp < lim inf/ frdp. (3.29)

Mat khac, do g — fr > 0 va
liminf(g — fz) = g — imsup f,
k—o0 k—00

nén 4p dung B6 dé Fatou ta cé

/ liminf(g — fi)dp < hminf/ (9 — fr)dp
X k—o00 k—o00 X

[
& gdlu — [ |lim siup fredp < | gdp —limsup [ frdp.
3 f—rio X b'e

k—o0

Béi g kha tich trén X, ta suy ra
/ fdu = / lim sup frdp > lim sup/ frdp. (3.30) —
X X X

k—o0 k—oo

Tu va ta suy ra

lim/fkdu:/ fdu.
k—o00 X X

e Ta xét truong hop fr = f tren X. Khi d6, béi Dinh 1y , ton tai
day con (fy,) hoi tu hau khap noi dén f trén X. Béi trudng hop tren ta suy
ra f kha tich.

Tu dinh nghia clia gidi han trén ta suy ra ton tai day (k,) sao cho

limsup/ frdp = lim / fr, dp.
X n—oo X

k—o0

Do

I, 5 tren X
nén béi Dinh ly suy ra ton tai day con (k) sao cho
fknj ELIN f tren X.
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Ap dung truong hgp trén ta co

i [ fo,do= [ fi.
1—=00 X J X

limsup/kadu:/de,u. (3.31)

k—o0

Vay ta c

Lap luan tuong tur nhu trén cho giéi han dudi, ta ciing nhan duge dang thic
sau

lim inf/ frdp = / fdp. (3.32)
k—o0 X X
Tir (3.31) va (3.32) ta suy ra

1im/fkd,u:/fdu.
k—o0 X X

Vay dinh 1y dugc chiing minh. O

Heé qua 3.29. Cho (fx) la day cac ham do dugc trén X va pu(X) < 400.
Gid st cac dieu kien sau dude théa man:

i) | fe(z)| < M Vr € X,Vk >1 (M la hing s6);
ii) Day (fy) hoi tu hau khdp noi hodc |hoi t theo do do dén ham f.
Khi do: ham f kha tich trén X va

lim / frdp = / fdu.
k—o0 X X
Chiing minh. Ap dung Dinh ly cho ham g(z) = M véimoi x € X. O

3.4. Mbi lién hé gita tich phan Riemann va tich phan
Lebesgue
Trong muc nay chiing ta sé tim hiéu méi lien hé gitta tich phan Riemann
va tich phan Lebesgue trén R" theo do do Lebesgue p trén R™. 0 day, R"
dugc xem nhu khong gian metric v6i khoang cach max: Véi

x = (1,22 ..y Tn), Yy = (Y1,Y2, -, Yn) € R"
ta co
p(x,y) = max{|z; —yi| :i=1,2,...,n}.
Dinh 1y 3.30. Cho f la ham so xdc dinh trén gian compact A C R".

Khi dé, f la khd tich Riemann trén A néu va chi néu tap tat cd cic diém
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gidn dogn cia f c6 do do Lebesque bing 0.
Chitng minh. e "=-": Do f kha tich (R) trén A nén suy ra f bi chin trén A,
tic la

M = sup{|f(z)| : x € A} < F00.

1 (o]
Dk.:{xEA:wf(:c)ZE}, k>1 VaD:UDk,
k=1

6 day wy(x) 1a dao dong ctia f tai z, tic la
wr(z) = limsup f(y) — liminf f(y).
Y= y—x

Khi d6, D la tap tat ca céc diém gian doan ctia f. Vi vay, ta sé ching
minh do do Lebesgue ctia D bang 0: p*(D) = 0.

That vay: V6i k > 1 va e > 0 tuy y. Gia sit 7w la mot phan hoach ctia
A thanh cac gian nhdé Aq, ..., A, bdi cac sieu phang song song véi cac sieu
phéng toa do, sao cho

" €
3wl < (3.33)
g k2

¢ day w; la dao dong ctia f trén A, tic la
wy = sup{|f(') — f(@)] 2" € Ay},
Dit

m

F=|]oA;.
j=1
Khi do, F' la tap dong trong R", p*(F) = 0 va véi x € Dy \ F thi z 1a
mot diém trong ciia Aj nao do. Dat

J={j:1<j<m,(IntA;)N(Dy\ F) # 0}.
Khi do6, ta co
. r .
| qk\F(t UL[ntAj va w; > 7 Vo j € J. (3.34)

jedJ
Tu va ta suy ra

W(DE\F) <Y A< kY wildyl <e

jedJ jedJ
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T day suy ra

Vay ta co

Do € > 0 tuy § nén ta c6 p*(D) = 0.

e "<":V6i € > 0 cho trude. Chon ky > 1 sao cho kio < €.

B6i gia thiét p*(D) = 0 nén suy ra u*(Dy,) = 0. Do vay ton tai lan can
mé G ctia Dy, sao cho j(G) < € (xem Dinh 1y [1.39)).

Mat khae, do Dy, 1a tap déng nén né la compact trong A. Do d6, ton tai
lan can mé G cua Dy, trong G sao cho

0 = p(G1,0G) = inf{p(z,y) : x € G1,y € 0G} > 0.
Do K = A\ G, 1a tap compact va wy(x) < k—lo v6i moi x € K, nén ton

tai dy > 0 sao cho dao dong ws(V') ctia f trén moi tap con V' C K véi dudng
kinh d(V) < dy bé hon kio, tic 1a

or(V) = sup{l () = f0)| s vy €V} < 1

bat § = min(dy, d2). Goi m la mot phan hoach ctia A thanh céac gian nhé
Ay, ..., A, sao cho d(7) < 4§, 6 day d(w) 1a do dai duong kinh 16n nhat trong
cac duong kinh cia Ay, ..., A,,.
Dit
Ji={1<j<m:A;NG; # 0}
Jo={1<j<m:j¢& .}

Do d(m) < § < 01 = p(G1,0G) nén suy ra
AJ’ cG (Vj S Jl)
T day suy ra

j€J1 jEJl
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Mat khac, ta co

DowilA < - Z [Aj] < €lA].

jGJQ ]€J2
Vay ta co
Z% A1 =D wil &gl + ) wi|Ajl < e(2M +|A)),
jEJl JGJZ

v6i moi phan hoach 7 ctia A ma d(m) < §. Vay f kha tich (R) trén A.
Vay dinh 1y dugc chting minh. ]

Dinh 1y 3.31. Néu f khd tich Riemann trén gian compact A C R" thi
f cung kha tich Lebesque trén A va

R)/Afdx: (L)/Afd,u. (3.35)

Chaing minh. Goi A la tap cac diém gian doan ctia f. Theo Dinh ly suy
ra ((A) = 0. Do p la do do du nén A la tap do duge.

Do f 1a lien tuc tréen A\ A nén suy ra f do dugc ‘JQ \ Avadodoé f
do dugc trén A.

Do f khéa tich Riemann nén né bi chan trén A. Vay f 1a ham do dugc va
bi chan trén A nén f kha tich Lebesgue trén A.

Bay gio ta sé chting minh ding thitc (3.35). Goi (m;) la day phan hoach
gian A
k k k
={aP, Al Al
thoa man d(m;) = 0 khi & — oo.
Dat

m™ = min f(x), M* = max f(x),i=1,2,.. .

! CCEA(M ! zeA®
V6i moi k > 1, ta dat
_ (k) N _ (k)
SR SN
j=1 =1
Khi d6, g va hy 1a cadc ham don gian trén A va théa man

ge(x) < f(z) < hgp(x) (Vo e X,Vk>1).
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Suy ra
(L) /A gucdp < (L) /A fdu < (L) /A hadps, (k> 1),

hay tuong d vGi ’—‘
ik

S Al < (1) /A fap < S MM AP (vk > 1). (3.36)
j=1

J
j=1

Do f kha tich Riemann nén ta c6
ik ik

i > 1A = lim S MY = (R) [ pan a7
j=1 j=1

Tt (3.36) va (3.37) ta suy ra (3.33).
Vay dinh 1y dugc chting minh. O
Sau day 1a mot s6 vi du ap dung.
Vi du 14. Xét ham Riemann R : [0, 1] — R xac dinh béi
0 néu x 1a s6 vo ty
R(z) = , Lo e,
2 néu r = § 14 phan s6 t6i gian
Ching minh rang ham R(z) khé tich Riemann va tinh fol R(x)dx.
Giai:. Cho trudc e > 0 va z € [0, 1] 1a mot s6 vo ty. Dat
1 1
A={Zel01:->apqeN), B={lcl01): - <apgen}
q q q q
0
3.5. Dinh ly Radon - Nikodym

Gia stt f 1a ham kha tich theo do do p va E la tap p - do duge. Khi dé,
ham tap xéac dinh bdi

AE) = /E F(E)du(t)

14 o - cong tinh va lién tuc tuyet doi (xem phan Phu luc) déi véi p. Muc nay,
ta sé chitng minh mot két qua ngudgc lai, mdi ham tap A 1a o - cong tinh hitu
han va lién tuc tuyet déi ddi véi o déu cé thé duge biéu dién dudi dang

AE) = /E F(t)du(t)
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6 do, f 1a ham kha tich theo do do p. Noi dung nay chinh la Dinh 1§ Radon
- Nikodym. Truéc hét, ta c6 bd dé sau day.

B6 dé 3.32. Gid sit (X, F, ) la mot khong gian do dugc vdi p la do do
hitu han va X la mot do do khong am hitu han xdc dinh trén F va théa man
A < p. Khi dé, ton tai duy nhat ham f do duge théa man 0 < f < 1 va vdi
mot B € F ta cé

A(E) = /E F(t)du(t).
Hon nta, ta co
v(\, X) = /E )l du().

Chatng minh. Xét phiém ham tuyén tinh T trén khong gian Hilbert L*(X, du)
xac dinh bdi

T(p) = /X H(1)dN(D).

Ta co

T(p)| < /X o(t)]du(t)

<(/ Iszﬁ(t)lzdu(t)); ([ anto))

= llell 2 cx.dp)\/ (X))

Suy ra T 1a phiém ham tuyén tinh bi chin va do d6 né lien tuc. Theo
dinh 1y biéu dién Riesz trong khong gian Hilbert, ton tai f € L?(X,du) sao
cho

T(e) = [ ol)fOdu(t), Vio € (X, ).
Chon ¢ = xg (ham dac trung cla tap F), ta thu duge
NE) = [ ftduto)
Hon nita, v6i moi ¢ 1a ham khong am bi chin ta ¢6
0< [ elnsodnt) = [ c®iro < [ et

Tudosuyra0< f <1 trén X.
Vay bo dé duge chitng minh. O
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Dinh ly 3.33 (Radon - Nikodym). Gid si (X, F,u) la mot khong
gian do dugc vdi p la do do o - hitu han va X la ham tap o - cong tinh hiu
han xdc dinh trén F va lien tuc tuyét doi doi vdi p. Khi dé, ton tai duy nhat
ham f xzdc dinh trén X, kha tich theo p va thoa man véi moi E € F ta co

AE) = /E F(@)du(t).

Hon nia, ta co

v(A, X) = /E FO)ldu().

Chiing minh. Theo Dinh 1y phan tich ham tap (xem phan Phu luc), ta chi
can xét truong hop A 1a mot do do khong am. Hon nita, khong méat tinh tong
quat, ta c6 thé gid sit A va p 1a cdc do do hitu han. V6i mdi n > 1, ta xét
cac do do sau day
Ap = min(A, nu)

1

T2

=np— (np—A) = [np = Al = np — (np = A)*.

1
(=lnp = AL+ A+ nu) + 5 (=|np = Al + A = np)

Ta s6 chiing minh rang, A, (E) ,~ A(E) khi n — oo, v6i moi E € F.

That vay: Ap dung Dinh Iy Hahn (xem phan Phy luc) cho do do (nu— \)

ta tim dugce cac tap
Ay, B, =X\A4,€eF

sao cho (nu— )" bang (nu— \) han ché len A, va (njg— \)~ bang (np— \)
han ché len B,. Do (nu — \) la day téng nén suy ra (nu — A)™ cling 1a day
tang va do dé A,, cang la day tang.

Dat

A=|JA, e F va B=(\B.,eF.

n=1 n=1

Ta ¢6

X\A:ﬁ(X\An):ﬁBn:Ba

n=1 n=1
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va véi moi B € F ta ¢o
M(E) = M(ENA,)+M(ENB,)
= ANENA,)+nu(ENB,)
> ANENA,)+nu(EnNB).
Cho n — oo ta thu ducgce
JLH;C M(E) > NENA)+ whﬁlgo nu(E N B).

Ta xét cac truong hgp sau day:

e Néu p(ENB) > imn_m M(E) > 00 > \(E).
e Néu p(E N B) =0 thi do A la lien tuc tuyét déi d6i véi p nén suy ra
AMENB)=0.Do d6 ta co
lim \,(E) > AMENA) = \E).

n—oo
Vay A\ (E) /4 A(E) khi n — oo, v6i moi F € F.
Theo B6 dé [3.32] ton tai mot day ting cac ham do duge f, sao cho
0 < f, <1 vata c6 bién dién sau

M(E) = /E fut)du(t), VE e F.

Goi f la gi6i han cta day ham f,,. Khi d6, f la ham do duge va theo dinh
Iy hoi tu don diéu ctia tich phan Lebesgue ta suy ra

ME) = / F(du(t) VE € F.
E
Vay dinh 1y dugc chiing minh. [l
3.6. Tich phan trén khoéng gian tich va dinh ly Fubini

3.6.1. Ho don diéu cac tap hgp

Dinh nghia 3.34. Cho X la mot tap hop tuy y. Mot ho C cac tap con
ctia X duge goi 1a ho don diéu néu moi day (Ay) C C don diéu tang:
A C Ay C ..
hoac don diéu gidm:
A DA D .



ta co

GAkEC hoac ﬁAkEC
k=1 k=1

Vidu 15. Néu F 1a mot o - dai s6 trén tap X thi F 1a mot ho don diéu.
Dic biet, F = {0, X} va o - dai sb tat ca cac tap con P(X) cia X 1a cac
ho don diéu trén X.

Ta c6 thé kiém tra ring c6 cdc nhan xét sau day.

Nhan xét 3.35. (a) Néu (C;);er 12 mot ho cac ho don dieu thi

c=)¢

el
cting 1a mot ho don digu.

(b) Cho S 1a mot ho cac tap con bat ky ciia X. Khi d6, ton tai mot ho
don diéu nhé nhat C(S) chita S. D6 chinh 1a giao ctia tat ca cac ho don digu
chita §. Ta goi C(S) 1a ho don diéu sinh bdi S.

Dinh ly 3.36. Néu & la mot dai s6 tap hop va dong thoi la mot ho don
dieu tréen X thi € la mot o - dai so trén X.

Chitng minh. Lay (A;)i=12.. 12 mot day cac tap con trong £. Vi mdi j > 1
ta dat

i=1

Khi d6 ta c6 thé kiém tra cdc tinh chat sau day ctia day (B;):
i) B; € € v6i moi j > 1;

ii) Day (B;) 1a mot ho don diéu tang;

i) U2y Ai = Uji1 B;.

Do £ 1a ho don diéu nén ta cé

GA‘ = [OJ Bj eé.
i=1 j=1

Vay £ 1a mot o - dai so trén X.
Vay dinh 1y dugc chitng minh. O
Cho & la mot dai s6 tap hop tren X. Nhu ta da biét, F(€) 1a o - dai s6

106



sinh béi £, tiic 1a giao clia tit ca o l-dailsé chita € (Nhan xét [1.11)). Két qua
sau day cho mdi quan he gita F(E) va C(E).
Dinh 1y 3.37. Néu & la mot dai so tap hop tren X thi C(E) = F(E).

Chitng minh. Truée hét, do F(E) 1a mot o - dai s6 nén né cling 1a mot ho
don digu. Suy ra C(E) C F(E).

Bay gid chi con phai chitng minh F(€) C C(£). Dé chiing minh bao ham
thiic nay, ta chi can chi ra rang, C(€) 1a mot o - dai 6. Do C(€) 1a mot ho
don diéu, nén bdi Dinh 1y , ta chi can chi ra rang C(€) 1a mot dai s6 tap
hop.

V6i mdi A C X, ta dat I(A) 1a ho céc tap con B clia X thoa man:

A\BeC(E),B\AeC(E),AUBeC(E).

Do tinh déi xitng ctia A va B nén ta c6

AeK(B) < BeK(A).

Gia stt (Ax) 1a mot day don diéu tdng hodc giam trong K(B). Do C(€)
12 ho don don diéu nén néu (Ay) 1a day tang thi

(f] Ak> VB =4\ B) € ce):

B\ (fj An) (B4, € ce)

k=1
va néu (Ag) 1a day don dieu gidm thi

(ﬁ Ak) \B = ()(A,\ B) € C(e):

B\ (ﬁ An> - [OJ(B \ A,) € C(&).
k=1 k=1

Tu day suy ra K(B) 1a ho don diéu véi moi B C X.
Mit khac, do £ 1a mot dai s6 tap hop nén € C K(B) v6i moi B € €. Tu
day suy ra
C(&) cK(B), (VBef).
Tt day va bdi tinh ddi xing ta suy ra
ECK(B), (YBecC(&)).
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Tt két qué nay va bdi K(B) 1a ho don diéu chua € véi B € C(E) suy ra
C(&) CcK(B), (BecC(&)).
Nhu vay, néu A, B € C(€) thi A € K(B) va do d6 suy ra
A\BeC(E),B\AecC(),AUBeC(C(E).

Trc la, C(€) la dai s6 tap hop. Va do d6 dinh 1y duge chiing minh.

Vay dinh 1y dugc ching minh. O
3.6.2. D6 do trén khoéng gian tich

Cho (X, Fi, 1) va (Y, Fa, p2) 1a hai khong gian do duge véi puy, g 1a cée
do do o - hitu han. Ta ky hi¢u F(Fy, F») 1a o - dai s6 trén khong gian tich

X x Y sinh bdi ho cac tap A X B véi A € Fi, B € F». Muc tiéu ciia muc
nay la xay dung do do trén F(Fy, Fy) dua vao cac do do uq, po.

Cho FC X xY.Véimoize X vay €Y, ta dit
E,={yeY:(zv,y) e E} va E,={reX:(z,y) € E}.

Ta goi cac tap £, E, lan luot 1a cac thiét dien qua z va y clia E.
ly 3.38. Gia st (X, Fi, ) va (Y, Fa, p2) la hai khong gian do
duge vdi juy, pe la cic do do o - hitu han. Néu E € F(Fy, Fa) th
E.e Fi,vxe X wa E,cF,VyecY. (3.38)
Chatng minh. Ta goi K 14 ho céc tap con ctia X x Y thoéa méan diéu kien
. Ta sé chting minh K 1a mot o - trén X x Y. That vay:
e Véimoize XvayeY,taco
D, ={yeY:(r,y) €P}=0ecF
0y={reX:(r,y) ed}=0€eF.
Suy ra 0 € K.
e Giast F € K. V6imoix € X vay € Y tacod
CE,={yeY:(z,y) € CE}
=Y\{yeY:(x,y) € E} e F

va

CE,={x€ X :(z,y) € CE}
=X\{reX:(x,y) € E} € F.
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Suy ra CE € K.
e Gia st (F,) C K. Dat

o0
E=JE.
n=1
Véimoiz e X vay €Y tacod
E,={yeY :(x,y)e|JE}
n=1

Uer (z,y) € B} € Fo

o]

Ey:{xEX:(x,y)EUEn}

n=1

= G{x € X:(x,y) € E,} € F.

n=1
Suy ra E € K. Vay K 1a mot o - dai s6 tréen X x Y.

Mat khac, néu £ = A x B véi A € F; vi B € F thi v6i moi z € X va
y €Y taco

B véiz e A A véiy € B
E, = va B, =
0 véix g A 0 véiy € B.
Vivay A x B € K. Tu day suy ra F(Fy, Fs) C K.
Vay dinh 1y duge chiing minh. O
Dinh 1y 3.39. Gia st (X, Fi, 1) va (Y, Fa, p2) la hai khong gian do dugce
vdi py, o la cae do do o - hitu han. Khi dé, vdi moi tap E € F(Fy,Fa), cdc
ham
fraoe pa(BEy) va gy m(Ey)

lan luot do duge trén X va trén'Y . Hon nia ta cé

/Xf(w)dm:/yg(y)dug.

Chitng minh. e Trudng hop pu1, o 1a cac dd do hiru han:
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-Néu E = Ax Bvéi Ae Fi,B € F, thitaco
f(@) = pa(Ey) = pa(B)xa va g(y) = u(Ey) = pm(A)xs.
Tu day suy ra f, g 1a cac ham do duge tren X va Y. Hon nita ta co

/ f(x)dp = / 9(y)dpz = p1(A)pz(B).
X Y

- Goi & 1a ho cac tap con ciia X x Y ¢6 thé biéu dién dugce dudi dang
hop roi nhau ctia hitu han cac tap ¢6 dang A x B v6i A € F1, B € F5. Khi
do, ta cé

C(Ax B)=(CAXY)U(AxCB) €€,

Do d6, c6 thé kiém tra rang £ la mot dai s6 tap hop trén X x Y (ban
doc kiém tra chi tiét hon).

Bay gio ta kiém tra rang, ho £ théa man dinh ly. That vay: Gia st

E=|J(Arx B) €€

k=1
Ta c6
n
E,={yeY :(z,y) €| J(A x By}
k=1
- U{er: (x,y) € Ay X By}
k=1
_ " Bk I’léll xr e Ak
L0 néu x & Ay
B Ur—; Bk néu z € Jy_; Ax
0 néu z ¢ (Jy_; Ap.
Suy ra

f($) = MQ(ECC) = K2 <U Bk) Xup_, A+
k=1

Tu day suy ra f la ham do duge trén X.
Tuong tu ta co
9(y) = m(Ey) = m (U Ak) XUp_, By-
k=1
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Va do d6 g cling la ham do dugc trén Y. Hon nita

/Xf(w)dm =/ y)dpy = <U Ak) 2 (U Bk) -

- Ta goi K 1a ho cac tap thuoc F(Fi, Fz) va thoa man dinh ly. Ta sé
ching minh I = F(F;, F3). That vay: Ta chi can ching minh £ 1a mot o
- dai s6. Do €& C K va £ 1a mot dai sd tap hop nén béi Dinh 1y , ta chi
can chitng minh K 1a mot ho don diéu.

Goi (E™) 1a mot day don diéu (tang hodc giam) trong K. Dat
o o0
E=|JE" hoac E=[)E"
n=1 n=1

Khi d6 véi moi x € X,y € Y ta co
oo o0
E,=|JE w E,=JE]
n=1 n=1

V6i méi n > 1 ta dat
falx) = pa(EY), Vo € X v gu(y) = m(Ey), Yy €Y.

Khi do, (f,) va (gn) 1a cdc day ham don diéu hoi tu t6i lan lugt cdc ham
sau

f(@) = pa(Er) va g(y) = m(E,).
Mat khac ta c¢o
sup{|fu(z)| :x € X;n > 1} =sup{p2(E}) :x € X;n > 1} < (V) < o0
va
sup{|gn(y)| vy € Yin > 1} = sup{u(E})) 1y € Y,n > 1} < iy (X) < oo.
T hé thue
[ h@dm = [ gt (= 1)
X Y
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va 4p dung Dinh 1y Lebesgue vé hoi tu bi chan (Dinh ly ) ta co
[ f@dn = [ (tim fo()) di
X X n—oo

= /Y (}5& gn(l’)) dpia
= /Y 9(y)dps.

Vay ta c6 E € K, tic 1a K 14 mot ho don diéu.
e Trudng hop /i1, f1o 12 0 - hitu han: Ta c6 thé bicu dién X, Y nhu sau

XZUXz‘, Xie Fim(Xi) <00, XiNX; =0, Vi#j

i=1

j=1

Khi d6, (X; x Y;) 1a mot day cac tap trong F(Fi, F2) roi nhau timg doi
mot va
XxY=|JXxY)).
ij>1
Lay E € F(Fi,Fs). Dat
EV=EN(X;xY)), Vi,j >1

Khi d6étacoé E = UL(jzlEij va do do
E,=|JE/ (VeeX) va E,=|JE] (weY).

ij>1 ij>1

Suy ra

f)=pa(E) = pa | |J EV | =D ma(EY)

i,j=>1 t,j=>1

g)=mE)=m | JEJ| =D mED).

ij>1 ij>1
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Theo truong hop trén thi cac ham
v pa(EY) va oy m(EY)
14 cac ham do duge va théa man
[ B = [ (e
X; Y;
Hay tuong duong véi

/ Mz(ExﬂYj)Z/ pa(Ey N X5)dps.
X, :

t J

Tu day suy ra f va g la cdc ham do dugce trén X va Y. Hon nita, 4p dung
truong hgp trén ta c6

/Xf(fU)d/il = i_o:/X Z pa(Ey)dpy = Z (i_o: /Xk ug(Eéj)dm)

kig>1 ij>1
=Y | m(E.nY))dp = [ m(E,NX)dus
ig=17 X ig>17%

1 (i /YA M1(E;j)du2> = i/y Z 11 (B9 ) dpss

ki,j>1
/ g(y)dugz/g(y)duz.
Y, Y

Vay dinh 1y duge ching minh. O

I
&
8 \

x

=1

Két qua sau day cho ta cong thic do do tréen F(Fj, F2) nhu muc tiéu
dau muc dit ra.

Dinh 1y 3.40. Ham tap p: F(F,F) — R zdc dinh bdi
W(E) = [ wa(Edim = [ m(B)dws (B FFLR), (339
X Y

la mot do do o - hau han trén F(Fi, Fa)) thoa man |:|
X B) = u1(A)ua(B) (A€ Fi, B e F). (3.40)
Chiing minh. Truée hét, dang thic trong cong thiic 1) duge suy ra tu

Dinh 1y [3.39

e Giast E=Ax Bvéi Ae F,B € Fy. Khi dé
p(Ax B) = [ ) = [ g B)xa)din = m(Ape(B)
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Vay cong thite (3.40) duge thoa man.

e Ta chiing minh g la ham tap o - hitu han. That vay: Do puq, o 1a cac
do do o - hitu han nén ta c6 thé biéu dién X, Y nhu sau

X:UXZ, XZEJ'—l,,ul(XZ)<OO,XZﬂXj:®, VZ#]

i=1

Y =Y, Y € Fopa(Y)) < 00,Y;NY; =0, Vi # j.

Khi d6, (X; x Y;) 1a mot day cac tap trong F(Fi, F2) roi nhau timg doi
mot va
XxY=[JXxY)).

i,j=1

Ta c6
X><Y

I
\\

X XY ]dﬂl

M z)dpy
:MXWWKW

Vay p la o - hitu han.

e Dé chiing minh s 1a mot do do ta con phai chi ra ring u la o - cong
tinh.

Gia st (E') C F(F1, F2) sao cho E' N EY = () v6i moi i # j. Dt
E:UEi@_W—UE1n>D
i=1 i=1
Khi d6, (F™) la day tang téi tap F.
Véimoixz € X,y €Y taco

n
Fr=JE ~

g)/

|
NG

S|

&:G@va@: E!.

T day suy ra cac day tap hop (F)') va F;' don digu tang lan lugt t6i cac
tap I, va B,
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Ta co

(0 07) o5 -0

Vay p la ham tap cong tinh.
Mit khac, néu dat

falz) = pa(F)) = (UE>

thi (f,) 1a day cac ham do duge khong am va don dieu tang. Ap dung Dinh
Iy Lebesgue vé hoi tu don diéu ta c6

(UE) / 2(Ey)dpn
/X (nlgn pia(F )) dpn

= lim Mz(Fg? )dpn

n—00

= lim ,u2 LJEZ dp

n—oo
i=1

= lim Z_; /X pa(Ey)dpn
=> wE
i=1

Vay ham tap p la o - cdong tinh.

Vay dinh 1y dugc chiing minh. O

Dinh nghia 3.41. Do do p xac dinh nhu trong Dinh 1y dugce goi la
tich cta cac do do py va pe. Ky hiéu la

H= 1 X .

Heé qua 3.42. Gid st E € F(F1,F2). Khi d6, ba ménh dé sau la tuong
duong:

i) (1 % p2)(E) = 0.

ii) po(Ey) = 0, py— hau khdp noi.

i) p(Ey) =0, po — hau khap noi.
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Ching minh. Suy truc tiép tir Dinh 1y [3.40] O
3.6.3. Dinh 1y Fubini

Truée khi phat biéu va chitng minh dinh 1y Fubini, ta c6 dinh nghia sau
day.

Dinh nghia 3.43. Gia st (X, Fx, u) va (Y, Fy,v) la cic khong gian do
duge véi p, v 1a cac do do o - hitu han. Xét ham f : X x Y — R. Ta néi
ham f la:

i) v - kha tich, g - hau khap noi néu ton tai A C X véi u(A) = 0 sao cho
ham

y = flz,y)
la v - kha tich v6i moi z € X \ A.

ii) g - kha tich, v - hau khiap noi néu ton tai B C Y véi v(B) = 0 sao

cho ham
x> f(2,9)
1a g - kha tich véi moi y € Y\ B.

Dinh ly 3.44 (Dinh ly Fubini). Gid si (X, Fx,pn) va (Y, Fy,v) la
cac khong gian do dugc vdi p,v la cic do do o - hau han. Gid s ham
f: X xY =R lakha tich theo dp do N = u x v. Khi dé ta cé cic ménh deé
sau day:

i) Haom f(x,.):Y — R la v - khd tich, u - hau khdp noi.

i) Ham f(.,y) : X — R la pu - khd tich, v - hau khdp noi.

iii) Cdc ham sau

o [ Haavi) vy [ fenduta)

lan lugt la p - kha tich va v - khd tich. Hon nia ta cé

et ([ )
B /Y (/X / (x’wdﬂ(w)) dy(y;l

Ching minh. V6i moi E C X x Y, béi Dinh 1y [3.38] ta ¢6 cac khing dinh
sau

\_/

E, € F, E, € Fx
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Suy ra cac ham f(x,.), f(.,y) 1a do dugc theo v va p.
e Ta c6 thé kiém tra ring dinh 1y dang khi f 1a ham don gian do dugc.

e Gia st f la ham kha tich khong am. Khi do, f la gi6i han ctia day tang
cac ham do duge, khong am f,. ta ¢

(/Y falz, y)dV(y)>

1a diy tang cac ham p - do duge trén X. Theo Dinh 1y Lebesgue vé hoi tu
don diéu ta c6 ham xac dinh béi

| tamavty) = in [ 4G

12 p1 - do duge trén X . Tiép tuc ap dung Dinh 1y Lebesgue vé hoi tu don diéu
ta co

/X yf(x’y)dA(”C’y) = lim fa(z,y)dA (2, y)

n—00 XxY

—tin [ ([ 5w avty)) duta)
(o i)

= [ ([ et due

Y n—oo

- (f e

Diéng thic tren ching t6 ham = — [} f(z.y)dv(y) 1a p - khé tich va do
doé ham f(z,.): Y — R 1a v - kha tich, p - hau khap nai.

e Gid st f 1a ham A - kha tich bat ky. Khi do, ta viét f = f+ — f~, v6i
f*,f~ 1a cac ham X - kha tich, khong am. Ap dung trudng hop tren ta suy
ra ham f(z,.) = f*(z,.) — f~(x,.) 1a v - kha tich, g - hau khap noi. Hon
nita ta co

- / £ y)dv(y) = / (F* () — 1 (@, 9)) du(y)
la o - kha tich.
Vay dinh 1y dugc chting minh. O
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BAI TAP CHUONG 3

Bai 3.1. Chiing minh rang, néu f 13 ham kha tich (L) trén A thi
lim nu(A,) =0,

n—oo
voi A, ={x € A:|f(z)] > n}.
Bai 3.2. Chiting minh ring, néu ham f kha tich (L) trén A thi v6i moi
e >0 taco
p{z e A:|f(z)| > €}) < +oo.

Bai 3.3. Gia st f, g 1a cac ham kha tich (L) trén Avaa < f(x) <bhau
khap noi tren A. Chiting minh rang, ton tai ¢ € [a, b] sao cho

/flgldu = C/ |g|dp.

Bai 3.4. Cac ménh dé sau dung hay sai?

a) Néu ham f kha tich (L) trén A thi |f| ciing kha tich (L) tréen A.
b) Néu ham |f| kha tich (L) trén A thi f cling kha tich L trén A.
¢) Néu ham f kha tich (L) trén A thi § cing khé tich L tren A.

Bai 3.5. Cho A la tap do dugc ¢6 do do hitu han va f 1a ham do duge
khong am tren A. Khi d6, f kha tich (L) tréen A néu va chi néu chudi
>zt #(By) hoi tu, véi

B,={reA:n< f(x)<n+1}.

Bai 3.6. Cho f 1a ham do dugc khong am trén A. Chiing minh rang, cac
ménh dé sau la tuong duong
a) f kha tich (L) trén A.
b) Chudi > 7 nu(By,) hoi tu.
¢) Chudi > 7 nu(A,) hoi tu.
0 day
B,={z€cA:n<f(x)<n+1}, A,={zxecA: f(z)>n}

Bai 3.7. Xét ham s6 sau
cosw+x néu x lasd vo ty
o]

0 néu x 1a s6 hitu ty.
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Xét tinh kha tich (R) va kha tich (L) ctia ham f trén doan [0, 1] va hay tinh
cac tich phan nay trong truong hop né ton tai.
Bai 3.8. Xét ham s6 sau
sinz 4+ 2% néu x la s6 vo ty
flz) = D
0 néu x la so6 hitu ty.
Xét tinh kha tich (R) va kha tich (L) ctia ham f trén doan [0, 1] va hay tinh
cac tich phan nay trong truong hop né ton tai.
Bai 3.9. Cho C la tap Cantor. Xét ham s6 f : [0, 1] — R xac dinh nhu
sau

fle) = 0 néu z € [0,1]\ C.

Xét tinh kha tich (R) va kha tich (L) cia ham f trén doan [0, 1] va hay tinh
cac tich phan nay trong trudng hop né ton tai.

Bai 3.10. Xét ham s6 f : [0,1] — R xac dinh nhu sau
{an néu 5 <z <i(n=123.)

0 néu x = 0.

{x3sinx néuz eC

fx) =

Hay xét tinh kha tich (R) ctia ham f trén doan [0, 1] trong céc truong hop
sau day:

a) a, =n,n =123, ..

b) a, =1n=123 .

c) a, = ﬁ;{i,n =1,2,3, ...

Bai 3.11. Hay cho vi du vé mot ham s6 kha tich (R) trén moi doan [a, f3]
voi moi a < a < 8 < b nhung khong kha tich (R) trén doan |a, b].

Bai 3.12. Xét ham s6 f : [a,b] — R thoa méan cac diéu kien sau day:
i) f kha tich trén moi doan [o, f] véi a < a < B < b;
ii) f bi chan trén doan [a, b].
Chiing minh rang, ham f kha tich (R) trén doan [a, b].

Bai 3.13. Gia stt day ham (f,) gom cac ham s6 khé tich (R) trén doan
[a,b]. Chiing minh rang, néu day (f,) hoi tu déu trén doan [a, b] dén ham f
thi f cting kha tich (R) trén [a, b] va

) [ gwae = g (1) [ ey
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Bai 3.14. Ching minh rang, néu f kha tich (R) tréen doan [0, 1] thi
1
im (7) [ L9 g — o
n—00 0 1+nx
Bai 3.15. Ching minh ring
a) lim,, oo (R) 01 ﬁ—"Tdm =0.
b) lim,, 00 (R) OW/Z sin” xdx = 0.
Bai 3.16. Cho ham s6 f(z) lien tuc trén doan [0,+00) va thoa man
lim,, o f(nx) = 1. Hay tinh
1
lim (R)/ f(nz)dx.
0

n—oo

Bai 3.17. Xét tinh kha tich (L) clia cdc ham s6 sau trén cac doan da chi

a) f(z) = A=, z€0,1).
b) f(z) = i x € (0,1].
¢) f(z) =22, z € [1,400).

Bai 3.18. Cho ham s6 f : [0, 1] — R xéc dinh nhu sau
0 néuxz=0
flz) = . .
cn MU g <z <o (n=1,23..).
a) Chitng minh rang, néu ton tai o € (0, 1) sao cho
sup ‘c_n‘ < +00o
n In®
thi ham f kha tich (L) trén doan [0, 1].
b) Xét tinh khé tich (L) ctia ham f trén doan [0, 1] trong trudng hop ¢, =
n,n=1273, ..
Bai 3.19. Xét tinh kha tich (L) clia ham s6 sau trén khoang (, 1)

1 1

flz) = —cos—.
Bai 3.20. Cho ham s6 f : [0,1] x [0, 1] — R xac dinh bdi
flz,y) = {

1  néuxlaso vo ty

0 néu x la s6 hitu ty.
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Chiing minh réng, f kha tich (L) va tinh

@[ fdn
[0,1]x[0,1]

Bai 3.21. Cho D la mién phéng gi6i han béi cac duong y = z,y = 0,2 =
1 va ham f x4c dinh trén D béi cong thic sau day

X néuz #£0
f(x,y)Z{ -

0 néu z = 0.
Xét tinh kha tich (L) ctia ham f trén D va tinh tich phan d6 néu né ton tai.
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Chuong 4
MOI LIEN HE GITA TiCH PHAN VA DAO HAM CUA
HAM SO TREN R

Chuong nay duge danh dé trinh bay mot s6 két qua vé méi lien he giita
tinh khé vi va tinh don diéu, tinh kha vi ctia tich phan theo can trén. Ngoai
ra, mot s6 khai niém va tinh chat lien quan t6i ham c6 bién phan bi chan,
ham tuyeét doi lien tuc, tich phan Lebesgue - Stieljets, tich phan Riemann -
Stieljeets ciing duge dé cap trong chuong nay.

4.1. Tinh kha vi cia ham don diéu

B6 dé 4.1. Cho A C (a,b) C R va F la ho cic khodng sao cho moi
x € A la dau mat trdi ciia mot khodng nao dé thuoc ho F. Khi dé, vdi moi
€ > 0 ton tai mot s6 hitu han cdc khodng Ay, ..., A, € F r0i nhau sao cho

p
w (Aﬂ (U Ai)> >t (A) — e
i=1
Chitng minh. V6i moi n > 1, dat
R 1
A, ={x € A:3A € F sao cho x 1a dau mat trai cia A va |A| > =},
n
§ day |A| 1a do dai ctia khoang A. Khi d6, ta ¢6

A=JA, w A, CA, Vn>1
n=1

Theo dinh nghia ctia do do ngoai, v6i moéi n > 1 ta tim duge tap md G,
sao cho
A, C G, va M*<Gn) < N*(An) + 5717

§ day (0,,) la day duong va d, \, 0. Dat

E,=()G:« v E=|JE.
k=n k=1
Khi do, E,, E 1a cac tap do duge va F,, C E,,q1 v6i moi n > 1. Tu dé
suy ra
w(E) = lim (B,

n—0o0
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Mat khac, vi A,, C E,, C G, nén ta ¢
W (An) < pt(En) < pt(Gh) < pt(An) + O
Cho n — oo ta nhan ducc

p(A) > lim 5 (A,) = lim 0°(E,) = p(E).

n—0o0

Mat khac, do A C E,, nén ta c6
Vay ta ¢6

Tit day suy ra, néu chon n du 16n ta sé c¢6

H*(An) > N*(A> -

5.
Dat
=inf A,,by =sup A4,, va [ =0b; —a;.
Gid st § = —2(n16+1)' Chon 1 € A,, a1 < x1 < ay+ 6. Theo dinh nghia cta

A, ton tai mot khoang (x1, 21 + hy) € F v6i hy > %

Néu bén phai x; + h; con c6 nhitng diém ctia A, thi xét can dudi ding
as clia ching va chon x9 € A, as < 29 < ag+ 0 va khodng (9, z9+ ho) € F
v6i hy > 1.

Tiép tuc qua trinh nhu trén, ta sé tim duge khodng (xp, z, + h,) € F vii
x, € Ap, hy > % sao cho bén phai clia z, + h, khong c6 diém nao ciia A,
C6 thé thay ring p < nl + 1.

Dat
p
A= (v, x4+ hi), 1 <i<p va BZAnﬂ(UAi>-
i=1
Vi
A, \BCU — 0, ]
nén ta co ) .
(A, \ B) < N — =
1 (A, \ B) < pd < (nl+ )2(n1+1) 5
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T day suy ra
* * * * €
W (An) < @ (B) + @0 (An \ B) < i (B) + 5.

Vay ta c6
* * € *
p(B) 2 ' (A) — & > ' (4) — e
Vay bo dé duge chitng minh. O
Bo6 dé 4.2. Gid st vdi moil§ > 0 va moi © € A ton tai (x,x+ hy) € F
sao cho h, < 6. Khi dé, vdi moi tap md G D A, ton tai mot s6 hitu han cdc

khoding Ay, ..., A\, € F chita trong G théa man Bo dé .

Chitng minh. Goi JF1 l1a ho cac khodng mé cua F va chita trong G. Vi G la mé
nén theo gia thiét véi moi x € A C G, ton tai 6 > 0 sao cho (x,z+0) C G
va (r,x +9) € F. Vado do6 (z,x + ) € Fi.

Ap dung Bé dé cho ho Fj ta sé c6 duge céc khodng mé Ay, ..., A,
thoa man yéu cau ciia bo dé.

Vay bo dé dugce chitng minh. O

Sau day ta chting minh két qua ring moi ham don diéu trén mot doan
déu kha vi hau khdp noi trén khodng do.

Dinh 1y 4.3. Moi ham don dieu f(x) trén doan [a,b] déu khd vi hau
khdp noi trén [a, b].
Ching minh. Gia st f(x) la ham don diéu tang trén doan [a, b]. Dat

flx+h)— f(x)

)

D, (z) = li}fg(i)gf -

flz+h) - flz)

D*(x) = limsup

h—0+t

D_(z) = liminf /

h—0-

D™ (z) = li}n %up / h
—0~

Khi d6 ta ¢6 Dy (x) < D' (x) va D_(z) < D~ (x) va ham f kha vi tai
2 néu va chi néu boén s6 trén bang nhau. Hon nita, D, D, D_, D~ 1a cac
ham do duge trén doan [a, b].
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Ta sé ching minh tap A = {x : Di(x) < DT (x)} va tuong tu tap
B={x:D_(x) < D (x)} ¢6 do do bang 0. Véi p < ¢, p, q 1a céc s6 hitu ty.
Dat

g={x:Di(z) <p<qg< D (x)}.

Vi A =U,,A,, nén ta chi can chiing minh p(A, ;) = 0, v6imoi p, ¢ nhu
trén. That vay, gid st ton tai cac s6 hitu ty p < ¢ sao cho « :IDS(:ﬁlp,q) > 0.

V6i moi € > 0, chon tap mé G D A, , sao cho p*(G) < a+e.
Layz € A,,.
S+ h) - f(z)
D =1 f
i it
nén véi moi € > 0, ton tai 0 < h < e dé f(x + h) — f(x) < hp. Vay x 1a
dau mat trai ctia khoang (z, z 4 h). Theo BS dé 4.2] ton tai mot s6 hitu han
cac khoang roi nhau (z;,x; + h;),4 = 1,...,k ndm trong G va phu tap con
B C A,, v6i u*(B) > a — e. Dé thay

<p;

k
Zhi<u*(G)<a+e

k k

D [f(wi+hi) = f@)] <pd_ hi < plate).

i=1 i=1

Mt khac, DT (z) > ¢ v6i moi « € A, 4, nén bang l1ap luan nhu trén ta tim
duge mot s6 hitu han cac khodng roi nhau (y;, y; + ki),4 = 1, ..., s chita trong
tap m& UY_ (x;, ; + h;) va phit tap con C' C B véi p*(C) > p*(B) — € >
w1 (A) — 2¢. Ta co

S S
D fwit k) = F)]l = q)_ ki > qla —2e).
i=1 i=1
Do f la don diéu tang va
s k
Ui, wi + ki) € (@i @i+ ),
i=1 i=1
v6i chil ¥ rang cac khoang trong hai hop nay 1a roi nhau, nén ta sé co6

S

> 1y + ki) — Z flai+hi) = f(2:)] < pla+e),

i=1 i=1



Vay ta ¢6 q(a — 2¢) < p(a + 2¢). Cho € N\ 0 ta sé nhan duge qa < pa
hay ¢ < p (trai gia thiét p < q).

Vay p*(A) =0, tiic 1a Dy (x) = D*(x) hau khap noi.
Tuong tu ta c6 D_(z) = D~ (x) hau khip noi.
Cudi cling, trong cac 1ap luan 6 trén, ta thay D, (x) béi D_(x) va DT (x)
bdi D~ (x) ta sé thu duge
D*(x) = D (x), Dy(x) = D_(x) hau khip noi.
Vay ta c6, ham f kha vi hau khap noi trén [a, b].
Vay dinh 1y dugc chimg minh. O

4.2. Tinh kha vi caa tich phan theo can trén

O muc nay, dua vao tinh kha vi hdu khip noi ctia ham don dieu, ta sé
ching minh dinh 1y co ban vé mdi quan hé gitta tich phan Lebesgue va dao
ham. Trude hét, ta c6 cac bo dé sau day.

BO dé 4.4. Néu f(x) la ham don dieu tang trén doan [a,b] thi ham f'(z)
kha tich trén doan |a,b] va

/f dz < £(b) — f(a).

Chiing minh. Do

f(“hf)b_f(x) >0 véi moi h#0

nén theo B6 dé Fatou ta c6

/f dx<-/ forh 1@ g (4.1)

Bing cach dat f(z) = f(b) véi moi x > b ta c6 thé coi ham f xac dinh
trén [a,00). Vi f la ham don diéu nén né kha tich Riemann va do dé tich

phan beén vé phai ctia (4.1)) 1a tich phan Riemann. Bing cach ddi bién s6 ta
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co

bf<$+h> o f(fL‘) B 1 b+h 1 b
L ) dx_ﬁwmf@m—ﬁlf@ﬁ

1 b+h 1 a+h
:EA f@ﬁ—ﬁl F(t)dt

b+h a+h
<p [ twd—g [ s
£(b) ~ (a).

Vay b6 dé duge chiing minh.

Bo6 dé 4.5. Néu ham f khd tich va vdi moi x € [a,b] ta cé [ f(t)dt =0
thi f = 0 hau khap noi trén [a,b].
Chiing minh. Gia st pu({x : f(z) # 0}) > 0. Dat

A={x:f(z) >0} va B={z:f(x)<0}.

Khi d6, hodc tap A hodc tap B ¢6 do do duong. Gia stt u(A) > 0. Khi d6

ta co
b—a > ua,b]\ A).

Do p 1a do do chinh quy nén ta tim duge tap mé E D [a,b] \ A vdi
w(E) <b—a.

Tit gid thiét, ta suy ra rang tich phan ctia f trén moi khodng md trong
[a, b] déu bang 0. Mat khéc, do F 1a tap mé nén E c6 thé viét nhu hop khong
qua dém dugc cac khodng md roi nhau nén ta c6 [, f(z)dz = 0. Do d6 ta co

/[(Lb}\E d(t)dt = /[a,b}f(t)dt_ /Ef(t)dt =0. (4.2)

Vi pu([a,b] \ E) =b—a— u(E) > 0va f > 0 trén [a,b] \ F nen (4.2)
khong thé xay ra.

Vay bd dé duge ching minh. O
Dinh ly 4.6. Gid st f(x) la ham kha tich trén |a,b]. Khi d6, ham xdc
dinh bdi

FKx):t/If@ﬁﬁ

¢6 dao ham F'(x) = f(x) hau khap noi trén |a,b].
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Chiing minh. Ta viét f = fT — f~, & day
[T =max(f,0) va f~ =max(—f,0).

x):hllf+@yﬁ—llmf@yﬁ

Tic la, F'(z) 1a hiéu cta hai ham don diéu tang. Béi Dinh 1y , ta suy
ra F(x) 1a ham kha vi hau khip noi trén doan [a, b].

Khi do6, ta co

Bay gio ta sé chiing minh F'(x) = f(x) hau khap nai trén [a, b].
Trude hét, tir gid thiét ta suy ra ham F' 1a lién tuc trén [a, b].
That vay, do f 1a ham kha tich nén Ve > 0, 3§ > 0 sao cho V0 < |h| <

J, Vo € [a,b] ta co
/ f(t dt’<€

Dé chitng minh F’(z) = f(z) hau khip noi trén [a, b], ta chi can ching
minh

|F(z+h)— F(x)| =

éﬁ@ﬁzF@—F@%WEhﬂ. (4.3)

That vay, khi d6 Vz € [a,b] ta co

/ dt/f dt(:»/F’ )]dt = 0.

BGi B6 dé [4.5] ta suy ra F’ = f hau khép noi.
Ta xét hai truong hop sau day:
o Gia stt f bi chan@i do, |f(z)| < M vé6i moi x € [a,b]. Ta c6

[Pl = Fla) 1 [ s

<M.
y <
— F'(x) hau khap noi khi h — 0.

Bai Dinh 1y [.3] ta ¢6
F(x+h) — F(x)
h

Ap dung Dinh 1y Lebesgue vé hoi tu bi chan ta c6

/ F(t+h})z_F(t)dt—>/ F'(t)dt khi h— 0.
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Mit khéc, theo chitng minh B dé [.5] ta ¢ thé viét
TF(t+h)— F(t 1 [eth 1 [®
/ (t+h) Uﬁ:—/ F@ﬁ—j/F@ﬁ%F@—F@,
a h h‘ a+h h a

khi h — 0. O day, gi6i han tren c6 duge la do ham F lien tuc trén la, b]. Vay
ta co (4.3)).

e Gid st f 1a ham do dugc bat ky: bang cach viét f = fT — f~, ta ¢6
thé gid sit ring f > 0 trén [a, b].

V6i méi n > 1, ta dat f,(r) = min(f(z),n). Khi d6, f — f, > 0 trén
[a,b]. Tt d6 suy ra ham

/ ") = fule)e

la don diéu tang va do vay dao ham ctia n6 1a ham khong am trén [a, , b], tic
la

[0 - fn(t)]dth [[Cswa] = [ nwa] i sio e

Do ham f,, bi chan, nén theo truong hop 1 taco F'(x) > f,(z) hau khap noi.
Cho n — oo ta nhan duge F'(z) > f(z) hau khdp noi. Tu day suy ra

/FﬁWZ/ ()it — F(z) — F(a).
Bai B6 dé |4.5] ta c6
/FﬁmgF@—F@.

T d6 ta nhan duogce 1}
Vay dinh ly duge ching minh. O

4.3. Ham c6 bién phan bi chin vA ham tuyét déi lién
tuc
Muc tiéu ctia muc nay la di tim diéu kién dé mot ham cho trude cé theé
biéu dién duge dudi dang tich phan theo can trén ctia mot ham nao do. Trude
hét, ta dua ra khai niém va mot so6 tinh chat ctia ham c6 bién phan bi chan
va ham tuyét doi lien tuc.

Dinh nghia 4.7. Ham [ xac dinh tren doan [a,b] dugc goi 1a ¢6 bién
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phan bi chan néu
n—1
V2(F) = sup{>_ [ f(wis1) = f(z:)] 1@ =m0 < ... <z, = b} < 00.
i=0

V(f) duge goi la bién phan ctia ham f trén doan [a, b].

Nhan xét 4.8. i) V6i hai ham bat ky xac dinh trén doan [a, b] va moi
a, 8 €Rtacod
Vo(af + Bg) < ||V (f) + 18IV, (9).

ii) Néu f 1a ham don diéu trén doan [a,b] thi né c6 bién phan bi chin
trén doan [a, b] va hon nita ta c6

VI(f) = 1£(b) = f(a)] < o
Ta c6 tinh chat sau day ctia ham c6 bién phan bi chin trén mot doan.
Meénh dé 4.9. Moi ham c6 bién phan bi chan déu biéu dién duoc dudi

dang hiéu cia hai ham don diéu tang. Va do dé, moi ham cé bién phan bi
chan déu khd vi hau khdp noi.

Chiing minh. Gia stt f 1a ham c6 bién phan bi chan tren doan [a, b]. V6i mdi
x € [a,b] ta dat
1 1
9(2) = Vi'(f), hile) = Slo(a) + f@)], folw) = Slo(x) = f(2)].
Khi d6, ta c6 f(z) = fi(x) — fo(z) v6i moi x € [a,b]. Ta sé ching minh
cac ham fy, fo 1a don di¢u tang tren [a,b]. That vay: Lay a < 2’ < 2” < b.
Khi d6, moi cach chia doan [a, 2] béi cac diém a = zg < 11 < ... < 1, = 2

[\]

ta co
m—1
Do @in) = fla)l + [ f ") = f(2)] S VI (f) = g(a”).
=0
Suy ra

g9(a) + 1f(@") = f(&)] < 9(a") & g(2") = g(z') 2 |f(2") = f(2)].
T do suy ra
f@") = Aila') =

va

f(a") = f(a) = % (lg(@") = g(a")] = [f (") — f(2")]) = 0.
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Vay f1, f» don diéu tang trén [a,b]. Va meénh dé duge chiing minh.

B6i Dinh 1y 4.3 ta suy ra f kh& vi hau khap noi tren [a, b].

Vay ménh dé dude chiing minh. O
Sau day 1a dinh nghia ham tuyet ddi lien tuc.

Dinh nghia 4.10. Ham f(z) dugc goi 1a tuyét doi lien tuc trén doan
[a, b] néu véi moi € > 0, ton tai § > 0 sao cho

Z‘f a7|<€

v6i moi ho hitu han céc khoang i nhau (ag, by), ..., (a,, b,) trong (a, ﬁ
cho >0 (b — a;) < 4.

Nhan xét 4.11. Moi ham tuyét déi lien tuc trén mot doan nao dé thi
sé lién tuc va c6 bién phan bi chin trén doan do.
Chitng minh. Gi& st ham f tuyet d6i lien tuc trén doan [a, b].

e Ta sé chiing minh ham f lien tuc trén doan [a,b]. Lay zy € [a,b].
Vé6i moi € > 0, ton tai 4 > 0 nhu trong Dinh nghia . Khi d6 v6i moi
x € (xg— 0,9+ J) ta c6 khodng (z, x() hodc (zg, z) théa man |z — xy| < 9.
Do f tuyet doi lien tuc trén [a, b] nén ti d6 suy ra

|f(x) = fzo)| <&

e Ta sé& chiing minh ham f ¢6 bién phan bi chan trén doan [a,b]. Véi
e:l,téntai(5>0détac()

Z!f fla)l <1

v6i moi ho hitu han cac khoang i nhau (ag, by), ..., (an, by,) trong (a,b) sao
cho Y% (b —a;) < 0. Gid st a =x9 < 21 < ... <, = b 1a mot cach chia
tity ¥ ctia doan [a, b]. Ta c6 thé gia st

max (zji1 — x;) < 0.
ogignf1< i+l i)

Ky hi¢u i1 > 1 1a chi s6 16n nhat ma z;, — zo < 0. Tiép tuc nhu vay, gia
sit 4g > i1 la chi s0 16n nhat ma x;, — x;, < ¢. Cit nhu vay ta c6 x;, = 2.
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Khi doé ta co

n—1 i1—1

S 1 f(@ipn) = fla)] < D01 f(@ipn) = fl@)] + -+ pZ |f(zisa) = f(x)|
1=0 i=0

i=ip 1

(=

—a

IN

(o0)

Tit d6 suy ra V2(f) < 52
Vay nhan xét duge chiing minh. O
Ta can bo dé sau day dé ching minh két quéa chinh ctia muc nay.

Bo dé 4.12. Néu f(x) la tuyet doi lien tuc trén doan [a,b] va f'(x) =0
hau khap noi trén [a,b] thy f la ham hdng trén |a,b].

Chaitng minh. Cho truéc € > 0. Vi f 1a ham tuyét déi lien tuc nén ton tai

6 > 0 sao cho
Z\f fla;)] <e

v6i moi ho hitu han cac khoang roi nhau (a;, b;) C (a,b), i = 1,...,n sao cho
n

Z(b’ — CLZ‘) < 0.

i=1

A:{x:f,(x):()},
F=A{(x,z+h):0<h<d,|f(x+h)— f(z)] <eh}.

Theo gié thiét ta c6

o) — tim 16D @)

h—0+t h

=0.
T day suy ra, véi moi x € A déu la dau mut tréi ctia khoang (z, 2 +h) €

F v6i h @t nhé. Theo B dé4.2] ton tai mot sé hitu han cac khoéng roi nhau
(xi, 2+ hi) € F,i=1,...,p sao cho

w* <Aﬂ (U(wz,xl + hﬁ)) > (A)—d=(b—a)—04.

Goi (¢j,dj),7 =1,...,q la ho cac khoang con lai trén doan [a, b] sau khi
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da bo di cac khoang (x;, x; + h;), i = 1,...,p. Khi d6 ta ¢6

FO) = Fl@l < D If i+ R = flaa)l + D_1F(d) = fleg)l. (44)

j=1

Ta c6, tong thit nhat trong (4.4) nhé hon € 30 h; < e(b — a).

Mat khac, do
q

Zd—cj (b—a)—[(b—a)—0]=0

=1
nén tong thi hai trong . nhé hon e. Vay ta ¢

[f(b) = fla)] < e(b—a)+e
Cho € N\, 0 ta nhan duge f(b) = f(a).
Néu ta thay b v6i gia tri bat ky = € [a,b] thi cic lap luan trén day van
ding, va do d6 ta c6 f(z) = f(a) v6i moi z € [a, b].
Vay bo dé duge chiing minh. O

Dinh 1y 4.13. Ham F(x) xdc dinh trén doan [a,b] cé thé viét dugc dudi
dang

F(z) = Fla) + / Fo)dt, (4.5)
vdi f la ham kha tich trén [a,b], néu va chi néu F(x) la ham tuyét doi lien
tuc trén doan [a,b].

Chitng minh. e "=": Gi& sit ham F(x) dugc biéu dién dusi dang (4.5)). Do f
kh& tich nén ta c6 v6i moi € > 0, ton tai 0 > 0 sao cho v6i moi tap E C [a, b,

w(E) < § taco
/ F()|de < e.
FE

Goi (a1, by), ..., (apn, by) 13 ho hitu han céc khoang roi nhau trong [a, b] sao

cho
n

Z(bz — ai) <.

i=1

n
= Uteb)
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Khi d6, ta ¢6 u(E) < d v do suy ra

> 1760~ Fla =3 [ /fad]
<Z/ t)|dt = /\f )|dt < e.

Tric la, ham F 1a tuyet doi lien tuc tren [a, b].

e "<": Gid st F' 1a ham tuyet doi lien tuEﬁ do, F' c6 bién phan bi
chan. Theo Méenh dé [4.9, ham F kh& vi hau k di trén [a,b] va ham F’
khé tich trén [a, b]. BOI Dlnh ly ., 4.6} ha

= | o

G'(z)=F(r) & (G- F)(x)=0
hau khép nai trén [a,b]. Béi B6 dé [4.12, suy ra ham G — F 1 hiing s6 trén
[a,b]. Tit d6 ta c6 biéu di&@@).
Vay dinh 1y dugc chiing minh. O

4.4. Tich phéesgue - Stieljets va tic n Rie-
mann - Stieljets

c6 dao ham

Nhu trong muc , ta da xay dung do do trén R bang cich md rong
tu nhién ctia ham do dai trén cic gian t6i dai s6 tap hgp £ sinh bdi cac
gian (Dinh 1y [1.37). Tit do do d6, béi Dinh 1y ta md rong thanh do do
Lebesgue trén R.

Trong muc nay, ching ta sé sit dung phuong phéip tuong tu nhu trén, tuy
nhién ham do dai sé duge thay thé bing mot ham tong quat hon nhung van
bao ton cac tinh chat clia ham do dai trén cdc gian. Mot ham nhu thé sé
dugc goi 1a ham do dai téng quét trén cac gian trong R. Khi d6, do do nhan
duge sé duge goi la do do Lebesgue - Stielljets. Sau day ta sé tom luge qua
trinh xay dyng do do Lebesgue - Stielljets.

Gia stt g 1d mot ham don diéu tang trén R. Khi d6, ham do dai tong quat
trén R dude xac dinh nhu sau

Bla,b] := g(b") — g(a™),
Bla,b) == g(b™) —g(a”),
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Bla,b] = g(b")
fla,b) == g(b7)

Ta goi £ 1a dai s6 tap hop sinh bdi ho cac gian trén R, tic 1a tap con

a,
a,

A C R thudc vao £ néu va chi néu ton tai mot s6 hitu han cac gian roi nhau
Ay, ..., A, sao cho A = UM A, Khi d6, mdi A € € ta dat

B(A) = Z B(A;).

Khi d6, 5 1a mot do do tren dai s6 tap hop £. Ap dung Dinh 1y [1.28] ta
c6 thé thac trién do do 8 thanh do do B, trén o - dai sb F, chita o - dai s6
Borel. D6 do 3, dugc la do do Lebesgue - Stieljets sinh béi ham g. T do do
Lebesgue - Stieljets ta xay dung tich phan Lebesgue - Stieljets va tich phan
Riemann - Stieljets sau day.

4.4.1. Tich phan Lebesgue - Stieljets

Gia st f la ham S, - do dugc va B, - kha tich trén tap con A C R. Khi
do, tich phan [, f(x)df, dugc goi la tich phan Lebesgue - Stieljets ctia ham
f trén A theo ham g va ky hiéu la

(LS) /A f(2)dg(z).

T cdc dinh nghia trén ta c6 néu a € R va f(a) # 0 thi
Fla)dg(x) = Fla)lgla®) - gla”)] = {

0 néu g lien tuc tai a

{a} #0 néu g gian doan tai a.

T d6 suy ra, tich phan Lebesgue - Stieljets trén céc gian [a, b], (a,b), [a,b), (a, ]
la khéac nhau.
Néu ham bat k¥ g c6 bién phan bi chan [a, b] thi ta c6 bicu dién g = g, — g,
trong do
1 x 1 X
gi(@) = 5 [Va'(g) + 9(2)], ga2(2) = 5 [V (g) — 9(2)]

14 cac ham don diéu tang trén doan [a, b]. Bang cach diat g(x) = 0 v6i moi
r < avhx>btacothé coi cic ham g, g1, g» xac dinh trén R. Khi do, tich
phan Lebesgue - Stieljets ctia ham f theo g trén A duge dinh nghia nhu sau

(LS) /A f(2)dg(x) = (LS) /A f(@)dgr () — (LS) /A f(2)dga(z).
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O day, ta gia st ring ham f 1a Bgys By, - do dudce va kha tich theo 3, va
6!12'
4.4.2. Tich phan Riemann - Stieljets
Gia stt f, g la hai ham xac dinh trén doan [a,b]. Ta chia doan [a, b] bdi
cac diém
a=xp< 11 <..<T,=0>0
va chon tiy ¥ céc diém
fi S [$¢,$i+1],i = 0, ey — 1.
Khi dé, tong
n—1
Su = F(&)lg(wis1) — g(x)]
i=1

goi 1a tong tich phan Riemann - Stieljets ciia ham f theo ¢ ing véi cach chia
doan va cach chon diém nhu trén. Tuong tu tich phan Riemann ctia ham f,
néu khi

n—oova max (x4 — ;) =0
0<i<n—1

ma day tong tich phan S, hoi tu t6i giéi han hitu han S khong phu thudc cach
chon céc diém & thi gidi han dé duge goi la tich phan Riemann - Stieljets
ciia ham f trén doan [a, b] theo g, ky hiéu nhu sau

b
(RS) / f(x)dg(x) = 5.

Ta c6 mot s6 két qua sau day. Két qua thit nhat 13 mdi lien he gitta tich
phan (LS) va (RS), két qua thit hai 14 lien he gitta tich phan (RS) va tich
phan Lebesgue (L).

Dinh ly 4.14. Gid si cac ham f lién tuc, g lién tuc va cé bién phan bi
chan trén doan [a,b]. Khi dé, cdc tich phan (LS) va (RS) cia ham f theo g
trén doan [a,b] ton tai va ching bang nhau, tic la

b
(L5) [ | feigta) = (RS) [ 1@pgtr)
Chiing minh. Goi
T = {a = x(()m) <. < 35(7:) =b}

n
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1a mot phan hoach ciia doan [a, b] sao cho

— (m) __(m) .
d(mn) = max_ (2} —2;") = 0 khi m — oo.

Véi mdi m > 1 va mdi cach chon ho cac diem 57;("") € [xgm), :UETE], xét cac

ham don gian sau day
fule) = FE™), @€ o™, 1)
Khi doé ta co

N — 1

Sw=>_ FE™)g(=T]) — g(ai™)]
=0

= (LS) fm(x)dg(z).
[a,0]

Vi ham f lién tuc trén doan [a,b] nén f va do d6 f,, bi chan, tic la
[f(@)| < C|fml2)] < C

v6i moi = € [a,b] va v6i moi m > 1. Hon ntta, f,,(x) — f(x) khi m — oo
v6i moi x € [a, b]. Theo dinh 1y qua giéi han dué6i dau tich phan ta c6

Sm = (LS) /W)] fm(z)dg(x) — (LS) /[a’b] f(z)dg(z) khi m — oo.

Thc la

b
(£5) [ S@s(@) = (RS) / f(x)dg(z).

la,b

Vay dinh 1y dugc chitng minh. O

Dinh 1y 4.15. Gid st cac ham f lien tuc, g tuyét doi lien tuc trén doan
la,b]. Khi dé ta co

(RS) / fdg= (L) [ fla)g(x)da.

[a.0]

Chiitng minh. Xét cach chia doan [a,b] : a = g < ... < x, = b va cach chon
diém g € [ﬁi, Ii+1] tuy y. Déat

H =Y J(@lgtain) — ol - (1) [ o) @)

[a,b]
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Vi ham ¢ tuyét déi lien tuc nén
Tit1
o) = gl = [ gade
Do do ta co

1=30) [ 116 - 1@)lg @)

Do f lien tuc trén doan [a,b] nén né lien tuc déu tréen [a, ], tic 1a véi
moi € > 0 ton tai § > 0 dé néu

og?glgi{,—l(xiﬂ — ;) <0 thi o AKX (&) — flz)] <e.

T do6 suy ra

\H\<ez / o)|dz = e(L /|g J|dz — 0,
khi € N\, 0. Vay ta c6
) [ sag=0) [ st
tic 1a dinh 1y duge chiing minh. O
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BAI TAP CHUGONG 4

Bai 4.1. Néu ham f(x) la hitu han tai diém 2 va thda man
1 zo+h
lim — t) — dt =0
fim [ 150 = Fao)
thi diém z duge goi la diém Lebesgue cia f. Chiing minh ring, tai méi diém
Lebesgue xy cia ham f, ham F(z) := [ f(¢)dt ton tai dao ham tai zy va
F/(ib()) = f(.%'())
Bai 4.2. Chiing minh ring moi diém hitu han ctia mot ham kha tich déu
la diém Lebesgue ciia né.
Bai 4.3. Chitng minh rang néu ham f kha tich Lebesgue trén doan [a, b]
thi tap cic diém Lebesgue ctia f 1a hau khip ndi trén [a, b].
Bai 4.4. Chitng minh rang néu f 13 ham tuyét doi lien tuc thi

Ve (DI =11 (@)].

Bai 4.5. Gia stt f 1a ham tuyet ddi lien tuc trén doan [a, b]. Chiing minh

rang
b—h

fx+ ’2 — @) gy~ Vi), (h>0).

lim .

h—=0 J,

Bai 4.6. Chiing minh réng néu ham f Ia tuyét ddi lien tuc trén doan
la, b] thi
Y e+ h) = f(x)

3 de =0, (h>0).

lim
h—=0 J,

Bai 4.7. Chitng minh rang néu f 13 ham c6 bién phan bi chin trén doan
la, b] thi
b—h

flz+h)— f(z)

lim
h—0 J,

G day ham g xac dinh béi
gm=ﬂ@—/fwﬁ

Bai 4.8. Gia st f 1a ham ¢6 bién phan bi chan trén (a,b). Chiing minh
rang

L/www:/mwmw
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v6i moi ham do dudge ¢ sao cho vé phai ton tai.

140



PHU LUC

A. Ham tap hogp (goi tat 1a ham tap)
A1l. Dinh nghia va vi du

Dinh nghia A1. Ta goi ham tap la anh xa xac dinh trén mot ho nao dé
cac tap hop va nhan gia tri thudoc mot trong cac tap sau day: tap sé thuc R,
tap R :=RU {400}, tap R := RU {—o0}, tap sb phitc C.

Dinh nghia A2. Goi S 1a mot ho cac tap hop chia tap hgp rong. Ham
tap p xac dinh tréen S duge goi 1a cong tinh néu né théa man cac diéu kien
sau day:

(a) u(0) = 0;

(b) Néu A,Be Sva ANB =0 tht p(AUB) = p(A) + p(B). Néu diéu
kién (b) dugc thdéa man véi moi day cac tap con roi nhau doi mot ctia S, tic
1a véi moi day (A;);{25 C S théa man A, N A, =0, Vk # m va

+00
U AL eS8

k=1

1 (LOJOAk> = iu(Ak),
k=1 k=1

thi g duge goi la o - cong tinh.

ta co

Dé thay réng, moi ham tap o - cong tinh ciing 1a cong tinh.

Vi du: Gia sit X 13 mot tap hgp c6 vo han phan tit. Goi p 1a ham tap
xac dinh trén P(X) xac dinh béi, véi A C X

n khi A c6 n phan ti
+00 khi A c¢6 vo han phan tit.
Khi d6, p 1a ham tap o - cong tinh.

Chitng minh. Tt dinh nghia ctia p ta ¢6 p(0) = 0. Gia stt (Ax) 1a mot day
trong P(X) théa man Ay N A, = (0, Vk # m. Ta xét hai truong hop sau day:

141



e Ton tai Ay, c6 vo han phan. Khi d6 ta c6
+00 +00
I (U Ak> = Zu(Ak) = +o00.
k=1 k=1

e Aj c6 hitu han phan tt v6i moi k = 1,2, 3, .. Khi d6 c6 hai truong hop
xay ra la:

- Ton tai kg > 1 sao cho A, = 0 v6i moi k& > ky. Khi d6 ta c6
+o00o ]CO ko +00o

v (U Ak) =/ (U Ak) = u(Ar) = n(Ap).
k=1 k=1 k=1 k=1

- V6i moi k > 1 déu ton tai m > k sao cho A,, # (). Khi d6, bang cach
loai céc tap rong (do khong anh hudng khi ldy hgp va tinh tong) ta cé thé
gid st Ay # 0 v6i moi k = 1,2,3,... Vay ta c6

I (U Ak) = u(Ay) = +oo.

A2. Bién phan ctia ham tap

Dinh nghia A3. Goi £ 13 mot dai s6 tap hop tréen X va p 1a ham tap
xac dinh trén €. V6i méi A € £, ta goi bién phan toan phan (con goi tat 1a
bién phan) ctia p trén A, ky hieu |u|(A), dude xéc dinh 1a

|ul(A) = Supz 1(A;)],

& day, sup dugc lay theo tat ca cac ho hitu han {A; :j =1,2,...,n} C € roi
nhau ting doi mot va A; C A véimoi j =1,2,...,n.

Ta n6i rang, ham tap g ¢6 bién phan bi chian néu |u|(X) < +oo.

Nhan xét A1. Néu p 1a ham tap cong tinh khong am (tic 1a 2 nhan gia
tri trong tap R ) thi |p|(A) = u(A) vdi moi A € &.

Dinh ly Al. Néu W la ham tap cong tinh by chan trén dai 56 tap hop €
tren X thi p cé bién phan bi chan va hon nia ta cé
ul(X) < 4sup{|u(A)] : A € €}, (4.6)

Chiing minh. Dat
M =sup{|u(A4)|: A€ &}
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Bdi gia thiét suy ra M < +o0o. Dé chiing minh (4.6) ta xét hai truong hop
sau day:

e Xét truong hgp p nhan gia tri trong R. Goi

{A;:jeJ}cCé&
12 mot ho httu han (J 1a tap hitu han bat ky) cac tap roi nhau doi mot. Ta
dat
Jt={jeJu(4) =0} ={jeJ:pA) <0}

Khi do, ta co

S AN = wA) =Y wA)=n{ J A4 |-l U A4

jed jeJt jeJ— jeJt jeJ—

Tu day suy ra
lu|(X) = sup{z (A A € E,ANA =0,V # k}

jedJ
=sup{p | J 4| —n| U A 4 €404 =0Y)#k}
jeJt jeJ—
< sup{u(A) —u(B): A,Be &} <2M.
e Truong hgp téng quat x4 nhan gia tri trong C. Dat pu = py +ipe, & day

[, fio 1 cac ham tap cong tinh nhan gia tri thuc. Ta c6 thé kiém tra ring,
141, fo thoa mén

sup{|n(A)] : A € £} < M, sup{|jua(A)] : A € E} < M.

Khi d6, v6i moi ho httu han céc tap roi nhau doi mot {A; : j € J} C €,
béi truong hgp trén ta co

(X)) =sup > |u(A))] < sup Y [ (A))] +sup Y |pa(A;

JjeJ jeJ jeJ

[ ] = a1 () + o] (X)

<2M +2M = 4M.
Vay (4.6) dugc chitng minh.
Vay dinh 1y dugc chiimg minh. O

Dinh 1y A2. Bién phan toan phan ciia mot ham tap cong tinh trén dai
0 tap hop € cing la ham tap cong tinh trén £.
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Chitng minh. Béi dinh nghia suy ra |u|(0) =
Lay A,B € £, AN B = (). Xét ho hitu han cic tap rdi nhau d6i mot nhu

sau
{C;cAuB:jeJ}CE.
Dat
Aj:AﬂC’j, Bj:BﬂCj,VjGJ.
Khi dé6 ta cé
Aijjzw va Cj:AjUBj
va do do

1(Cy) = pu(A;) + p(Bj).

T day sfiy 1a

SOTCH < S AN+ S (B < |ul(A) + [ul(B).

jedJ jeJ jeJ

Do do6 ta co
[ul(AU B) < |u|(A) + |ul(B). (4.7)

T ta xét hai truong hgp sau:
e Khi |p|(A U B) = +oo: Lic nay ta c6
[l (AU B) = |p|(A) + |p|(B) = +oo.
e Khi |u|(AU B) < +o0: Liic nay, véi moi € > 0 ta c¢6 thé tim dugdc céc
ho hitu han cac tap roi nhau ting doi mot
{AjcA:jeJtcéE va {BjCcB:jelJ}C¢&

sao cho

1 (A) <A+ e, |ul(B) <D u(B))| + e

jed jed

T day suy ra

1l (A) + [l (B) < (1u(A))] + [(B;)]) + 2e
jedJ

< |p|(AU B) + 2e.
Cho € | 0 ta thu dugc
|l (A) + [u[(B) < |pl(AU B). (4.8)



Tu va suy ra
[ul(AU B) = [ul(A) + |p|(B).

Vay dinh 1y dugce chiimg minh.

v O

Nhan xét A2. a. |u| 1a ham tap cong tinh nho nhéat théa man |u|(A)
[n(A),VE € €.

b. Dinh Iy A2 ciing ding trong trusng hgp ham tap p la o - cong tinh.
Ching minh. a. Gia st v 1a ham tap trén £ théa man

v(A) > |u(A)|,VA € £.

Ta sé ching minh
v(A) > |u|(A),VA € €.

That vay: Trude hét ta c6 v > 0 trén €. Lay ho hitu han cac tap roi nhau
doi mot {A; C A:j€ J}. Taco

v(A) v [ JA ] =D u(4) =D [uA4)]

jed jeJ jeJ
Tu day suy ra v(A) > |u|(A).
b. Sinh vién tu chiing minh xem nhu bai tap.
Vay nhan xét dugc ching minh. O
A3. Cac dinh ly phan tich ham tap

Dinh nghia A4. Gia st p la ham tap cong tinh nhan gia tri thye. Ta
goi bién phan trén p* va bién phan dudi x4~ 1a nhitng ham tap duge xac dinh
nhu sau:

" (A) = 3 (l(A) + 1(A) 1 (4) = 5 (ll(4) — (A)).

Dinh Iy A3 (Dinh 1y Jordan). Néu u la ham tap cong tinh (tuong ting

o - cong tinh) bi chan xdc dinh trén dai so tap hop € thi vdi A € £ ta co:
u(A) =sup{u(B) : BC A,B € &}, (4.9)
p (A)=—inf{u(B): BC A,B € &}. (4.10)

Cdac ham pt, u~ la khong am, cong tinh (tuong ting o - cong tinh) va
pA) = " (A) = p(A), [ul(A) =p"(A) +p(4), A€ (411)
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Chaing minh. Ta chting minh chi tiét cho truong hgp p cong tinh. Truong
hop p 1a o - cong tinh chitng minh tuong tu.

e Ta chiing minh cong thitc (4.9): Lay A € £ Véimoi B C A, B € £ ta

CcO

(A)
(A)
(4)
= 2u" (A).

Tu day suy ra

sup{u(B): BC A,B € &} < u*(A). (4.12)

Mat khéc, ta c6 véi moi € > 0, ton tai ho hitu han cac tap rdi nhau doi

mot {A; : j € J} C & sao cho:

UA—A va |ul(A <Z\u i) +e

JjeJ jed

Suy ra
20" (A) = |l (A) + p(A)

<Y (A + p(A) + €

jedJ

—Zlu I+ UA

=2 1A = > () + (U A+ (U 4| +e

:2/1,(U Aj)+6

jeJt+

<2sup{u(B): BC A,Be&}+e¢

Cho € | q ta tbu du’o}: | |:|
pt(A) <sup{u(B): B GAB € E}. (4.13)
Tu va suy ra cong thic (4.9).

e Ta chitng minh cong thiic (4.10): Béi dinh nghia, ta c6 thé kiém tra
rang p~ = (—p)T trén €. T day va béi truong hop trén, véi moi A € € ta
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[ ]

p(A) = (=p)"(A) = supf=ptiB) : B C A, B € £}
= —inf{u(B): BCAB € &}

Vay (4.10)) duge chiing minh.
e B4i Dinh Iy A2 ta suy ra ™ va p~ 1a cong tinh. Béi Dinh nghia A3
suy ra g va u~ 1a khong am.

co

e Ta chitng minh cong thiic (4.11): Do p 1a cong tinh va bi chin nén béi
Dinh Iy A1 suy ra || ciing bi chin. Do d6 tit cac dang thitc trong Dinh nghia
A4 ta suy ra céc ding thiic (4.11)).

Vay dinh 1y dugc chiing minh. O

Nhan xét A3. Néu « va (3 1a cac ham tap cong tinh khong am (tuong
ting o - cong tinh khong am) théa man p=a — § thi p™ < avapu~ < 6.

Chiing minh. Ta sé ching minh cho truong hgp p cong tinh. Trusng hop p
la o - cong tinh duge ching minh tuong tu.
e Doy =a—Lfnénsuyraa>putren £ Lay A € £ Véi moi B C
A, B € €& taco
u(B) < a(B) < a(A).

Suy ra
sup{u(B): BC A,Be€ &} <a(A),

tite 1a pt(A) < a(A).

eTacop=a—F=pu"—p .Suyraf—pu =a—put >0. Vay ta c6
B >~ trén £.

Vay nhan xét dugc chimg minh. O

Dinh 1y A4 (Dinh ly Hahn). Gid st p la ham tap o - cong tinh trén
o - dai s6 F cd tdp con cia X va nhan gid tri trong R. Khi do, ton tai tap
Ey € F sao cho u(E) > 0 vdi moi E € F,E C Ey va u(F) < 0 vdi moi
FeF FcCX\E.

Chaing minh. Ta c6 thé gid st pu(E) < oo véi moi E € F vi trong truong
hop ngudc lai, ta xét —p tha cho p va khi d6 néu ton tai tap Ey thoéa man
dinh ly d6i véi —p thi tap X \ Ey sé thda man dinh 1y déi véi p.
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P={FeF:uA >0VAecF,ACE}
={FeF:u(ANE)>0,VAcF}.
Hién nhién () € P. Ta sé ching minh mot s6 tinh chéat sau day ctia ho P:
e Néu ), Fy € P thi By UEy € P. That vay: Lay A e F,AC E; U E».
Ta co
W(A) = (AN Ey) + p(A N (By\ Er)) > 0.
Tuc la By U By € P.
e Néu Ey, Fs, ... € P thitaco

i=1

That vay: Theo chiing minh & truong hgp trén ta co

LHJEl e P,vn > 1.

1=1

Tu day suy ra, bang cach thay E; boi nglEZ- néu can, ta cé thé gia st
day (F;) la day tang.

Lay
AeF va Ac|JE.

i=1
Do day céc tap hop (AN E;); 1a tang t6i A nén ta c6
u(A) = lim (AN E) > 0.
1— 00

Thc 1a

i=1

Lay day tap hop (E,) C P sao cho
w(E,) — sup{u(E): E € P}, khin— co.

o
Ey = UEZ- e P.
i=1
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Ta c6
p(Ey) = sup{u(E) : £ € P}.
Ta sé ching minh tap Fy théa méan dinh ly. That vay:
e Ta c6 Ey € Pnénnéu E € F,E C Ej thi ta c6 pu(E) > 0.

e Ta con phai ching minh véi moi F' € F, F' C CEj thi p(F) < 0. Phan
chiing ring, ton tai Ay € F, Ay C C'Ey sao cho pu(Ag) > 0. Ta xét ho sau

Q={E€F:ECAyuE)=>pn(Ay)}
Trén ho Q ta dua vao quan hé thi ty nhu sau: VE, By € Q
Ey < Ey, & E; D FEy va u(Ey) > u(Ey).
Ta sé chiing minh (Q, <) thda man diéu kién ctia B6 dé Zorn. That vay:
gid st ton tai Qg 1a ho con tuyén tinh ctia Q. Ta xét hai truong hop sau day:
- Truong hop 1: Gid sit ton tai D € Qg sao cho

n(D) = sup{u(E) : E € Qo}.
T tinh chat thi ti tuyén tinh clia Qg ta suy ra D 1a can trén ctia Qy.
- Truong hop 2: Gia su
w(D) < sup{u(E) : E € Qy}, VD € Qy.
Lay day tap hop (B,) C Qy sao cho
1(By) /sup{u(E) : E € Qo}.

Tu tinh chat thi ty tuyén tinh clia Qg ta suy ra B, < B,,1. Dat
(o]
By = () Bn.
n=1
Khi d6, ta ¢c6 By € F. By C Ag va
p#(Bo) = lim p(By) > p(Ao).
T day suy ra By € Q. Hon nuia
1(Bo) = sup{u(E) : E € Qo}.

Lay G € Q. Khi do, u(G) < u(Byp). Suy ra ton tai n > 1 sao cho
u(G) < p(Bn) < p(Bo).
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Do d6, By 1a can trén cia Q.

Vay (Q, <) thoa man diéu kién ciia B6 dé Zorn. Ap dung B dé Zorn,
ton tai phan t cic dai M € Q. Ta sé chi ra rang M € P. That vay: néu
M & P thi ton tai A € F, A C M sao cho u(A) < 0. Ta ¢6

M\ACMCA,

B A4) = (M) = u(A) > (M) > p(Ao).
Suyra M\ Ae QvaM <M\ A (mau thudn véi tinh cyc dai cta M).
Vay ta ¢c6 M € P. Suy ra M U Ey € P. Do d6 ta c6
w(M U Eo) = p(M) + n(Eo) > p(Ep)
diéu nay trai véi gia thiét
(Eo) = sup{u(E) : E € P}.
Vay dinh 1y dugc chiing minh. ([
Nhan xét A4. V6i cac gia thiét nhu trong Dinh 1y Hahn, ta c6
p(E)=w(ENE) va p (B)=p(EN(X\Ey)), VE€F.
Tiic 1a, 4 bang p han ché len Ey va p~ bang p han ché len X \ Ej.
Dinh nghia A5. Gia stt A, i la cac ham tap o - cong tinh khong am trén
o - dai s6 F. Ta c6 cac dinh nghia sau day:
i) Do do A dugc goi 1a lien tuc tuyet doi doi véi p néu

lim A(E) = 0.
w(E)—=0

ii) Do do A dugc goi 1a ky di ddi v6i p néu ton tai Fy € F sao cho
W(E) =0 va ME)=XENEy), YE¢F.

Dinh ly A5. Gid s A\, ju la cac ham tap o - cong tinh khong am xdc dinh
trén o - dai s6 F, va gid st X la hiu han. Khi dé, dé X lien tuc tuyét doi doi
vdi u dieu kién can va di la td u(E) = 0 suy ra A(E) = 0.

Chaing minh. e "=-": Gia st A lién tuc tuyet déi déi véi p. Khi d6, Béi Dinh
nghia A5i) ta ¢6 néu u(E) = 0 thi A\(E) = 0.

o '<": Gid st A(E) = 0 khi pu(E) = 0. Ta sé chiing minh \ lién tuc tuyét

doi doi véi p.
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That vay: gid sit A khong lien tuc tuyet déi doi v6i p. Khi do, ton tai
e > 0 vaday (E,) C F sao cho

1
ME,) >e va u(E,) < o Vn > 1.

Khi do6, ta co
va

Vay ta gap mau thuan.

Vay dinh 1y dugc chiing minh. O

Sau day ta dua ra dinh ly vé phan tich ctia Lebesgue.

Dinh ly A6 (Dinh 1y phan tich Lebesgue). Gid si p la ham tap o
- cong tinh khong am trén o - dai so6 F. Khi d6, moi ham tdp o - cong tinh,
khong am, hitu han \ zdc dinh trén F déu duge biéu dién duy nhat dudi dang
A= a+ B, vdi a la do do lién tuc tuyét doi doi vdi p va B la do do ky di doi
VO L.
Chaing minh. e Tinh duy nhat: Gia sit ta c6 2 cach biéu dién nhu sau

A=+ 1 =az+ P,
§ day, aq, ap 1a lién tuc tuyet doi doi véi p va By, B 1a ky di ddi véi . Khi
do, ta co
@y — az = [ — [

Tu d6 suy ra a; — g vita lien tuc tuyet doi doi véi p va vita ky di doi véi
. Diéu nay suy ra a1 — as = 0 & ag = ay. Va tit day ciing suy ra 31 = [s.

e Su ton tai: Dat

K={EeF:uFE)=0}

Ta c6 thé kiém tra ring K la mot o - dai s6 tap hop.
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Ta sé chi ra rang, ton tai £y € K sao cho

M Ep) = max{\(F): E € K}.

That vay: lay day (E,) C K sao cho
MNE,) /S max{\(F): E € K}.

Dit
Ey= | En
n=1
Ta co6
Eye K va AEy)) =max{\(E): E €K}
Dat

a(E) = NENCE) v B(E)=XMENE), VEcF

Bdi dinh nghia, ta c¢6 ngay 3 1a ky di ddi véi p. Ta sé ching minh o 1
lien tuc tuyet d6i doi véi p.
That vay: Lay F € F sao cho u(F) =0va F C CEy. Vi EUF € K

nén suy ra

B(EyUF)=AEy) hay J(F)=0.
Bdéi Dinh 1y A5 ta suy ra 3 lién tuc tuyéet déi déi véi p.
Vay dinh 1y dugc chiing minh. O
A4. Ham tap chinh quy

Dinh nghia A6. Cho X 13 mot khong gian t6 po va £ 1a mot dai s6 tap
hop tréen X. Ham tap p trén £ duge goi 1a chinh quy néu véi moi £ € £ va
moi € > 0, ton tai cac tap F, G € € sao cho: F C E C int(G) va |u(H)| < ¢
v6i moi H € £, H C int(G) \ F.

Dinh 1y AT7. Cho X la mot khong gian to po, £ la mot dai so tap hop
tréen X. Khi doé, mot ham tap p trén € la chinh quy khi va chi khi vdi moi
E € £ va vdi moi e > 0, ton tai cic tap F,G € & sao cho F C E C int(G)
va |p(int(G) \ F)| < e.

Ching minh. @ "=": Gia st p la ham tap chinh quy. Khi d6, véi moi £ € £
va vdéi moi € > 0, ton tai cic tap F, G € € sao cho

FCFEcCint(G) va |uC)< i\,VC €&,C Cint(G)\F.
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Ta co
lp|(int(G) \ F) < 4sup{|u(C)|: C € £,C C int(G) \ F} < e.
o "=": Néu |p|(int(G) \ F) < € thi hién nhién ta c6
(C)| <e, YO €& CCint(G)\F.
Vay dinh 1y dugc chiing minh. O
Dinh ly A8 (Dinh ly Alexandrov). Gid si X la mot khong gian to

po compact va € la mot dai so tap hop trén X. Khi dé, néu p : € — R la
mot ham tdp cong tinh, chinh quy va bi chdn thi p la o - cong tinh.

Chiing minh. Lay day (FE,) C £ 1a cic tap roi nhau doi mot sao cho
E=|JE. €€
n=1
V6i moi € > 0, béi Dinh Iy A7, ton tai tap F € & sao cho F C E va
W(E\F) <«
Hon nita, v6i moéi n > 1, ton tai tap G,, € € sao cho

E Cint(Gy) va |p| (int(Gy) \ Ey) <

€
%.
Béi vi

Jint(G.) D F
n=1

va F' la tap compact nén ton tai m € N sao cho

T d6 suy ra

Do lul(B) = (Iul(z’nt(Gn)) — i)

n=1 n=1
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Suy ra

Z ul(Ea) > |ul(E).
Mait khac, ta ¢

|u|(E) > |ul (U E) =Y |ul(E,), ¥m>1.

n=1 n=1
T d6 suy ra
(B Z |l (E)
n=1

- cong tinh.

Bdi vi p 1a ham tap bi chin nén theo Dinh 1y Al ta suy ra |u| bi chan.

Z ul(Ey) < oo.

n=1

Dic biét ta co

T day suy ra

| <U E ) ZWKE”) — 0 khi k — oo.

n=k

“+(Us)

Mat khéac, ta co

k
- uE

n=1

< u](UEn>—>0 khi k& — oo.

Thc 1a ta ¢o

hay @ 1a o - cong tinh.
Vay dinh 1y dugc chiing minh. O
B. Mot s6 két qua vé do do Borel va dé6 do Radon

Cho X 1a khong gian Hausdorff compact dia phuong. Gia st X ¢6 cd s6
t0 po dém duge. Goi B 1a o-dai s6 Borel ciia X (d6 1a o-dai s6 nho nhat trén
X chita cac tap md). Ta néi rang ham f : X — [—o00, 00| la do duge Borel
néu tap {x € X : f(z) > a} 1a tap Borel (thuoc vao B) véi moi a € R. Goi
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i 14 do do Borel trén X . Sau day ta nhac lai mot s6 két qua lién quan téi do
do Borel.

Dinh nghia B1. Cho p la mot do do Borel trén mot khong gian t6 po
X. Ta goi gia ctia p, ky hiéu 1a suppu, 1a tap cac z € X sao cho u(U) > 0
v6i moi lan can U cia x. Ta ¢é thé viét:

suppp = {x € X : u(U) > 0 v6i moi lan can U cia x}.
Dinh 1y B1. Gid st X la mot khong gian to po cé mot co sd dém dugc

cac tdp md va p la do do Borel trén X. Khi do, suppp la tdp con dong nhé
nhat F cia X sao cho u(X \ F) = 0.

Chiing minh. Cho (Uy,)p>1 1a mot co s§ dém duge gom cac tap mé cta X.
Khi do ta co
X\ suppp = U {U, : w(U,) =0}.

n

T day suy ra suppp la mot tap dong trong X va
(X \ suppp) = 0.
Gid st F' C X 1a mot tap dong sao cho (X \ F') = 0. Khi do, ta ¢o
X\ F | U, : w(U,) =0},

tic la suppu C F.
Vay dinh 1y dugc chiing minh. O
Sau day ta dua ra khai niém tinh chinh quy ctia do do Borel.

Dinh nghia B2. Cho p la mot do do Borel trén khong gian t6 po X.
Khi d6, do do u duge goi 1a chinh quy néu véi moi tap Borel B va v6i moi
€ > 0, ton tai tap mé U va tap déng F sao cho:

FcBcU va pU\F)<e

Dinh 1y sau khéng dinh, c6 mot s6 diéu kien thich hop thi tinh chinh quy
la tu dong dat dugc.

Dinh 1y B2. Néu p la mot do do Borel hitu han trén khong gian metric
X thi p la chinh quy.

Chiing minh. Goi A la ho cac tap Borel théa man Dinh nghia B2. Ta sé
ching minh rang A 1a mot o - dai s6 tap hop trén X.
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That vay:

e Dé thay (), X € A.

e Liy A€ A va e > 0. Khi do6, ton tai tap mé U va tap dong F sao cho
FCAcCU va wu(U\F)<e

Suy ra
CUcCCACCF

pw(CF\CU)=puU\F) <e.

Tuc la CA € A.

e Gia s day tap Borel (A,) C A. Lay € > 0. Khi d6, v6i mdi n > 1 ton
tai tap mdéi U, va tap doéng F), sao cho

F, C An cU, va M(Un \ Fn) < ‘

on+1 !

Dat
u = U Un va F - U FTH
n=1 n=1

6 day m dugc chon du 16n sao cho

H(Orr) <

(diéu nay 1a c6 thé vi p 1a do do hitu han).

Khi do6, ta ¢6 U la tap md va F' la tap dong. Hon nita ta ¢6

F C LO_OJA”CU

n=1

H(U\F>SZM(Un\Ez>+N<UFn\F>

n=1

T day suy ra
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Vay A 1a mot o - dai s6 tap hop.

Hon nita, do mdi tap md c6 thé duge biéu dién duge dusi dang hop ctia
mot ddy tang cic tap déng nén A chita cac tap md. Vay A chita tat ca cac
tap Borel cia X.

Vay dinh 1y dugc chiing minh. O

Két qua sau day 1a mot hé qua ciia tinh chinh quy ctia do do.

Dinh ly B3 (Dinh ly Vitali - Carathéodory). Gid st p la mot do
do Borel chinh quy trén khong gian t6 p6 X va ¢ : X — R la mot ham khd
tich. Khi do, vdi € > 0 cho trude, ton tai ham nia lién tuc trén 1, : X —
[—00,00) va ham nita lien tuc dudi i, : X — (—o00,00] sao cho

be<b<d wa /){(zﬂz—wu)du«.

Chiing minh. e Ta xét truong hop ¢ > 0: Vi ¢ la gi6i han cia mot day tang
cac ham don giadn w, va ciing la tong ciia cac ham don gian khong am

Up = Up — Up_1, B =1,2,3, ...,
nén ¢ co thé duge viét dusi dang

o0
Qb = Z CnXB,»

n=1
6 day ¢, > 0, Vn > 1 va B, la cac tap Borel.
Bdi tinh chinh quy ctia g nén véi mdi n > 1, ton tai tap md U, va tap

dong F), sao cho
€

Fn, C Bn C Un va Cn,u<Un \ Fn) < on+1"

Vi ¢ 1a ham kha tich nén ta c6
ZCH,M(BH) = / ¢d/l < Q.
n=1 X

Tt day suy ra ton tai s6 nguyén N > 1 sao cho

o

Z cnpt(By) < g

n=N+1
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N 9]
7/]u = § CnXF, va 77bl = § Cn XU, -
n=1 n=1

Khi d6, v, 14 ham nita lién tuc trén, ¢; 1a ham nita lién tuc dudi, 1, <

¢ < va

N 00
/ (b = thu)dp < chM(Un \ Fn) + Z Cnpt(Un)
X n=1 n=N+1
< U\ B+ Y cap(U)
n=1 n=N+1
<€ N €
22 ©
e Ta xét truong hgp ¢ 13 ham kha tich bat ky: Khi do, ta viét
p=9¢" —¢ .

Khi dé6, 4p dung truong hop trén cho cac ham ¢ va ¢~ ta sé thu duge
két luan trong dinh 1y cho ham ¢.

Vay dinh 1y dugc chiing minh. O

Sau day ta dua ra khai niém do do Radon.

Dinh nghia B3. Mot do do Borel i trén khong gian t6 po X duge goi
1a do do Radon néu p(K) < oo véi moi tap con compact K trong X.

Cho khong gian t6 pd X. Ta ky hieu C.(X) l1a khong gian vecto cac ham
lién tuc véi gia compact ¢ : X — R. 0 day, ta hiéu gia ctia ham ¢, ky hieu
supp¢, xac dinh nhu sau

supp¢ := {z € X : ¢(x) # 0}.

Madi do do Radon p trén X xac dinh mot phiém ham tuyén tinh A trén
C.(X) b6i cong thic sau

M) = [ odu (6 € CX)), (1.14)
Phiém ham tuyén tinh & trén 1a duong theo nghia A(¢) > 0 khi ¢ > 0.

Két qua sau day cho ta ménh dé ngugc lai.

Dinh 1y B4 (Dinh 1y bién dién Riesz). Cho X la khong gian metric
c6 mot vét can compact. Néu A la mot phiém ham tuyén tinh duong trén
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C.(X) thi ton tai duy nhat mot do do Radon p trén X sao cho cong thic
dugc théa man.

0 day, ta noéi rang khong gian metric X c¢6 mot vét can compact nghia
14 ton tai mot day cac tap con compact (K, ),>1 sao cho

K, Cint(K,), Vn>1 va | JK,=X.

Vidy, gid sit X C C la mot tap mé. Khi d6, X 14 mot khong gian metric
compact nén trén X ton tai mot vét can compact. Néu X la mot khong
gian metric ¢6 mot vét can compact thi né la mot khong gian compact dia
phuong.

Chitng minh DPinh 1y biéu dién Riesz. e Tinh duy nhét: Dé ching
minh tinh duy nhat ctia dinh 1y Riesz ta can bo dé sau day.

Bd dé B5. Cho X nhu trong Dinh ly B4 va p la mot do do Radon trén
X. Khi dé, véi moi tap Borel B C X ta c6

w(B) =sup{p(K) : K la tap compact , K C B}.

Chitng minh. Lay o < p(B). Néu (K,),>1 1a day vét can cac tap compact
clia X thi u(B N K,) la hoi tu tang t6i p(B). Vi vay, ton tai N > 1 sao cho

(BN Ky) > a.
Ap dung Dinh 1y B2 cho do do hitu han u|g,, ta suy ra ton tai tap con
compact K C BN Ky sao cho u(K) > a.

Do két qua trén ding véi moi o sao cho o < u(B) nén bd dé duge chiing
minh. [l

Gid stt ton tai p1, g 13 hai do do Radon trén X sao cho cong thic (4.14)).
Khi d6, ta co

[ odm = [ odus, (6 € C2)).

X X

Néu K 1a mot tap con compact ctia X thi liy ham ¢ xac dinh bai
¢(z) = max(0,1 — nd(z, K)), (veX).

Khi d6, cho n — oo ta thu duge py (K) = po(K).

Béi B6 dé B5 ta suy ra
p1(B) = pe(B),  v6i moi tap Borel B.

159



Diéu nay suy ra gy = po. Vay tinh duy nhat duge ching minh.
e Su ton tai: Trude hét ta dua ra mot s6 khai niem: Véi K 1a mot tap
con compact ctia X, ta viét K < ¢ néu

peC(X), 0<¢p<1, phi=1 tréen K.

V6i U 1a mot tap con mé ciia X, ta viét ¢ < U néu
peCu(X), 0<¢<1, supppCU.
Dé chitng minh st ton tai ta can bo dé sau day.
B6 dé B6. Cho X nhu trong Dinh lyj B4, K la tap con compact ciia X
va Uy, ..., Uy la mot phii md cia K. Khi dé, ton tai iy, ..., 0n € Co(X) sao
cho 1, < U, vdi moin va K < 25:1 U

Chiing minh. Do K 1a tap compact va Ufyle,L O K nén ta c6 thé chon cac

tap mé Vi, ..., Vi sao cho

N
VoCUpn=1,...N va K |JV.
n=1
Ta dinh nghia ham ), nhu sau
Az, X \'V,
dne) = (@, X\ Vo) (€ X).

d(z, K) + 330, d(z, X\ Vi)’
Khi d6, ta c6 thé kiém tra rang 1, < U, v6i mdin = 1,...,N va K <

ZnN:1 Y. O

Ta dinh nghia ham tap p* trén X nhu sau: néu U la tap con md cia X

thi
p'(U) :=sup{A(¢) : ¢ < U},
va néu F 1a mot tap con bat ky ctia X thi
p(E) :=inf{g*(U) : U la tap mé va E C U}.

Tru6ce hét, ta sé chiing minh rang p* 13 mot do do ngoai, tite 1a p* thoa
man cac diéu kién sau:

i) p*(0) = 0;

i) p*(Ey) < p*(Es) véi moi By C Ey C X

iii) * théa man tinh chat o - cong tinh dudi, titc 1a véi moi day tap con
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(Ep)n>1 cia X ta co
o0 o0
(0s) <3 ww
n=1 n=1
Céc dieu kien i) va ii) dugc suy tryc tiép tit dinh nghia ctia p*. Ta sé
chitng minh iii). Ta c6 thé gid st ring
p(E,) <oo, Vn>1.

Cho truée € > 0. Ta c¢6 thé chon cac tap mé U, n = 1,2, ... sao cho

E, C U, va u*(Uy) < p*(E,) + Qi (Vn > 1).
Dat
U= U U,.
n=1

Cho trude ¢ sao cho ¢ < U va ho cac tap (Up,),>1 tao thanh phtt mé cta
gid supp¢ ciia ¢. Do suppe 1a tap compact nén ton tai N > 1 sao cho

suppé C | Uy

n=1
Béi Bb dé B6 ta c6 thé tim duge cac ham iy, ..., x € C.(X) sao cho
N
U < Up, (n=1,2,..,N) va suppd < 1)y
n=1

Khi do6, ta co

N
6= ¢, va Y, <U, (n=12.,N).
n=1

Vi vay ta co
N N 00
=A<Z¢wn>=2 (¢n) gz Un) <> ' (Un)
n=1 n=1 n=1 n=1

Vi danh gia trén ding v6i moi ¢ sao cho ¢ < U, nén ta cé thé két luan
rang

W (U) < 3w (U,

n=1
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Vi vay ta co
w (U En> SpU) <D i (Ua) > i (By) + e
n=1 n=1 n=1
Cho € \ 0 ta s& thu dugc menh dé iii).
Tiép theo ta sé chi ra ring moi tap mé trong X deéu la p* - do dugc, tiic
lanéu U C X la tap mé vi E C X 1a tap con bat ky thi ta co
p(E) Z p (ENU) +p (E\U).
That vay: cho V' 1a tap md sao cho B C V, ¢ < (V NU) va ¢ <
(V'\ suppe). Khi d6, ¢ +1 < V. Vi vay ta c6
p(V) = Mo+ ) = Ao) + A(¥).
Vi dénh gia tréen dung v6i moi ¢ ma ¢ < (V' \ suppg) nén ta suy ra
pr(V) = A¢) + ' (V \ suppg) = A(9) + 1 (V\ U).
Va do danh gia trén ding v6i méi ¢ ma ¢ < (VN U), nén n6 kéo theo
w (V) Zzp (VNU)+p (VAU) 2 g (EnU) + p*(E\ D).
Lai do danh gia trén ding v6i moi tap mé V chita E nén ta suy ra rang
p(E) = p (ENU) +p (E\U).
Bay gio ap dung B6 dé Carathéodory ring ho cac tap pu* - do dude tao
thanh mot o - dai s6 F va do do ngoai p* han ché tréen F 1a mot do do. Do
cac tap mé 1a p* - do duge nén tat ca cac tap Borel déu 1a p* - do duge. Va

do d6 p* han ché trén o - dai s6 Borel 1a mot do do Borel va ta ky hieu do
do do6 la p.

Ta sé& chiing minh ring, do do p 13 mot do do Radon, tic 1a chitng minh
néu K 13 mot tap con compact ciia X thi ta c6

p(K) < inf{A() : K < ¢}.
That vay: lay ¢ € C.(X) v6i K < ¢. Cho truée « € (0,1). Néu ta dat
U={zxeX:¢(zx)>a}
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thi U 1a tap m6, K C U va ¢ < ¢/ v6i moi ¢ < U. Vi vay ta ¢o |:|
1K) < p(U) < sup{A(y) : ¥ < U}
< sup{A(Y¢/a) 1 < U}
< A(9)/a
Cho o — 1 ta nhan duge u(K) < A(¢). Diéu nay suy ra
u(K) < inf{A(9) : K < 6}

Cubi cuing, ta chi ra rang g thdéa man cong thitc . That vay: lay
¢ € C.(X). Dat K = suppgp. C6 dinh 3 > 0 sao cho ¢(K) C (—f3, ). Cho
truée € > 0, chon vy < 7y < ... < Yy sao cho

Yo=—B,AN=0 v& Y — Y1 <e(n=1,...,N).

Véi moéin =1,..., N, dat

E,={rc K:v1<¢() <}

Khi d6, béi dinh nghia ctia p*, ta c6 thé tim duge cac tap mé U, chia

FE,, sao cho
€

w(Uy,) < p(Ey) + N

Néu can c6 thé co U, lai, ta c6 thé gia sit them rang

O <7y, tréen U,.

Bdi Bo dé B6, ton tai cac ham 1, ...,y € C.(X) sao cho
N
U <Up(n=1,...,N) va K<Y o
n=1

Khi do6, ta co

N
¢ = Z ¢¢ﬂ va ¢¢n < f}/nwn-

n=1

Do dé6 ta cé

A(¢) = ZA((bwn) < Z%A(%)-
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Do 1, < U, v6i méi n = 1,..., N nén A(¢,,) < p(U,). Va do d6
N
K <Y i
n=1
Diéu nay suy ra
N
u(K) <A (Z%) .
n=1

Vi vay ta co

A(¢> Z(’Vn + 6) wn - <Z q/’n)

<D O+ BuUn) = Bu(K)

€

< (771*1 +e+ 5) <N(En> + N

n=1
< / odp + e(u(K) + 28 + ).
X

Cho € N\, 0 ta suy ra

) — Bu(K)

A(@) < /X b

Lap lai 1ap luan trén day khi thay ¢ bdi —¢ ta nhan duge

6) > /X b

Vay cong thitc duge ching minh.
Vay dinh 1y duge ching minh. O
C. Su héi tu *yéu

Sau day chiing ta sé nhac lai khai niem hoi tu *yéu. Cho X 1a mot khong
gian metric compact. Ta ky higu C'(X) 1a khong gian vecto cac ham lién tuc
¢: X — R. Tréen C'(X) ta trang bi chuan sup nhu sau: véi ¢ € C(X) ta
dat

161] = sup .
X

Ta ky hicu P(X) 1a ho tat cd cac do do Borel x4c suat tren X, tic la
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p € P(X) néu g 1a do do Borel théa man u(X) = 1. Ta ¢6 khai niem sau
day.

Dinh nghia C1. Mot day (u,),>1 trong P(X) duge goi 1a hoi tu *yéu
t6i € P(X), ky hieu , — p néu

/¢dun—>/¢d,u voi moi ¢ € C(X).
X X

Dinh 1y C1. Cho X la khong gian metric compact. Khi do, moi day
(fn)n>1 trong P(X) deu ton tai mot day con hoi tu *yéu tdi mot do do Borel
zdc sudt pp € P(X) nao do.

Dé chiitng minh Dinh Iy C1 ta can b6 dé sau day.

B6 dé C2. Néu X la mot khong gian metric compact thi C(X) la khong
gian kha tach, tic la C(X) c¢6 mot tap con dém dugc tri mat.
Chaing minh. Vi X 1a khong gian metric compact nén né c6 mot co sé dém
duge cac tap mé (U,,),>1. V6i mdi cap m, n sao cho U,, N U, = 0, ta dinh
nghia ham v, ,, € C(X) bdi cong thiic sau

. d(l’,Um)
wm,n(x) - d(:C,Um)—Fd(zL“,Un)

(x € X).

Khi d6, ho dém dugc cac ham (¢,,,) la téch cac diém cta X.

Goi P 1a ho tat ci cac tich hitu han ctia cac ham 1)y, ,, cing v6i ham héng
1. Va goi Q la tap tat ca cac t6 hop Q - tuyén tinh hitu han cac phan ti
ctia P. Khi d6, @ la tap dém duge va Q la dai s6 con dong ciia C(X) va
Q tach cac diém va chia cac hing s6. Béi Dinh 1y Stone - Weierstrass ta co
Q = C(X). Vay Q 1a tap con dém dugc tri mat trong C'(X).

Vay b6 dé duge chiing minh. O
Chitng minh Dinh 1y C1. Goi (¢,),>1 14 ho dém dugc tru mat trong
C(X).

Do day

(/ ¢1dun> bi chan
X neN

nén ton tai day con hoi tu. Ta goi day con d6 1a

(/ Qsldﬂrz) (Nl - N)
X n€eN;
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Tuwong tu, do day

</ ¢2d,un>
X neNy
bi chin nén ton tai day con

(/ qdeMn) (NZ - Nl)
X n€Ny

hoi tu. Tiép tuc qua trinh lap luan nhu vay, ta thu dugce ho cac day con gidm
dan céac s6 tu nhién
NDODN; DNy D ..

théa man v6i moi j > 1 ta c6 day

(o).,

Goi ny,ng,ng, ... 1a diy cac s6 ty nhien dau tién ctia lan lugt cac tap
Nl,NQ,Ng, ... Khi dé, ta co

hoi tu.

ny <ng <ng<..

(fos),

hoi tu véi méi ¢;. Do day (¢;) la trit mat trong C'(X) nén suy ra day

(o),

hoi tu véi moi ¢ € C(X). Vi vay ta c6 the dinh nghia anh xa A : C(X) — R
xac dinh bdi

va day

M) = lim [ od, (9 C(X)).

k—o00

Khi d6, A 1a phiém ham tuyén tinh xac dinh duong tréen C'(X). Bdi Dinh
Iy biéu dién Riesz (Dinh 1y B4), ton tai mot do do Borel p trén X sao cho

— /X odu, (¢ € C(X)).

Ta c6 p 1a do do xac suat vi

w(X)=A(1) = lim [ du,, =1
k—o0 X
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Vay p € P(X) va rd rang fi,, LN w khi k — oo.

Vay dinh 1y dugc chiing minh. O

Két qua sau day chi ra sy ton tai ciia do do Borel xac suat kéo lui béi
toan anh lién tuc gitta cac khong gian metric compact.

Dinh 1y C3. Cho X wva Y la cdc khong gian metric compact va T :
X — Y la mot toan dnh lién tuc. Khi dé, vdi méoi v € P(Y) deu ton tai
p € P(X) sao cho T~ = v, tic la

/ (T (x))dp(x) = /Y oy)dvly) (b€ CY)).

Chaing minh. Do Y la tap compact, nén véi mdi n > 1, ton tai ho hitu han
cac tap Borel (B, ;); sao cho dudng kinh d(B, ;) < % 13 mot phan hoach ctia
Y. V6i mdi j ta chon diém y, ; € By, ;.
V6i moéi n > 1, ta dinh nghia do do nhu sau
Up = Z V(B”J)(Syn‘,jv
J
¢ day, 0, la khéi don vi tai y, tic 1a ham tap xac dinh nhu sau

5 (4) = 1 néur € A
SR néuzx & A.

Khi d6, v, € P(Y) v6i moi n > 1.

Lay ¢ € C(Y). Do Y la khong gian compact nén ¢ lién tuc déu trén Y.
Vi vay ta co

/ngdl/n—/yqbdy SZ

Tic 1a v, %> v trong PY).

v(By;) sup |¢(y) — ¢(yn ;)| — 0 khhi n — oco.

yEBn,j

Do T 1a mot toan anh nén véi méi n, j ton tai x, ; € X sao cho
T(2nj) = Yn-
V6i moi n > 1, ta dinh nghia do do nhu sau

Hn = Z V<Bn,j)5xmj~

J

Khi d6, ta c6 p, € P(X) va u, 7! = v,. Bdi Dinh Iy C1, ton tai day
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con (p,, ) hoi tu *yéu t6i p € P(X).
Do T lién tuc nén suy ra
,unkT_1 N 7

Va do do
unT_l = v, =5 1.

Tit d6 suy ra uT~' = v nhu dinh 1y yéu cau.

Vay dinh 1y dugc chitng minh.
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